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Section 1 — Arithmetic, Multiples
and Factors

1.1 Calculations

Order of Operations

BODMAS tells you the correct order to carry out mathematical operations.
BRACKETS, OTHER, DIVISION, MULTIPLICATION, ADDITION, SUBTRACTION

Example 1

Work out:  a)20—-3x4  b)30= (15— 12)

a) 20-3x4=20-12=8

Exercise 1

Answer these questions without using your calculator.
1 Work out the following.

a) 5+1x3 b) 11-2x5

€ 35+5+2 f) 36-12+4
i) 4+@8-~8) D) 56+ x4
m)2x8+4)-7 n 5x6-8<2

q) 7+(10-9+3) P 20-(5x3+2)

2 Work out the following.

16 8+2

D Ix(5-3) b) 1573
12+ (9 - 5) L 8x2:4
© —35:3 ) 5=5+7

Negative Numbers

b) 30+ (15-12)=30+3 =

¢ 18-10+5

g) 2% @+ 10)

K) 3+2)x©9—4)
0) 18+ (9-12+4)
§) 48+3-7x2

4% (T+5)
ST o

3x3
2 sz -5

d) 24+4+2
h) (7-2)x3
D 8-7)x(6+5)
p) 100+ (8 +3 x 4)
t) 36— (7+4x4)

6+ (11 -18)
7-5
36+ (11 -2)
§—-8+2

d)

h)

Adding a negative number is the same as subtracting a positive number. So ‘“+’ next to ‘-’ means subtract.
Subtracting a negative number is the same as adding a positive number. So ‘- next to ‘—> means add.

Example 2
Workout: a)l-(-4) b)-5+(=2).
Q) 1-(4)=1+4=5 b) 5 +(-2) =
Exercise 2
1 Work out the following without using your calculator.
a) —4+3 by -1-4
e) 4—-(2) f) 6-(-2)
i) 23-(-35 j) 48+ (22)

- Section | — Arithmetic, Multiples and Factors

-5-2=-7

0 —12+15

g) 5+(5)
K) 27+ (-33)

d) 6-17
h) -5-(5)
) 61-(29)



When you multiply or divide two numbers which have the same sign, the answer is positive.
When you multiply or divide two numbers which have opposite signs, the answer is negative.

Example 3
Work out:  2) 24+ (—6)  b) (=5) % (-8).
a) 24+ (-6)=-4 b) (-5) x (=8) =

Exercise 3

Answer these questions without using your calculator.

1 Work out the following.
a) 3x(-4) b) -15) + (-3)
e) (-72)+ (-6) f) 56 + (-8)
) 13)x(3) D7 x(6)

Work out the following.
a) [(3)x 7]+ (21)
e) [63)+ (9] x 7)

b) [(24) = 8] + 3
) [35 + (7] * 8)

3 Copy the following calculations and fill in the blanks.
a) (3)x[]=-6 b) (14)+[]=-2
o 8)x[]=-24 f) 18)+[ ]=3
Decimals
Example 4
Work out: a)4.53+1.6 b)85-3.07

1. Set out the sum by lining up the decimal points.

2. Fill in any gaps with 0’s.
3.

Exercise 4
Answer these questions without using your calculator.

1 Work out the following.

a) 2+1.8 b) 651
e) 5.1+18 f) 63+54
i) 10.83+74 j) 0.029+ 1.8
m) 67.5-4.31 n) 163-516
2 Copy the following calculations and fill in the blanks.
a) [].60] b) 5.8
+0.do + [ 4]
8.2 1 6.4 0

Add or subtract the digits one column at a time.

40

¢ 12+ (-4) d) 2x(=8)

g) (-16) x(3) h) (=81) ~ (-9)
K) 45+ (-9) ) (-34)x2

9 [55+ 1D x (=9)
g) [(-60) +12] x (-10)

d) [(-3) x (5)] x (=6)
h) [(-12) x 3] x (=2)

o [Ix4=-16 d[]+2=-5
g) [1x(3)=36 by [J+-11==7
4
a) 4.53 b) 8.%0
+1.60 - 3.07
6.13 5.43
o 1274+7 d) 23 -18.591
g) 11.7-82 h) 0.8-0.03
K) 91.7 +0.492 ) 6.474+0.92
0) 9241-238 p) 0.946 —0.07
0 6.7 5 d) 5.3
+ . 4[] 2.1
9.[]3 [].3 1

Section 1 — Arithmetic, Multiples and Factors -
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Example 5
Work out 0.32 x 0.6

1. Multiply each decimal by a power of 10 % 100 (0.32 x 0.6
32 x 6+ 10

to get a whole number multiplication.

2. Multiply the whole numbers. 32

3. Divide by the product of the powers of 10
you multiplied by in Step 1. 1 9|2

Exercise 5
Answer these questions without using your calculator.

1 132 x 238 =31 416. Use this information to work out the following.

Mo travels 2.3 km to the shops, then 4.6 km to town. How far has she travelled in total?
Sunita buys a hat for £18.50 and a bag for £31.99. How much does she spend altogether?

A block of wood is 4.2 m long. A 2.75 m long piece is cut from it. What length is left?
Jay’s meal costs £66.49. He uses a £15.25 off voucher. How much does he have left to pay?

X 6 0.32 x 0.6 =192 + 1000
=0.192

d) 0.132 x 0.238

d) 167 x 8
h) 0.7 x 600
1) 0.04 x 0.02
p) 1.6 x0.04
) 14x23
x) 0.64 x 0.42

So 0.516 + 0.8 = 0.645

a) 13.2 x238 b) 1.32 x23.8 ¢) 1.32x0.238
2 Work out the following.
a) 092x10 b) 1.41 x 100 ¢) 72.5 %1000
e) 31.2x6 f) 68.8x3 g) 3.1x40
i) 0.6%x0.3 j) 0.05x0.04 k) 0.08 x 0.5
m)2.1x0.6 n) 81 x0.5 0) 3.6x0.3
q) 0.61 x0.6 r) 52x0.09 s) 63x21
u 24x18 v) 39x83 w) 0.16 x 3.3
3 1litre is equal to 1.76 pints. What is 5 litres in pints?
4 1 mileisequal to 1.6 km. What is 3.5 miles in km?
5 Petrol costs £1.35 per litre. A car uses 9.2 litres during a journey. How much does this cost?
6 A shop sells apples for £1.18 per kg. How much would it cost to buy 2.5 kg of apples?
Example 6
Work out 0.516 + 0.8
1. Multiply both numbers by 10, so you 0.516 +0.8=516+8
are dividing by a whole number.
2. Line up the decimal points to set out 0.645
the calculation, then divide. 8)5.°1'6"0

Exercise 6
Answer these questions without using your calculator.

1 Work out the (ollowing.
a) 259+10 b) 8.52+4 ¢) 2.14+4
e) 171+6 f) 0.081+9 g) 4935+7

- Section 1 — Arithmetic, Multiples and Factors

d) 8.62+5
h) 12.06 +8



2 Work out the following,

a) 64+02 b) 1.56+0.2 0 0.624+03 d) 8802
) 3.54+04 f) 3774+ 04 g) 575+0.5 h) 0275+ 0.5
i) 22.56+0.03 i) 1642 +0.02 K) 0.257 +0.05 ) 1.08+008
m) 7.665 + 0.03 n) 0.039 +0.06 0) 7.5+0.05 p) 504+ 0.07
q) 0.9 +0.03 ) 071+ 0.002 s) 63+ 0.09 t) 108 + 0.4
w) 1.76 = 0.008 v) 8.006+0.2 w) 20.16 + 0.007 x) 14412

3 A school jumble sale raises £412.86. The money is to be split equally between three charities.
How much will each charity receive?

4 Tt costs £35.55 to buy nine identical books. How much does one book cost?

5 A 2.72 mribbon is cut into equal pieces of length 0.08 m. How many pieces will there be?

6 It costs £6.93 to buy 3.5 kg of pears. How much do pears cost per kg?

Exercise 7 — Mixed Exercise

Answer these questions without using your calculator.

1 Atmidday the temperature was 6 °C. By midnight, the temperature had decreased by 7 °C.
What was the temperature at midnight?

2 Work out: —4.2 — (1.5 x -0.3)
3 Ashkan spends £71.42 at the supermarket. His receipt says that he has saved £11.79 on special offers.

How much would he have spent if there had been no special offers?

4  On his first run, Ted sprints 100 m in 15.32 seconds. On his second
run, he is 0.47 seconds quicker. How long did he take on his second run?

5 Asha bought 2 CDs each costing £11.95 and 3 CDs each costing £6.59.
She paid with a £50 note. How much change did she receive?

6 It costs £31.85 to buy 7 identical DVDs. How much would it cost to buy 3 DVDs?

7 A single pack of salt and vinegar crisps costs 70p. A single pack of cheese and onion crisps costs 65p.
A multipack of 3 salt and vinegar and 3 cheese and onion costs £3.19. How much would you save buying
a multipack instead of the equivalent amount in individual packs?

1.2 Multiples and Factors

Multiples

A multiple of a number is a product of that number and any other number.
A common multiple of two numbers is a multiple of both of those numbers.

Example 1

a)

b)

List the multiples of 5 between 23 and 43.

These are the numbers between 23 and 43 25, 30, 35, 40
that 5 will divide into.

Which of the numbers in the box on the right
are common multiples of 2 and 77

The multiples of 2 are 24, 28 and 42, while 28,42
the multiples of 7 are 7, 28, 35 and 42.

24 7 28 42 35

Section 1 — Arithmetic, Multiples and Factors -



Exercise 1
1 List the first five multiples of: a) 9 b) 13 ¢) 16
2 a) List the multiples of 8 between 10 and 20.

b) List the multiples of 12 between 20 and 100.
¢) List the multiples of 14 between 25 and 90.

3  Write down the numbers from the box that are:

a) multiples of 10 5 10
b) multiples of 15 40 45
¢) common multiples of 10 and 15 75 80

15 20 25 30 35
50 55 60 65 70
8 90 95 100 105

4 a) List the multiples of 3 between 19 and 35.
b) List the multiples of 4 between 19 and 35.
¢) List the common multiples of 3 and 4 between 19 and 35.

List all the common multiples of 5 and 6 between 1 and 40.
List all the common multiples of 6, 8 and 10 between 1 and 100.

List all the common multiples of 9, 12 and 15 between 1 and 100.

@W 9 &N W

List the first five common multiples of 3, 6 and 9.

Factors

A number’s factors divide into it exactly.
A common factor of two numbers is a factor of both of those numbers.

Example 2
a) Write down all the factors of: (i) 18 (i) 16

1. Checkifl, 2, 3... divide into the number. (1) 18=1x18 18=2x9 18=3x6

2. Stop when a factor is repeated.

So the factors of 18 are 1, 2.3, 6, 9. 18.

(i) 16=1x16 16=2x8 16=4x4
So the factors of 16 are 1, 2, 4, 8, 16.

b) Write down the common factors of 18 and 16.

These are the numbers which appear in L2
both lists from part (a).

Exercise 2

1 Listall the factors of each of the following numbers.

a) 10 b) 4 0 13 d) 20 e) 25
f) 24 g) 35 h) 32 i) 40 i 50
K) 9 ) 15 m) 36 n) 49 0) 48

2 a) Which number is a factor of all other numbers?
b) Which two numbers are factors of all even numbers?

©) Which two numbers must be factors of all numbers whose last digit is 5?
d) Which four numbers must be factors of all numbers whose last digit is 0?

- Section 1 — Arithmetic, Multiples and Factors



3 A baker has 12 identical cakes. In how many different ways can he divide them up into equal packets?
List the possibilities.

4 Inhow many different ways can 100 identical chairs be arranged in rows of equal length?
List all the ways the chairs can be arranged.

5 a) Listall the factors of: @) 15 (i) 21.
b) Hence list the common factors of 15 and 21.

6 List the common factors of each of the following pairs of numbers.

a) 15,20 b) 12,15 c) 30,45 d) 50,90 e) 25,50

f) 24,32 g) 36,48 h) 64, 80 i) 45,81 i 96,108
7 List the common factors of each of the following sets of numbers.

a) 15,20,25 b) 12, 18,20 ¢) 30,45, 50 d) 15,16, 17

e) 8,12,20 f) 9,27,36 g) 24, 48,96 h) 33, 121, 154

1.3 Prime Numbers and Prime Factors

A prime number is a number that has no other factors except itself and 1. 1 is not a prime number.

Example 1

Which of the numbers in the box on the right are prime? [ e 1 D2 ]
1. Look for factors of each of the numbers. 16=2x8, 18=3x%x6, 20=4x5

2. Ifthere aren’t any, it’s prime. 17 has no factors other than 1 and 17.

19 has no factors other than 1 and 19.
So the prime numbers are 17 and 19.

Exercise 1

1 Consider the following list of numbers: 11, 13, 15, 17, 19
a) Which number in the list is not prime?
b) Find two factors greater than 1 that can be multiplied together to give this number.

2 a) Which three numbers in the box on the right are not prime?

b) Find two factors greater than 1 for each of your answers to (a). [ 31 33 35 37 39 ]

3 Write down the prime numbers in this list: 5, 15, 22, 34, 47, 51, 59

4 a) Write down all the prime numbers less than 10.
b) Find all the prime numbers between 20 and 50.

5 a) For each of the following, find a factor greater than 1 but less than the number itself.
@ 4 (ii) 14 (iii) 34 (iv) 74
b) Explain why any number with last digit 4 cannot be prime.

6 Without doing any calculations, explain how you can 20 30 40 50 70 90 110 130

tell that none of the numbers in this list are prime.

Section 1 — Arithmetic, Multiples and Factors



Writing a Number as a Product of Prime Factors

Whole numbers which are not prime can be broken down into prime factors.

Example 2
Write 12 as the product of prime factors. Give your answer in index form.

Make a factor tree. /]2
1. Find any two factors of 12. Circle any that are prime. @ hN 6

Repeat step 1 for any factors which aren’t prime.

2 7%
3. Stop when all the factor tree’s branches end in a prime. @ @
4

Give any repeated factors as a power, e.g. 2 x 2 =22

s Y
— this is what is meant by index form. 12=2%2x3=2x3

Exercise 2
Give your answers to these questions in index form where appropriate.

1 Write each of the following as the product of two prime factors.

a) 14 b) 33 0 10 d) 25
e 55 f) 15 g) 21 h) 22
i) 35 P 39 K 77 n 121

2 a) Copy and complete the three factor trees below.

@ /64 (i) 64\ (iif) 64
() \32 4 16 8 8
7/ \ /N /N /N N\
@ 4. QOO 5 /4\ 010, /4\
@ @ s OO OO

@ @ ®
/\
® O
b) Use each of your factor trees to write down the prime factors of 64. What do you notice?

3 Write each of the following as the product of prime factors.

a) 6 b) 30 0 42 d) 66
e) 70 f) 46 g) 110 h) 78
i 190 i 210 K) 138 ) 255

4 Write each of the following as the product of prime factors.

a) 8 b) 44 0 24 d) 16
e) 48 f) 72 g) 90 h) 18
i 50 i 28 k) 27 ) 60
m) 98 n) 36 0) 150 p 132
q) 168 r) 225 s) 325 t) 1000

- Section 1 — Arithmetic, Multiples and Factors



5 Square numbers have all their prime factors raised to even powers.
For example, 36 = 22 x 32 and 64 =25,
a) Write 75 as a product of prime factors.
b) What is the smallest number you could multiply 75 by to form a square number?
Explain your answer.

6 By first writing each of the following as a product of prime factors, find the smallest
integer that you could multiply each number by to give a square number.
a) 180 b) 250 ¢) 416 d) 756 e) 1215

1.4 LCM and HCF

The least common multiple (LCM) of a set of numbers is the smallest of their common multiples.
The highest common factor (HCF) of a set of numbers is the largest of their common factors.

Example 1
Find the least common multiple (LCM) of 4, 6 and 8.
1. Find the multiples of 4, 6 and 8. Multiples of 4 are: 4, 8,12, 16 20, 28...
Multiples of 6 are: 6, 12, 18, 30, 36...
, Multiples of 8 are: 8, 16(24)37, 40, 48...
2. The LCM is the smallest number -
that appears in all three lists. So the LCM of 4, 6 and 8 is 24.
Exercise 1
1 Find the LCM of each of the following pairs of numbers.
a) 3and4 b) 3and5 ¢) 6and8 d) 2 and 10
e) 6and7 f) 4and9 g) 10and 15 h) 15 and 20
2 Find the LCM of each of the following sets of numbers.
a) 3,6,8 b) 2,5,6 ¢) 3,56
d) 4,9,12 e) 57,10 f) 56,9

3 Laurence and Naima are cycling around a circular course. They leave the start-line at the same time and
need to do 10 laps. It takes Laurence 8 minutes to do one lap and Naima 12 minutes.
a) After how many minutes does Laurence pass the start-line? Write down all possible answers.
b) After how many minutes does Naima pass the start-line? Write down all possible answets.
¢) When will they first pass the start-line together?

4 Mike visits Oscar every 4 days, while Narinda visits Oscar every 5 days. If they both visited today, how
many days will it be before they visit on the same day again?

5 A garden cenire has between 95 and 205 potted plants. They can be arranged exactly in rows
of 25 and exactly in rows of 30. How many plants are there?

6 There are between 240 and 300 decorated plates hanging on a wall, and the number of plates divides
exactly by both 40 and 70. How many plates are there?

7 Jill divides a pile of sweets into 5 equal piles. Kay then divides the same sweets into 7 equal piles.
What is the smallest number of sweets there could be?
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Example 2

Find the highest common factor of 12 and 15.

1. Find the common factors. The factors of 12 are:(1) 2,(3) 4, 6, 12
2. The HCF is the biggest number The factors of 15 are:@@ 5, 15
that appears in both lists. So the highest common factor of 12 and 15 is 3.
Exercise 2

1 a) Find the common factors of 12 and 20.
b) Hence find the highest common factor (HCF) of 12 and 20.

2 Find the HCF of each of the following pairs of numbers.

a) 8and 12 b) 24 and 32 ¢) 18and24 d) 36 and 60

e¢) 14 and 15 f) 12 and 36 g) 35and 42 h) 56 and 63
3 Find the HCF of each of the following sets of numbers.

a) 6,8,16 b) 12,15, 18 c) 24,30,36

d) 18,36,72 e) 36,48, 60 f) 25,50,75

4 Find the largest number that will divide into both 133 and 209.

A chef'is serving parsnips and carrots onto plates. There are 63 carrots and 91 parsnips to go around.
Each plate must only have either carrots or parsnips — there is no mixing of vegetables.

Each plate must have the same number of vegetables on it.

Each plate must have the greatest possible number of vegetables on it.

a) How many plates will contain carrots?

b) How many plates will contain parsnips?

Kim is dividing counters into equal piles.

She has 207 tangerine counters and 253 gold counters.
Each pile must contain only one of the colours.

What is the least number of piles she can make in total?

Example 3

a) Use prime factors to find the HCF of 60 and 72,

1. Write 60 and 72 as products of prime factors. 60 =2<2xB)< 5

2. Find the numbers that appear in both lists 72 <@ 2 x3)x 3

(including repeats).

) Both list tain 2 x 2 x 3
3. The HCF is the product of these numbers. S

SoHCF=2x2x3=12

b) Use prime factors to find the LCM of 84 and 98.

1. Write 84 and 98 as products of prime factors, 84 =2x3* 7
in index form.
2. Find the highest power of each prime factor 98 =2 x(P
that appears in cither list.
3. The LCM is the product of these numbers. SoLCM =22 x 3 x 72 =588
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Exercise 3

1 a) Write 150 and 250 as products of their prime factors.
b) Hence find the HCF of 150 and 250.

2 a) Write 120 and 155 as products of their prime factors.
b) Hence find the HCF of 120 and 155.

3 a) Write 76 and 88 as products of their prime factors.
b) Hence find the LCM of 76 and 88.

4 a) Write 210 and 700 as products of their prime factors.
b) Hence find the LCM of 210 and 700.

5§ Use prime factors to find (i) the HCF and (ii) the LCM of each of the following pairs of numbers.
a) 36and 48 b) 60 and 75 ¢) 54 and 96 d) 108 and 144
e) 200 and 240 f) 168 and 196 g) 210 and 308 h) 150 and 180

6 Use prime factors to find the highest number that will divide into both 93 and 155.
7 Use prime factors to find the lowest number that divides exactly by both 316 and 408.

8 One day, Arran divides his action figures into equal groups of 26.
The next day, he divides them up into equal groups of 12.
Use prime factors to find the lowest possible number of action figures he owns.

9 Jess goes swimming once every 21 days. Seamus goes swimming once every 35 days.
They both went swimming today. Use prime factors to find the number of days it will be
until they both go swimming on the same day again.

10 Luke changes the ink in his printer every 216 days.
Alesha changes the ink in her printer every 188 days.
They both changed the ink in their printers today.
Use prime factors to find the number of days it will be until they
each change the ink in their printers on the same day again.

11 a) Write 30, 140 and 210 as products of their prime factors.
b) Hence find the HCF of 30, 140 and 210.

12 a) Write 121, 280 and 550 as products of their prime factors.
b) Hence find the LCM of 121, 280 and 550.

13 Use prime factors to find (i) the HCF and (ii) the LCM of each of the following sets of numbers.
a) 65, 143 and 231 b) 63, 567 and 1323 ¢) 175, 245 and 1225 d) 126, 150 and 1029
¢) 104, 338 and 1078 f) 102, 612 and 6545 g) 770, 1540 and 5005  h) 891, 4719 and 2431

@ a) Use prime factors to find a pair of numbers that have HCF = 12 and LCM = 120.
b) Use prime factors to find a pair of numbers that have HCF = 20 and LCM = 300.
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Section 2 — Approximations

2.1 Rounding

Numbers can be approximated (or rounded) to make them easier to work with.

For example, a number like 5468.9 could be rounded:  *  to the nearest whole number (= 5469)
* to the nearest ten (= 5470)
= to the nearest hundred (= 5500)

. * to the nearest thousand (= 5000)
Exercise 1

1 a) Round the following to the nearest whole number.

a{ 9.7 (ii) 8.4 (iii) 12.2 (iv) 45.58 v) 11.04
b) Round the following to the nearest ten.

a{ 27 (ii) 32 (iii) 48.5 (iv) 658 (v) 187 523
¢) Round the following to the nearest hundred.

@i 158 (ii) 596 (iii) 4714 (iv) 2369 (v) 12345
d) Round the following to the nearest thousand.

(i) 2536 (ii) 8516 (iii) 12 (iv) 9500 (v) 56985

2 Raj says Italy has an area of 301 225 km?. Round this figure to the nearest thousand km?.
3 Atits closest, Jupiter is about 390 682 810 miles from Earth. Write this distance to the nearest million miles,

Decimal Places

You can also round to different numbers of decimal places.
For example, a number like 8.9471 could be rounded: <  to one decimal place (= 8.9)
* to two decimal places (= 8.95)

. + to three decimal places (= 8.947)
Exercise 2

1 Round the following numbers to: (i) one decimal place (ii) three decimal places.

a) 2.6893 b) 0.0324 c) 5.6023 d) 0.0425
e) 6.2571 f) 0.35273 g) 0.07953 h) 0.96734
i) 0.25471 j) 2.43658 k) 6.532561 ) 0.008723

The mass of a field vole is 0.0384 kilograms. Round this mass to two decimal places.
The length of a snake is 1.245 metres. Round this length to one decimal place.

Significant Figures

You can also round to different numbers of significant figures (s.f).
The first significant figure is the first non-zero digit.

Example 1

a) Round 52 691 to one significant figure.
The second digit is less than 5, so round down. a) 5@ 691 — rounds down to 50 000

b) Round 6.578 to two significant figures.
The third digit is more than 5, so round up. b) 6. @8 — rounds up to 6.6

¢) Round 0.00097151 to three significant figures.
The fourth significant figure is equal to 5, so round up. c) 0.00097 1@1 — rounds up to 0.000972
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Exercise 3

1 Round the following numbers to one significant figure.

a) 476 b) 31 ¢) 7036 d) 867 e) 3729
f) 79975 g) 146 825 h) 993 i) 0.0672 i) 0.349
k) 0.000555 I) 0.0197 m) 0.47892 n) 0.000798 0) 0.11583
2 Round the following numbers to two significant figures.
a) 741 b) 6551 c) 7067 d) 2649 e) 11.806
f) 674.81 g) 136 164 h) 974.008 i) 0.003753 j) 0.02644
k) 0.0001792 I) 0.08735 m) 3570.4 n) 0.5635 0) 0.0007049
3 Round the following numbers to three significant figures.
a) 4762 b) 46.874 c) 5067 d) 594.5 e) 35722
f) 693 704 g) 80.569 h) 925478 i) 0.5787 i) 0.08521
k) 0.10653 I) 0.00041769 m) 146.83 n) 34.726 0) 0.0084521
4 The speed of sound is 1236 km/h. 7 The table shows Mammal Mass (kg)
Round this speed to two significant figures. the mass (in kg) ¢ sramonvole 0.0279
5 The diameter of Saturn is 120 536 km. %f o m‘;mmals' Badger 9.1472
Round this diameter to three significant figures. e« e Meerkat 0.7751
. , to two significant gy quirrel 0.1998
6 The dens1.ty of hydrogen gasis 0..0899 kg/m? figures. Shrew 0.00612
Round this density to one significant figure. Hare 3.6894
Estimation
Example 2
: 9.7 x 326 . i f .
Estimate the value of T893 < 5373 by rounding each number to one significant figure.
(o o 7 , 9.7 x326 .. 10 x 300
The symbol ‘=’ means ‘is approximately equal to’. T893 %5325 ° 2x5
The actual value is 325.7 (to 4 significant figures), _ 3000 _ 399

so this is a good approximation. L

Exercise 4

1 Estimate each of the following by rounding each number to one significant figure.
a) 102.2x4.2 b) 288.7 x 7.8 ¢) 40.73 x 1.06 d) 542.04 x 1.88
e) 3069 +6.4 f) 39+51 g) 494.27 = 5.05 h) 205.52 + 8.44
i) 361.42+78.63 i) 7.57x3.81 k) 142.75 x 9.56 1) 831+1.86

2 BEach of the following questions is followed by three possible answers.
Use estimation to decide which answer is correct.

a) 101 x 52 =(5252, 4606, 6304) b) 6.4 x 7.35 = (38.24, 47.04, 55.64)
¢) 22.4 x49.8 =(1865.32, 1494.72, 1115.52) d) 0.79 x 1594.3 = (1259.50, 864.80, 679.57)
e) 1276 +4.2=(1.29, 6.542, 3.04) f) 588 +12.4=(75.78, 4742, 69.86)
g) 0.94 +3.68 =(0.124, 0.901, 0.255) h) 675.89 ~7.074 = (95.55, 85.74, 112.34)
3 Estimate each of the following by rounding each number to one significant figure.
9.9 x 285 64.4 > 5.6 174.3 % 3.45 310.33 x 2.68
%) 18732 b 7595 9 162.8 x 10.63 D 31639 x 0.82
o) 13.7 % 5.2 f) 4324 x 2.75 ) 173.64 x 10.6 h) 176.65 + 8.84
123+ 39 233.39 x 0.81 &) "64.44 558 564.36 + 2.78
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Example 3
Estimate the value of v61 to 1 d.p.

1. Find the closest square number on either side 61 is between 49 (= 7%) and 64 (= 8).
of the number in the guestion.

2. Decide which it’s closest to, then make a sensible estimate 61 is much closer to 64, so a
of the digit after the decimal point. sensible estimate is /61 =~ 7.8.

Exercise 5

1 Estimate the following roots to the nearest whole number.

a) /18 b) /67 ¢ 51 d) /86 e) /116
2 Estimate the following roots to 1 decimal place.
a) 11 b) V30 9 V20 a) /37 e) V45

2.2 — Upper and Lower Bounds

Upper and lower bounds show the maximum and minimum actual values that a rounded number can be.

Example 1

A length is given as 12 m, when rounded to the nearest metre. State its upper and lower bounds.
The smallest number that would round up to 12 m is 11.5 m. Lower bound = 11.5 m
The largest number that would round down to 12 is 12.49999999,.. Upper bound =12.5 m

so, by convention, we say that the upper bound is 12.5

Exercise 1

1 The following figures have been rounded to the nearest whole number. State their lower and upper bounds.

a) 10 b) 15 c) 34 d) 26 e) 76

f) 102 g) 99 h) 999 i) 249 D 2500
2 Give the lower and upper bounds of the following measurements.

a) 645 kg (measured to the nearest kg) b) 255 litres (measured to the nearest litre)

¢) 165 g (measured to the nearest g) d) 800 g (measured to the nearest 100 g)

e) 155 cm (measured to the nearest cm) f) 130 km (measured to the nearest km)

3 State the lower and upper bounds of the following prices.

a) £15 (when rounded to the nearest £1) b) £320 (when rounded to the nearest £10)
¢) £76.70 (when rounded to the nearest 10p) d) £600 (to the nearest £50)
Example 2

Find the maximum and minimum perimeter of a rectangular
garden measuring 38 m by 20 m to the nearest metre.

1. The upper bounds of the dimensions of the (2x385)+(2%x205)=77T+41=118m
garden are 38.5 m and 20.5 m so use these to ~ Maximum perimeter = 118 m
calculate the maximum possible perimeter.

2. The lower bounds of the dimensions of the (2x375)+(2%x19.5=75+39=114m
garden are 37.5 m and 19.5 m so use these to Minimum perimeter = 114 m
calculate the minimum possible perimeter.
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Exercise 2

1 Find the maximum and minimum possible perimeter of the following:
a) A rectangle with sides 5 cm and 6 cm measured to the nearest cm.
b) A square with sides of 4 m measured to the nearest m.
©) An equilateral triangle with side length 7 cm measured to the nearest cm.
d) A parallelogram with sides 8.5 cm and 9.6 cm measured to the nearest mm.
€) A regular pentagon with sides 12.5 cm measured to the nearest mm.

2 The number of sweets in a jar is 670, to the nearest 10.

a) What is the maximum possible number of sweets in the jar?
b) What is the minimum possible number of sweets in the jar?

3 A dressmaker needs to sew a ribbon border onto a rectangular tablecloth. If the tablecloth
measures 2.55 m by 3.45 m to the nearest cm, what is the longest length of ribbon that could be needed?

4 Last year Jack was 1.3 m tall, measured to the nearest 10 cm. This year he has grown 5 cm, to the nearest cm.
Calculate the tallest height and the shortest height he could actually be this year.

A number, when rounded to two decimal places, equals 0.40.
Write down the smallest possible value of the number.

Example 3

Find the maximum and minimum possible area of a rectangular room that measures 3.8 m by 4.6 m,
to the nearest 10 cm. Give your answer to two decimal places.

1. The maximum possible area is 3.85 m x 4.65 m. 3.85m x 4.65m = 17.9025 m?
=17.90 m? (to 2 d.p.)

2. The minimum possible area is 3.75 m x 4.55 m. 375m x4.55m = 170625 m?
=17.06 m? (to 2 d.p.)

Exercise 3

1 Mr McGregor wants to build a fence around his garden, leaving a 2 m gap for the gate.

The garden is a rectangle measuring 12 m by 15 m. 12m
All measurements are given to the nearest metre. [ t.r"_‘-\ )
a) (i) Give the minimum width of the gate. 2m} e /
(ii) Give the maximum length and width of the garden. N ) e
(iii) Hence find the maximum amount of fencing needed to fence the side of the \ \|j ] -
garden with the gate on it. AT -
(iv) Calculate the maximum total length of fencing needed to fence the garden. L‘) \E lv
b) By finding the maximum width of the gate and the minimum dimensions of the
garden, calculate the minimum total length of fencing needed.
2 Ian is fitting skirting board to a room measuring 4 Find the maximum and minimum possible values
4.5 m by 3.7 m with a door that is 0.5 m wide. of the following.
If all measurements are to the nearest 10 cm, a) The area of a rectangle with sides given as
calculate the maximum and minimum possible 5 ¢cm and 6 cm, measured to the nearest cm.
length of skirting board that will be needed. b) The volume of a cube with sides given as 6 cm,
3 Calculate the maximum and minimum possible measured to the nearest cm.
volumes for a storage unit that measures 4.00 m by ¢) The volume of a cuboid with sides given as
3.00 m by 1.90 m to the nearest cm. 3.5 cm, 4.4 cm and 5.6 cm, measured to the

nearest mm, rounding your answer to 2 d.p.
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5 Michael ran for a measured time of 10 seconds at 7 A snail travels a distance of 5 m in 45 minutes.

6.5 m/s. If his time was measured to If the distance is measured to the nearest cm
the nearest second, calculate the maximum and the time to the nearest minute, what is the
possible distance that he could have run. maximum possible speed of the snail in cm/s?

6 Kelly ran a 1500 m race in 260 s. The time was 6 Max wants to paint a wall that measures 2.1 m
measured to the nearest second and the distance to by 5.2 m. A tin of paint states that it will cover
the nearest 10 metres. Calculate the maximum and 3.5 m? Ifthe tin contains exactly 0.5 litres of
minimum possible values of her speed in m/s. paint, and all other measurements are correct to 1

d.p., find the maximum volume of paint needed to
paint the wall.

Representing Bounds Using Intervals

Bounds can be written as an interval or inequality.
They can also be used to show the maximum and minimum values of truncated numbers.

Example 4
Truncate the following values to 2 d.p. a) 17.65342 b) 203.0496923
Delete any decimal places after2d.p.  a) 17.65 b) 203.04
Exercise 4
1 Truncate the following values to 1 decimal place.
a) 1354 b) 19.133 ¢) 5573 d) 103.67183 e) 85.955
2 Truncate the following values to 2 decimal places.
a) 2738.29109 b) 1.24692 ¢) 3.38204 d) 17.160 e) 100.0984
Example 5

The approximate mass of a rock is 18.4 kg.
Find the interval within which m, the actual mass of the rock, lies if:

a) the mass has been rounded to | decimal place.

The lower bound is 18.35 kg, and the upper bound is 18.45 kg. The actual
value must be strictly less than 18.45 kg, or it would round to 18.5 kg, 18.35 kg < m < 18.45 k

b) the mass has been truncated to 1 decimal place.

The lower bound is 18.4 kg, and the upper bound is 18.5 kg. The actual

value must be strictly less than 18.5 kg, or it would truncate to 18.5 kg, 184kg=m<18.5kg

Exercise 5

1 Given that the following values have been rounded to 1 d.p., write down an inequality
for each to show the range of possible actual values.
a) m=76 b) n=15.2 ¢) p=371 d) ¢=109.9 e) r=70.0
2 Given that the following values have been truncated to 2 d.p., write down an inequality
for each to show the range of possible actual values.
a) s=6.57 b) t=2571 ¢) u=3347 d) v=99.99 e) w=51.00
3 Alasdair is canoeing down a river and says that he has travelled 10 km to the nearest 100 m.
Write down the interval within which the actual distance in km, d, lies. Give your answer as an inequality.

Given that x=3.2to [ d.p. and y = 8.34 to 2 d.p., find the interval that contains the actual value of 2x + y.
Give your answer as an inequality.
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Section 3 — Fractions

3.1 Equivalent Fractions

Equivalent fractions are fractions that are equal in value.

To find an equivalent fraction, multiply or divide the numerator (the top number)

and denominator (the bottom number) by the same thing.

Example 1

Find the value of b if 12 _ 4

30 b

I.  Find what you need to divide by to get

2. Divide the denominator by the same number.

from one numerator to the other.

Exercise 1

Answer Questions 1-2 without using a calculator.

1 Find the values of the letters in the following fractions.

-
= e &

g

$=15 b j=1
§=2 D §=7
i=15 D=5
5= w f=5

]

12 _ 4

30~ b

12 _ 4

0__10

+3
§ —ulin
9 7=16
7 _ 35
8 ;=%
c_10
k) 3=15
11 _ 55
9 g =%

2 Sharon and Dev both take a test. Sharon gets % of the questions right and
Dev gets % of the questions right. Who gets the most questions right?

Simplifying Fractions

So b=10.

| _ d

9 55 =50

9 8l
II)T_h

9

D Tdc"t 5
1 1l

P 7= 120

Simplifying a fraction means writing an equivalent fraction using the smallest possible numbers.
This is also known as ‘expressing a fraction in its lowest terms’.

Example 2

Express

i,

% as a fraction in its lowest terms.

3

Divide the numerator and denominator by
any common factor.

2. Repeat this until the numerator and

denominator have no more common factors.

4 and 5 have no common factors, so this
fraction is in its lowest terms.

[\

N
) o
(98

|

(o
o
Slee

d

olee |
AN o
N‘ | )N

318N
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Exercise 2

Answer Questions 1-2 without using a calculator.

1 Write the following fractions in their lowest terms.

9 15 15 12 21
M 35 b 36 9 20 D 15 9 35
24 45 i 20 5 70
D & 9 1% W 165 D 126 D 182
2 Simplify these fractions, then state which fraction is not equivalent to the other two.
9 15 4 6 10 18 60 24
a) 18’ 20’ 27 ) 8 15’ 25 © 18 3 45 9 24 807 40
3 Simplify each of these fractions. Use a calculator where necessary.
175 204 1029
a) 130 D) 230 © 348 ? 3486
3.2 Mixed Numbers
A mixed number is a whole number combined with a fraction. = 2%
A fraction where the numerator is bigger than 5
the denominator is an improper fraction. 2
Example 1
Write the mixed number 4% as an improper fraction.
x5
1. Find the fraction which is equivalent 4"20
to 4 and which has 5 as the denominator. T 5
-4 —y
Remember, 4 1 x5
2. Combine the two fractions into So 4% ~-20,3-23
one improper fraction. 55 5
Exercise 1
Answer Questions 1-2 without using the fractions button on your calculator.
I Find the values of the letters to write the following mixed numbers as improper fractions.
| : I 2 4
w 13=14 by 12=2 9 23="5 @33 =12
2 Write the following mixed numbers as improper fractions.
4 5 L3 3
a) ls b) 155 0 275 d 53
¢ 43 f 92 g) 122 hy 153
i 5 i 1 3 2
i 63 D 3% k) 107G D 73
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Example 2

Wr1te as a mixed number in its simplest terms.

1. Spl1t the numerator into: 13_10+3
(i) a multiple of the denominator, 5 10 5 3
plus  (ii) a ‘remainder’ (since 13 + 5 = 2, with remainder 3). =% + 3
2. Separate the fraction to write it as a mixed number. =2+ % = 2%
Exercise 2
Answer Questions 1-4 without using your calculator.
1 Write the following improper fractions as mixed numbers.
5 9 17 12 13
2 3 b5 9 10 )7 9 11
9 13 16 i 20 i 1l
D 2 8 % h) = D & D 3
2 a) Simplify the improper fraction 246
b) Use your answer to write 246 as a mixed number.
3 Write the following improper fractions as mixed numbers in their lowest terms.
18 10 50 18 24
V) b 7 9 s 4 3 © 18
35 18 51 o 34 a 98
f) 25 g T h) P i) s i 3
4 Find the number in each list that is not equivalent to the other two.
l 1517 19 15 43 2 11 16
a) 45 25 b) 23, 327 3 ) 4 49 44 d) 235 35 6

3.3 Ordering Fractions

Putting two or more fractions over a common denominator means
rewriting them so they all have the same denominator.

If fractions have a common denominator, then you can use their numerators to put them in order.

Example 1
Rewrite 2 and 3 g S0 they have a common denominator.
X 4 X 3
24 is a multiple of both 6 and 8, so 5 20 3/\‘9
use this as the common denominator. 6 24 8 24
A A
x4 x3
These fractions are equivalent to 20 o 4 and %
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Exercise 1
Answer Questions 1-2 without using a calculator.

1 Rewrite the following pairs of fractions so they have a common denominator.

2 1 23 51 21
Y53 37 %7 D32
3 4 35 1 7] 2 4
e) Q 5 f) 6, 12 g) 8, 10 h) 55 9
2 Rewrite the following groups of fractions so they have a common denominator.
357 17 9 1 4 5 132
Vo312 P 5 15 20 9 7 21 14 D283
2 5 11 1 73 2] § 5 S 7 11
9 51230 D% s ®375% M 1% 22 30
Example 2
Put the fractions %, 3 and 3 in order, from smallest to largest.
1. Put the fracti ok o
. Put the fractions over a common
. ! S 1/\4 3/\‘6 So the fractions are
denominator first — in this case, 8. 5=13 1-3
N A \__« e€quivalent to %, % and %
X 4 X2
2. Use t‘he m.,lmerators to put the In order, these are: §, i, 6
fractions in order. 8 8 8
3. Write the ordered fractions in So in order, the original fractions are %, %, %
their original form.
Exercise 2
Answer Questions 1-4 without using a calculator.
1 Write down the larger fraction in each pair below.
1 5 3 1 49 112
D 73 D310 714 D13
2 3 7 3
e) Z f) 3P g g) 3 7 h) 10° 4
In Questions 2-4, put each of the sets of fractions in order, from smallest to largest.
1 5 7 2 3 7 3 715 5 1119
2% 2% 16 b5 10 20 97173 Ve o
4 5 2 9 11 4 il 3 51 7413
3N 5 ip3 Do 9 % i1 32 Y5 3 13
7 5 13 3 7 12 DLl =5l Ll o o
R BT D 15 27 45 ® 15 20 33 M 36 15 22

4  Charlene runs ¢ T ofa mile, while Dave runs 20 7 of a mile. Who runs further?
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3.4 Adding and Subtracting Fractions

You can only add and subtract fractions that have a common denominator.

Example 1

A maths exam has 24 questions. % of the questions are on number topics,
% of the questions are on algebra, and the rest are on geometry.

What fraction of the questions are geometry questions?

1. The fractions of number questions, Fraction of geometry questions =1 — 1 _ 1
algebra questions and geometry 8 3

questions must add up to 1.

x 3 X 8
2. Put the fractions over a 24 1/\3 1/\8
common denominator. I=52 3~ 722 3 24
A A
x3 x 8
3. Subtract to find the fraction of Fraction of geometry _ 24 _ 3 8 _24-3 8§
geometry questions. questions 24724 24 3 24
24
Exercise 1
Answer Questions 1-2 without using your calculator.
1 Work out the following. Give your answers in their simplest form.
2 1 2,4 5 9 3.3
a) 377 b) §+§ V] 10 d)7+4
6 7 8,12 3.6 15,3
91ty D 5+31 B 3+5 M 16+5
2 Work out the following. Give your answers in their simplest form.
11 _2_2 3,1 7 6,1 1
B 53y b 1-75—% 9 2816 D 7+1572
1,2.5 1,1,3 9 5,3 1,5 1
9 3+3%% D 5+3%13 ® 5 5112 W 1g+7—3

Exercise 2

1 Inaschool survey, 5 L of the pupils said they walk to school. 3 said they catch the bus.
The rest arrive by car What fraction come to school by car?

2 Jake, Frank and Olga are sharing a cake. Jake eats % of the cake, Frank eats %
and Olga eats the rest. What fraction of the cake does Olga eat?

3 % of the flowers in a garden are roses, % of the flowers are tulips, % are daisies
and the rest are daffodils. What fraction of the flowers are daffodils?

4 A bag contains a mixture of sweets. % of the sweets are white chocolates, % of the sweets are milk

chocolates, 1

, 5 are toffees and the rest are mints. What fraction of the sweets are mints?
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Adding and Subtracting Mixed Numbers

To add or subtract mixed numbers, first change them into improper fractions with a common denominator.

Example 2
Work out 11 + 25,
3 6
1.  Write the mixed numbers 1= §, SO 1% =3;1-4
. . 3 a3 = 3
as improper fractions.
=) 3_12,5_17
2 ¢ SO 26 A
2. Rewrite the improper fractions ;g‘
with a common denominator. 4 _8
3.6
%2
3. Add the numerators. Give your answer So l% +23 = % + % = % = % ¥ % = 4%
as a mixed number in its simplest form.
Exercise 3
Answer Questions 1-3 without using your calculator.
1 Work out the following. Give your answers in their simplest form.
b) 5 3 6 5 11
a) 2§_% b) 47523 o 4718 a 7314
2 Work out the following. Give your answers in their simplest form.
1 3
a) 12+3 b) 23+2 ¢ 31123 d) 1}+4%
2 7 5 2
e) 3%_.3. f) 5%-3] g) 241§ h) 27 + 3%
0 7 2 i 3 2 3
i) 5 +3% i 4313 K 13433 ) Sx-15
3 The table shows the r}umbf:r of Pies ecaten Contestant 1 2 3
by three contestants in a pie eating contest. ;
Calculate the total number of pies eaten. i 7 5 5
ulate the umber ol pies eaten No. of pies eaten 175 | 95 | 405 .%

3.5 Multiplying and Dividing Fractions

To multiply a whole number by any fraction: * multiply by the numerator
* divide by the denominator

Example 1

Find 3 of 15.

You can replace ‘of” with a multiplication sign. % x15=3 >4<115 = 47
You need to multiply 15 by 3, and then divide by 4. =4 11%

(Or you can divide by 4, and then multiply by 3.)
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Exercise 1
Answer Questions 1-2 without using your calculator.

1 Work out the following. Write your answers as mixed numbers.

a) 48><% b)27><% 0 32><% d)34><%

9 80x2 n a5x3 g 7253 h)62><%
2 Find the following,

a) 3 of 28 b) 2 Zof 32 0 3 3of 48 d) > of 60

© 2 of 24 f) %oflS g) gof27 h) 7 [ of 98

Multiplying Fractions

To multiply two or more fractions, multiply the numerators and denominators separately.
To multiply mixed numbers, change them to improper fractions first.

Example 2
Work out 4.', x 3 :3 Give your answer as a mixed number.
e 4t B L L O, 33-15,3_18
1. Write the mixed numbers as improper fractions. 2512591 | 2 5T B1EsTS
2. Multiply the two fractions. 1,33_9,18_9x18_162
piy So42><35 2><5 %5 1
3. Simplify your answer and write it as a mixed number. llﬂ = % = % + % = 16%
Exercise 2
1 Work out the following. Give your answers in their lowest terms.
3.1 6.7 7 i
) 5xg b) 3x 5 9 373 D 7x3 ® 1614
2 Work out the following without using your calculator. Give your answers in their lowest terms.
a) lgx% b) 3%><% c) Z%X% d) llzx%
3 4 3.3l 2011
o 4ix% £ 2§x3 g) 23 x3} h) 33 x 13
Dividing by Fractions
Swapping the numerator and the denominator of a fraction gives you the reciproeal of that fraction.
Dividing by a fraction is the same as multiplying by its reciprocal.
Example 3
Work out 2% i ]%.
1. Write both numbers as improper fractions. 22-6+2_8 1L=5+1_6
3 3 3 5 5 5
2. Multiply 8 by the reciprocal of s 8 . 6_8,.5_8x5_40_20 _ 42
3 5 6:0=-06x2= ______25
Simplify your answer and write it as a mixed number. 35 3 6 3x6 18 9
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Exercise 3
Answer Questions 1-3 without using your calculator.

1 Work out the following. Give your answers in their simplest form.

v 34 B! 9 33 030

2 By first writing them as improper fractions, find the reciprocal of each of the following.
a) 14 b) 23 ¢ 53 d) 42

3 By first writing any mixed numbers as improper fractions, work out the following.
a) 271 by 141 ¢ 23+3 d) 4% +6
9 2:33 n 34l g 3+33 b &+ 6
) 1l-1d D 25+15 k) 42+21 D 32:2L
m) 43 11 n) 62:2:3 0 5112 P 33+24

3.6 Fractions and Decimals

All fractions can be written as either a terminating or recurring decimal. In a terminating decimal
the digits stop. A recurring decimal has a repeating pattern in its digits which goes on forever.

A recurring decimal is shown using a dot above the first and last repeated digits.

For example, 0.111...=0.1, 0.151515..=0.15, 0.12341234...=0.1234.

Converting Fractions to Decimals Using a Calculator

Use a calculator to convert a fraction to a decimal by dividing the numerator by the denominator.

Example 1

Use a calculator to convert the following fractions to decimals.

This is a ‘recurring decimal’ — one that repeats forever.

1 l = e~ = = -
) 6 The calculator tells you the answer is 0.1666... 6 Ch e LRl 1)
Show the repeating digit with a dot.
b) 41 The answer on your calculator is 0.123123123... e e
333 Show the repeating pattern by putting dots over 3330 41 =333

the first and last digits of the repeated group. =0.123123123... = 0.123

Exercise 1

1 Use a calculator to convert the following fractions into decimals.

329 97 1 7
3 350 b 133 ©) 23 d) 655

37 719 11 7
9 231 f 412 g 74 by 81

- Section 3 — Fractions



2 Use a calculator to convert the following fractions to decimals.

5 4 67 1111
%[5 b 3 9 111 D 5000
4 1234 88 456
9 15 9999 8 3 W 123
3 By first writing these fractions as decimals, put each of the following lists in order, from smallest to largest.
5 167 87 196 by % 16 5 g 963 13 77
287 160’ 360 99" 17" 6 650’ 9’ 52

Converting Fractions to Decimals Without Using a Calculator

You can use the following to convert fractions F —01 1
with denominators of 10, 100 or 1000. 1 ’ 10

=

— 0.01, 1 _ 0.001_]

1000

Example 2

. 123 :
Write 300 & a decimal.

1. Divide top and bottom to find an equivalent 360 = 100
fraction with a denominator of 10. \_31

2. Then rewrite as a decimal. Al _ 4y x 1 =41%x001= 041

Exercise 2
Answer Questions 1-2 without using your calculator.

. 13 _ a
1 a) Fmdthevalueofalf% 00"

b) Use your answer to write the fraction % as a decimal.

2 Write the following fractions as decimals.
46 492 9
% 100 P) 1600 9 30
22 43 96 i
f) 5% 9 3 b 56 i)

103 306 2
) 200 D 3000 m) 5 m)

d)

[9,1[98]

—
g~
=

l\‘ ﬂm

24 180 31

[\
()

23
0) 232

) 123

You can also divide the numerator by the denominator using pen and paper (instead of a calculator).

Example 3

Write % as a decimal.

1. 8 doesn’t gointo 1.

2. 8 goes into 10 once, with remainder 2.
3. 8 goes into 20 twice, with remainder 4.
4. 8 goes into 40 exactly 5 times.

You need to work out 1 + 8.

0.125
8)1.'0°0“0
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3 Write the following fractions as decimals without using your calculator.

1 1 9 1 7
2 =5 b) 75 9 55 d) g ¢ 3
7 1 13 h 3 21
D 20 ® 13 M 80 D 3 D5
Example 4
Write % as a decimal without using a calculator.
1. Work out 3 + 11 using a written method. 0.27272
11)3.°0%0°0%0°0
2. Eventually the digits of the answer start to repeat. )
The remainders are repeating as well — 3, 8, 3, 8.
3. Mark the first and last digits of the repeating group. So % =0.27
Exercise 3
Answer Questions 1-2 without using your calculator.
1 Write the following fractions as recurring decimals.
4 1 1 2
a) 9 b) I3 ) 11 d) 3
4 7 5 7
® 17 f) 1s g 2 b §
o 11 o 28 47 27
) 30 D 33 k) 90 D 110

2 a) Write the following fractions as recurring decimals.
. 1 o 2 oo 3 .. 4
@ 7 (i) (iii) 3 v 7 ™3
b) What do you notice about the repeating pattern?

©) Use your answers to parts a) and b) to write down the decimal which is equivalent to g

Converting Decimals to Fractions

You can quickly convert a terminating decimal to a fraction with a
denominator of 10, 100, 1000 or another power of 10.

Example 5

Write 0.025 as a fraction without using your calculator.

The final digit is in the ‘thousandths’ column — so 0025=_25 - 1
write this as a fraction with denominator 1000. ) 1000 40
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You can convert a recurring decimal into a fraction too.

Example 6

Convert the recurring decimal 0.171717... into a fraction without using your calculator.
1. Call the recurring decimal ». r=0.171717...

2. The last digit of the repeating sequence is in the hundredths 1007 = 0.171717... x 100 = 17.171717...
column. So multiply » by 100 to get one whole part of the
repeating sequence on the left of the decimal point.

3. Subtract your original number, . 100r — r=17.171717... - 0.171717...
4. Rearrange the equation to find 7 as a fraction. . 117
Sor= @
Exercise 4
Answer the questions in this Exercise without using your calculator.
1 Write each of the following decimals as a fraction in its simplest form.
a) 0.12 b) 0.236 ¢) 0.084 d) 0375 e) 0.7654321

2 Write each of the following recurring decimals as a fraction in its simplest form.
a) 0.181818... b) 0.010101... ¢ 0.207207207.. d) 0.72007200.., e) 0.142857142857...

3 Write each of the following recurring decimals as a fraction in its simplest form.
a) 0.1 b) 0.34 9 0.863 d) 0.075 ¢ 0.872

3.7 Fractions Problems

Exercise 1
Answer the questions in this Exercise without using your calculator.

2

1 Use equivalent fractions to write %, % % and % in order, from smallest to largest.

: 39 7 8 3. :
2 a) Convert the fractions y55, 55> 25 and 7o 1nto decimals.

b) Put the fractions in order, from smallest to largest.

3 Copy the scale on the right, making sure it’s

[T T I T T T T I I T rrTTT]

divided into 24 parts. Mark the positions 0 |
of the following fractions on the scale.
)} b 0of 03

Evaluate the expressions in Questions 4-7.

‘33 "] ) f5+1 03

5 @) Lxd b 3L 9 2x8 & 3+23

6 a) 2}+32 b 2317 9 32+4; d) 4325

7 a) 1lx2l b) 3313 ¢ 31x6Z d) sl+14
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10

11

12

13

14

15

16

17

18

19

20

A plank of wood is 20 inches long. Three pieces of length Uy 3 inches, 5 1nches and 2% inches
are cut from the plank. What length of wood is left over?

Work out the following.

7,24 2.5_1 15 3.1
)4 3*12 b) 55 +5%53 937575 D873
1,23 1,2,3 3_11.3 3.11 3

Which of the fractions %, %, 1—96—, % and % are equivalent to recurring decimals?

. s 4—3% cm —»
The length of a rectangle is 32 cm and the width is I3 cm.

a) Find the rectangle’s perimeter. 12 cm
b) Find the rectangle’s area.

Pat’s cat eats % of a tin of cat food every morning and every evening.

How many tins of cat food will Pat need to buy to feed the cat for a week?

It takes Ella l% minutes to answer each question on her maths homework.

How many questions can she answer in 20 minutes?

. . .y 3 N
Which of the fractions on the right is closest to 77 [ 151me] QE=i5imIrg ]

What numbers need to go in the boxes to make the following true?
a) %oflOOzE’ofSO b) 3 ofl of90 ) %of64:7of

In Ancient Egypt, fractions were written using sums of unit fractions.
For example, instead of writing %, Ancient Egyptians would write é + 110

Find the fractions that Ancient Egyptians could have written in the following ways.

1 [ 1.1 1. 1, 1
a) +E b) s+3+5 0 5tz+3g

7 20

A bag contains a mixture of different coloured counters. 3 of the counters are red,
0.4 of the counters are blue, and the rest are yellow.

a) What fraction of the counters are yellow?
b) If there are 60 counters altogether, work out how many of each colour are in the bag.

. 3 Ie : 1
Show that:  a) 112 is not equivalent to 3 ) 5 s not one third of 15
) % 1s not halfway between 4 5 and % d) % is greater than 0.87.

Put the quantities shown in the boxes below in order, from smallest to largest.

"l L) be) (B () (] [e) (3]

To go on the ‘Deathcoaster ride, you must be at least l m tall. Jess is 15 ! m tall. Eric’s height is § 8 of

Jess’s height. Xin i is 2 7 m shorter than Jess. Abbas is 1. 3 m tall. Which of the friends can go on the ride?
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Section 4 — Ratio and Proportion

4.1 Ratios

Simplifying Ratios

Ratios are used to compare quantities. You can simplify ratios by dividing the numbers by
common factors, just like you do with fractions.

Example 1

There are 15 fiction books and 10 non-fiction books on a shelf.
Write down the ratio of fiction books to non-fiction books in its simplest form.

1. Write down the ratio and divide both sides -5 <j5 - 10 ) e
by the same number. ' 3:2 4
2. Stop when you can’t divide any further. The simplest form is 3:2
Exercise 1
1 Write down each of the following ratios in its simplest form.
a) 2:6 b) 5:15 ¢) 40:10 d) 4:6 e) 24:6
f) 20:8 g) 7:28 h) 15:9 i) l6:12 j) 25:3
k) 48:36 ) 18:72 m) 80:32 n) 150:350 o) 121:33
2 Write down each of the following ratios in its simplest form.
a) 6:2:4 b) 15:12:3 ¢) 16:24:80 d) 21:49:42 e) 12:32:16

3 There are 18 boys in a class of 33 pupils. Find the ratio of boys to girls in its simplest form.

4 Tsabel and Sophia share a bag of 42 sweets. Isabel has 16 sweets.
Find the ratio of Sophia’s sweets to Isabel’s sweets, giving your answer in its simplest form.

Example 2

Write the ratio 1 m:40cm in its simplest form.

1. Rewrite the ratio so that the units are the same, 1 m:40cm is the same as 100cm:40cm.
then remove the units altogether. 100 : 40

+20(~5:2‘)+20

The simplest form is $:2

2. Simplify as normal.

Exercise 2

1 Write these ratios in their simplest form.

a) 10p:£1 b) 20mm:4cm ¢) 10g:1kg d) 2 weeks:7 days
e) 40p:£l1 f) 30cm:2m g) 18 mins: 1 hour h) 6 days:3 weeks
i) Im:150mm j) 6 months: 5 years k) 8cm:1.1m 1) 9g:03kg

m) 2.5 hours: 20 mins n) £1.25:75p 0) 65m:1.56km p) 1.2kg:480¢g
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2 Emma’s mass is 54 kg. Her award-winning pumpkin has a mass of 6000 g.
Find the ratio of the pumpkin’s mass to Emma’s mass. Give your answer in its simplest form.

3 The icing for some cupcakes is made by mixing 1.6 kg of icing sugar with 640 g of butter.
Find the ratio of butter to icing sugar. Give your answer in its simplest form.

Example 3

Nigel makes a smoothie by mixing half a litre of blueberry juice with 100 millilitres
of plain yoghurt. How much yoghurt does he use for every millilitre of juice?

1. Write down the ratio of juice to yoghurt 0.5 1': 100 ml is the same as 500 ml: 100 ml
and remove the units. 500 100
2. Simplify so that the juice side *300 ([ 1. gp 2 500

(the left hand side) equals 1. So he uses 0.2 ml of yoghurt for 1 ml of juice.

Exercise 3

1 Write down the following ratios in the form 1: n.

a) 2:6 b) 7:35 c) 6:24 d) 30:120
e) 2:7 f) 4:26 g) 8:26 h) 2:1
i) 10:3 j) 6:21 k) 8:5 ) 5:9
2 Write down each of these ratios in the form 1 :x.
a) 10mm:5cm b) 12p:£6 ¢) 30 mins : 2 hours d) 500g:20kg
€) 90m:7.2km f) l4cm:5.6m g) 50p:£6.25 h) 4.5 m:900mm

3 Two towns 4.8 km apart are shown on a map 12 cm apart.
Find the ratio of the map distance to the true distance in the form 1 : .

4 A recipe uses 125 ml of chocolate syrup and 2% litres of milk.
How much milk does it use for every millilitre of chocolate syrup?

Using Ratios

Example 4

The ratio of men to women in an office is 3:4.
If there are 9 men in the office, how many women are there?

L. Write down the ratio and find what you have to x3 ¢ 3:4 S 3:4 ) %3
multiply the left-hand side by to get 9. 9:7 9:12
2. Multiply the right-hand side by the same number. So there are 12 women.

Exercise 4
1 A recipe uses sugar and butter in the ratio 2: 1. How much butter is needed for 100 g of sugar?
2 A wood has oak and beech trees in the ratio 2:9. 42 of the trees are oak. How many are beech?

3 The ages of a father and son are in the ratio 8:3. If the father is 48, how old is the son?
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11

12
13

1

A cardboard cut-out of a footballer is 166 cm tall. The height of the cut-out and the footballer’s
actual height are in the ratio 5:6. How tall is the footballer?

Mai and Sid split their savings in the ratio 7:6. Sid gets £51. How much do they have in total?

A fruit punch is made by mixing pineapple juice, orange juice, and lemonade in the ratio 1:3:6.
If 500 ml of pineapple juice is used, how much orange juice is needed?

Jem orders a pizza with olives, slices of courgette and slices of goat’s cheese in the ratio 8:3:4.
How many slices of courgette and how many slices of goat’s cheese would she get with 24 olives?

Mo, Liz and Dee’s heights are in the ratio 32:33:37. Mo is 144 cm tall.
What is the combined height of the three people?

Max, Molly and Maisie are at a bus stop. The number of minutes they have waited can
be represented by the ratio 3:7:2. Molly has been waiting for 1 hour and 10 minutes.
How long have Max and Maisie been waiting?

The ratio of children to adults in a swimming pool must be 5: 1 or less.
If there are 32 children, how many adults must there be?

A TV-show producer is selecting a studio audience. He wants the ratio of under-30s to over-30s
to be at least 8: 1. If 100 under-30s are selected, find the maximum number of over-30s.

A recipe uses 1 aubergine for every 3 people. How many aubergines should you buy for 10 people?

Olga is allowed no more than 5 minutes of reality TV for every minute of news programmes she
watches. She watches 45 mins of reality TV. What’s the least amount of news she should watch?

Ratios and Fractions

Example 5

A box of doughnuts contains jam doughnuts and chocolate doughnuts in the ratio 3: 5.
What fraction of the doughnuts are chocolate flavoured?

1. Find the total number of ‘parts’. 3 + 5 =8 parts altogether.
2. Write the number of parts that are 5 of the parts are chocolate.
chocolate as a fraction of the total. So % are chocolate.

Exercise 5

A recipe uses white flour and brown flour in the 6 At amusic festival there are men, women and
ratio 2: 1. What fraction of flour is brown? children in the ratio 13:17:5.

. . o
A tiled floor has blue and white tiles in the ratio Wbz fractioniaf e peeplcrareichildrer

9:4. What fraction of the tiles are blue? 7 James eats peaches, pears and pomegranates in the
ratio 5:3:2.

a) What fraction of the fruit are peaches?

b) What fraction of the fruit are pears?

The ratio of women to men in a tennis club is 13:7.
What fraction of the players are men?

In a tournament the numbers of home wins, away
wins and draws were in the ratio 7:2:5.
What fraction of the games were home wins?

8 At abirthday party there are purple, red and blue
balloons in the ratio 3:8: 11.
a) What fraction of the balloons are blue?
Amy’s sock drawer has spotty, stripy and plain b) What fraction of the balloons are purple?
socks in the ratio 5:1:4. What fraction are stripy? ¢) What fraction of the balloons aren’t red?
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Example 6

% of Hannah’s DVDs are horror films. The rest are comedies.
Find the ratio of comedies to horror films.

1. Find the number of ‘parts’ 2 = parts out of 7 are horror

X . 7
corresponding to each film type. S S s

2.  Write this as a ratio. Ratjo of comedies to horroris 5:2

Exercise 6

1 Inabagofred sweets and green sweets, % are red. Find the ratio of red to green sweets.

2 Al has watched % of the episodes of a TV series. Find the ratio of episodes he’s watched to ones he hasn’t.
3 % of the balls in a bag are red, g are blue and the rest are green. Find the ratio of red to blue to green balls.
4

Last season, a rugby team won half of their matches by more than 10 points and a quarter of their matches
by less than 10 points. They lost the rest. Find the team’s ratio of wins to losses.

5 A cycling challenge has three routes — A, B and C. % of the competitors choose route 4, % choose route B

and the rest choose route C. What is the ratio of competitors choosing route 4 to those choosing route C?

6 During one day at a pizza restaurant, % of the pizzas ordered were pepperoni, % were cheese and tomato and

the rest were spicy chicken. Write down the ratio of pepperoni to cheese and tomato to spicy chicken.
7 A DIY shop sells % as many nails as it does screws. Write the ratio of nails to screws in its simplest form.

8 In abowl of salad there are % as many tomatoes as there are lettuce leaves.

a) Write this as a ratio of tomatoes to lettuce leaves. Give your ratio in its simplest form.
b) There are 45 tomatoes in the salad bowl. How many lettuce leaves are there?

° One third of the counters in a box are red, one fifth are white and the rest are beige.
Find the ratio of red to beige counters.

4.2 Dividing in a Given Ratio

Ratios can be used to divide an amount into two or more shares.
The numbers in the ratio show how many parts of the whole each share gets.

Example 1

Divide £54 in the ratio 4:5.

1. Find the total number of parts. 4 + 5 =9 parts altogether
9 parts = £54

2. Work out the amount for one part. So 1 part = £54 = 9 = £6

3. Multiply by the number of parts for each share. £6 x4 =£24,£6x5=£30

So the shares are £24 and £30.

Exercise 1

1 Divide £48 in the following ratios.
a) 2:1 b) 1:3 c) 5:1 d)y 7:5

2 Divide 72 cm in the following ratios.
a) 2:3:1 b) 2:2:5 ¢) 5:3:4 d) 7:6:5
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What is the least amount that any team member receives?

3 Share £150 in these ratios.
a) 1:4:5 b) 15:5:30 ¢) 6:7:2 d) 13:11:6
4 Find the smallest share when each amount below is divided in the given ratio.
a) £22 inthe ratio 5:6 b) 450 g in the ratio 22:28
¢) 45kgintheratio2:3:4 d) 1800 ml in the ratio 5:6:7
5 Find the largest share when each amount below is divided in the given ratio.
a) £30in the ratio 1:3 b) 36 g in the ratio 3:2
¢) 150 kg in the ratio 10:7:3 d) 24 000 ml in the ratio 5:7:20
Example 2
A drink is made using three times as much apple juice as orange juice, and four times as much
lemonade as orange juice. How much lemonade is needed to make 5 litres of the drink?
1. Write down the ratios of the apple juice : orange juice : lemonade
amounts of each drink. 3 1 : 4
2. Find the total number of ‘parts’. 3+ 1 + 4 = 8 parts altogether
3. Work out the amount for one ‘part’. L T
4. Lemonade makes up 4 ‘parts’. SO PR O e
0.625 litres x 4 = 2.5 litres of lemonade.
Exercise 2
1 Share 32 sandwiches in the ratio 3: 5. 7 Daniel puts one-and-a-half times as much money
i ) i into a business as his partner Elsie.

2 Kat and Lindsay share 30 cupcakes in the ratio They share the profits in that same ratio.
3:2. How many do they each get? How much of a £5700 profit does Daniel get?

3 There are 112 p.eople in an office. The ratio of 8 There are 28 passengers on a bus. There are
men to women is 9:5. How many men and how two-and-a-half times as many passengers on the
many women are there? phone as not on the phone. How many passengers

4 Laurenis 16 and Cara is 14. Their grandad gives are on the phone?
them £1200 to share in the ratio of their ages. o -« S5xecm—»

How much money do they each get? ?
Perimeter -

5 Tangerine paint is made from yellow and red paint =72 cm

in the ratio 4:3. How much of each colour is ¢
eeded t ke 42 lit ft 1 int?
" oma el The length and width of a rectangle are in the ratio

6 In a school of 600 pupils, there are seven times as 5:1. If the perimeter of the rectangle is 72 cm,
many right-handed pupils as left-handed pupils. calculate the length and the width of the rectangle.
How many pupils are right-handed?

Exercise 3

1 Gemma, Alisha and Omar have a combined height of 490 cm.

If their heights are in the ratio 31:32:35, how tall are they?

2 A quiz team share their £150 prize money in the ratio 2:4:6.
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3 A box of 48 chocolates contains dark, milk and white chocolates in the ratio 2:7: 3.
Jeff doesn’t like dark chocolates. How many of the chocolates can he happily eat?

4 Claire owns 20 handbags, which are black, brown and purple in the ratio 5:3:2. She is choosing
a bag and doesn’t want it to be brown. How many bags docs she have to choose from?

5 A fruit salad has twice as many raspberries as redcurrants, and three times as many strawberries
as redcurrants. How much of each fruit is nccded to make 450 g of fruit salad?

6 Nicky, Jacinta and Charlie share a bag of 35 sweets so that Nicky gets half as much as Jacinta and Charlie
gets half as much as Nicky. How many sweets do each of them get?

7 The angles in a triangle are in the ratio 2:1:3. Find the sizes of the three angles.
8 The four angles in a quadrilateral are in the ratio 1:5:2:4. Calculate the sizes of all four angles.

° Bri wins £60 000. She keeps half, and shares the other half between three charities in the ratio 3:5 : 4.
What is the difference between the largest and least amounts that the charities receive?

@ Ali and Max earn £200 one weekend. They share it according to the hours they worked.
Ali worked 10 hours and Max worked 6 hours. Ali had help from her brother Tim, so she splits
her share with him in the ratio 4: 1. How much do Ali, Max and Tim each get?

Dan, Stan and Jan are aged 8, 12 and 16. They get pocket money each week in the ratio of their ages.
Dan normally gets £6, but has been naughty, so this week all the money is split between Stan and Jan,
in the ratio of their ages, to the nearest penny. How much do they each receive this week?

4.3 More Ratio Problems

Example 1

A shop only sells green and brown garden sheds.
The ratio of green sheds sold to the total number of sheds sold is 5:7.
What is the ratio of green sheds sold to brown sheds sold?

5 out of every 7 sheds sold are green, so 2 in every 7 are brown. 7-5=2
For every 5 green sheds sold, 2 brown sheds are sold. green:brown=5:2

Exercise 1

1 A reptile house only contains snakes and lizards. The ratio of snakes to the total number of reptiles is 3: 8.
a) What fraction of the reptiles are snakes?
b) What is the ratio of snakes to lizards?

2 A biscuit tin only contains digestives and bourbons. The ratio of digestives to
the total number of biscuits is 4:7. What is the ratio of digestives to bourbons?

3 When Dan makes a cup of tea, the ratio of water to milk is 15: 2.
What is the ratio of water to the total amount of liquid in the cup?

4 A rock album is sold as a digital download and on a CD. The ratio of digital downloads to CDs sold is 53 : 46.
What is the ratio of CDs sold to the total number of albums sold?
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Example 2

Ashraf collects coins. He has 45 gold coins, and the ratio of gold coins to silver coins is 9: 13.
If he sells 15 silver coins, what will be the new ratio of gold coins to silver coins?
Give your ratio in its simplest form.

1. Scale up to find the original number of silver coins. %5 { ol PR

45:65
2. Work out the remaining number of silver coins. 65 — 15 = 50 silver coins
3. Write out the new ratio and simplify. +5 (‘45 :50 PR
9:10

Exercise 2
For the following questions, give each ratio in its simplest form.

1 In a bakery, the ratio of fruit scones to cheese scones is 3 :4.
a) Given that there are 24 cheese scones, how many fruit scones are there?
b) If 6 fruit scones were sold, what would be the new ratio of fruit scones to cheese scones?

2 Anaquarium contains fish and crabs. The ratio of fish to crabs is 4: 1. There are 16 fish in the aquarium.
If 2 more crabs were added to the aquarium, what would be the new ratio of fish to crabs?

3 A village has detached houses and terraced houses in the ratio 5:7. There are 56 terraced houses.
If 12 new detached houses were built, what would be the new ratio of detached houses to terraced houses?

4 At the beginning of the week, a bookshop which sells school books has
48 English books in stock and the ratio of English to Maths books is 2: 5.
At the end of the week, the ratio of English to Maths books is 3 :4.
Given that the shop sold 12 English books during the week, how many Maths books did it sell?

o A bag contains black and white tokens in a ratio of 3:2.
8 black tokens and 2 white tokens are added to the bag.
The ratio of black to white tokens is now 2: 1. How many white tokens were in the bag to begin with?

4.4 Proportion

Direct Proportion

If the ratio between two things is always the same, then they’re in direct proportion.

Example 1

If 8 chocolate bars cost £6, calculate the cost of 10 chocolate bars.

1. Find the cost of one bar. 1 bar costs £6 + 8 = £0.75

2. Multiply by the new number of bars. 10 bars cost £0.75 x 10 = £7.50

Exercise 1

1 The cost of 8 identical books is £36. What is the cost of 12 of these books?

2 Ifit takes 1.8 kg of flour to make 3 loaves of bread, how much flour is needed to make 5 loaves?

3 5 litres of water are needed to make 4 jugs of squash. How much water is needed to make 3 jugs of squash?
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30 m of material costs £21.60. How much would 18 m of this material cost?

Convert £7.50 into Japanese yen given that £20 is worth 2620 Japanese yen.

If 10 litres of paint costs £45, find the cost of:
a) 3 litres b) 14 litres ¢) 13.2 litres

Ryan earns £192 for cleaning 12 cars. How much more will he earn if he cleans another 5 cars?

Grace buys 11 pens for £12.32 and 6 notepads for £5.88.
How much would she pay altogether for 8 pens and 5 notepads?

Example 2

Oliver has 30 euros (€) left over from a holiday in France. Assuming the exchange rate
is £1 = €1.14, how many pounds can he exchange his euros for?

1.  On a calculator, work out how many pounds €1 is worth. €1=£1+1.14=£0.877...

2. Multiply the number on the calculator
by the number of euros. €30 =30 x £0.877... = £26.32 (to 2 d.p.)

Exercise 2

1

If £1 is worth €1.14, convert the following amounts in euros (€) into pounds.
a) €10 b) €100 ¢) €250

1 kg is approximately equal to 2.2 pounds (Ibs). Calculate the approximate weight of 8.25 1bs of sugar in kg.
If 7 of the same DVDs cost £84, how many DV Ds can be bought for £48?7

If 24 houses can be built by 6 builders in one year, how many builders would it take to build 52 houses in
the same amount of time?

Use the exchange rate £100 = 1055 Chinese yuan to convert 65 Chinese yuan into pounds.

Exercise 3

1

A bus travels 50 km in 40 minutes. Assuming the bus travels at the same average speed, calculate:
a) the time it would take to travel 65 km
b) the distance the bus would travel in 16 minutes

A car uses 35 litres of petrol to travel 250 km. Assuming its fuel consumption stays constant, calculate:
a) how far, to the nearest km, the car can travel on 50 litres of petrol
b) how many litres of petrol the car would use to travel 400 km

A 58 g bar of chocolate contains 11 g of fat.

a) To the nearest gram, how much fat is this per 100 g?

b) If my diet only allows me to eat 5 g of fat, how much of the chocolate bar can I eat?
Give your answer to 1 decimal place.

Philip changed £50 into Swiss francs. The exchange rate was £1 = 1.47 Swiss francs.
a) How many Swiss francs did he get?

The next week, he changed 30 Swiss francs into pounds with exchange rate £1 = 1.50 Swiss francs.
b) How many pounds did he get back?
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Example 3

Two people can build four identical walls in three days.
At this rate, how many of these walls could ten people build in 3.75 days?

1. First find how many walls 2 people Keeping the number of people (2) constant:
can build in 3.75 days. Can build: 4 walls in 3 days

4+3=11wallsin 1 day
3.75 x 14 = 5 walls in 3.75 days

2. Then find how many walls 10 people Keeping the number of days (3.75) constant:
can build in 3.75 days. 2 people can build 5 walls
1 person can build 5 + 2 =2.5 walls
10 people can build 2.5 x 10 = 25 walls

Exercise 4

1 Tt takes three people five minutes to eat six 3 It takes two people ninety minutes to plant 66
hotdogs. At this rate, how many hotdogs flower bulbs. At this rate, how many bulbs
could five people eat in ten minutes? could three people plant in three hours?

2 Ten people can count 850 coins in two minutes. 4 Two toy makers can make eight toy soldiers in
At this rate, how many coins could 22 people two weeks. How many soldiers could seven toy
count in five minutes? makers make in three weeks if they work at the

same rate?

Inverse Proportion
If one quantity decreases as another increases, then they’re inversely proportional.

Example 4

Four people take five and a quarter hours to dig a hole.
How long would it take seven people to dig the same sized hole at the same rate?

1. Work out how long 1 person will take — the 4 people take 5.25 hours
fewer people there are, the longer it will take. 1 person will take 5.25 x 4 =21 hours
2. Divide by the new number of people. 7 people will take 21 + 7 =3 hours.
Exercise 5
1 Tt takes three people two hours to paint a wall. 4 A journey takes two and a quarter hours when
How long would it take five people to paint the travelling at an average speed of 30 mph.
same wall at the same rate? How long would the same journey take when
d ?
2 It takes four teachers two and a half hours to mark travelling at an average specd of 45 mph
a set of test papers. How long would it take six e It will take five builders sixty-two days to
teachers to mark the same set of papers at the complete a particular project.
same rate? a) At this rate, how long would the project take if

there were only two builders?

b) If the project needed completing in under forty
days, what is the minimum number of builders
that would be required?

3 Four chefs can cook a dish in twenty minutes.
They hire an extra chef. How long will it take
the five of them to cook the same dish, if they all
work at the same rate as the original four?
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Example 5

It takes 5 examiners 4 hours to mark 125 exam papers.
How long would it take 8 examiners to mark 200 papers at the same rate?

I Split the calculation up into stages by Keeping the number of papers (125) constant:
keeping one variable constant each time. 5 examiners take 4 hours

1 examiner will take 4 x 5 =20 hours
8 examiners will take 20 =~ 8 = 2.5 hours

Keeping the number of people (8) constant:
1 paper will take 2.5 + 125 = 0.02 hours
200 papers will take 0.02 x 200 = 4 hours.

2. First find how long it will take 8 examiners
to mark 125 papers.

3. Then find how long it will take 8 examiners
to mark 200 papers.

Exercise 6

1

It takes 45 minutes for two people to clean six identical rooms.
How long would it take five people to clean 20 of the same rooms at the same rate?

It takes two electricians nine days to rewire two identical houses.
How long would it take three electricians to rewire three of the same houses at the same rate?

It takes four bakers 144 minutes to bake 72 identical buns.
How long would it six bakers to bake 96 of these buns?

Three people take twenty minutes to shovel snow from two identical driveways.
At this rate, how long would it take two people to shovel snow from five of the same driveways?

Fourteen people can paint 35 identical plates in two hours. At this rate, how many people
would be needed to paint 60 of the same plates in two and a half hours?

e It will take twelve workers three weeks to complete four stages of a ten-stage project.

Each stage of the project takes the same number of man-hours to complete.
a) At this rate, how long would it take fifteen workers to complete the whole project?
b) The project needs completing in under four weeks. What is the minimum number of
workers that would be required, given that they all work at the same rate as the original workers?

4.5 Ratio and Proportion Problems

Exercise 1

1

A builder mixes 10 bags of cement with 25 bags of sand. Write down the ratio of cement to sand:
a) in its simplest form b) inthe form 1:n ¢) inthe formn:1

d) Write down the ratio of bags of cement to the total number of bags used in its simplest form.
On a particular day, the ratio of male to female customers in a shop is 18 : 45.

a) Write down the ratio of male to female customers in its simplest form.
b) What fraction of the customers are male?

3 Anpicture has a width of 120 mm. An enlargement of the picture is
made with a width of 35 cm.
a) Write the ratio of the original width to the enlarged width

in its simplest form.
b) The enlarged picture has a height of 18 cm.

120 mm 35cm What is the height of the original picture, to the nearest millimetre?
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10

11

12

13

14

15

16

17

A farm has sheep, cows and pigs in the ratio 8:1:3.
a) What fraction of the animals are pigs?
b) If there are 16 sheep in the field, how many animals are there altogether?

The only ingredients of a particular cereal are raisins, nuts and oats.

By weight, the ratio of raisins to nuts is 3: 1, and the ratio of oats to raisins is 1:2.

a) What fraction of the weight of the cereal is made up of raisins?

b) How many grams of nuts, to the nearest gram, are needed to make 450 g of the cereal?

Luiz, Seth and Fran share £1440 in the ratio 3:5:7. Fran splits her share with her sister Ali in the ratio 4: 1.
a) How much does each person end up with?
b) Find the ratio of the amount that Fran ends up with to the amount that Seth ends up with.

Give your answer in its simplest form.

Jonathan makes orange squash by mixing orange concentrate and water in the ratio 1: 10.
Caroline mixes the concentrate and water in the ratio 2: 15. Whose squash is stronger?

Evie is making wedding invitation cards in three different colours — blue, green and purple.
She uses the different colours in the ratio 2:7:3. Evie has made 12 green cards so far and has
72 more green cards to make. Work out how many purple cards she will need to make.

A map has a scale of 1:200 000. The real distance between two towns is 60 km.
How many centimetres apart are the towns on the map?

It costs £20 to put 12.5 litres of petrol in my car.
a) How much will it cost me for a full tank of petrol if the tank holds 60 litres?
b) How much petrol can I put in my car for £30?

Emma changed £500 into rand before going on holiday to South Africa.

The rate of exchange at the time was £1 = 10.4 rand.

a) How many rand did she get for her £5007?

Emma spent 4000 rand on holiday. When she got home, she changed her leftover rand into pounds.

The exchange rate was now £1 = 9.8 rand.
b) How much money did she get back in pounds?

On the right is a recipe for cupcakes. e kes (makes 25)
a) How much butter would you need to make 10 cupcakes? | AT
b) How much flour would you need to make 35 cupcakes? Butter, 200 g Plain flour, 280 g

¢) If you only had 1 egg, but plenty of the other ingredients, || Caster sugar, 250 g Eggs, 4
how many cupcakes would you be able to make? = -

On a normal day, 20 planes depart from an airport to go to Spain and Finland in the ratio 4: 1.
On one particular day, 2 additional flights went to Spain, and so the of ratio Spanish to Finnish flights was 3: 1.
How many additional flights departed for Finland on this day?

Eight lumberjacks can chop down three identical trees in an hour and a half.

a) At this rate, how many trees could eight lumberjacks chop down in six hours?

b) How long would it take eight lumberjacks to chop down eight trees at the same rate?

¢) At this same rate, how many trees could six lumberjacks chop down in an eight hour day?

It takes five minutes for seven people to drink 24.5 pints of water.
At this rate, how long would it take fifteen people to drink 157.5 pints of water?

Eight paperboys can deliver the morning newspapers in 20 minutes. One morning, one paperboy is off sick.
To the nearest second, how long will it take the rest of them to deliver all the newspapers at their usual rate?

A carpenter can build a bookshelf in eight days, if working five and a half hours per day.
At this rate, how long would it take the carpenter to build the bookshelf if he worked eight hours per day?
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Section 5 — Percentages

5.1 Percentages

Writing One Number as a Percentage of Another

‘Per cent’ means ‘out of 100°. Writing an amount as a percentage means writing it as a number out of 100.

Example 1
Express 15 as a percentage of 50. x 2
1. Write the amount as a fraction. 1;/_‘\;0
2. Write an equivalent fraction which is ‘out of 100 by 55 ~ 7gg S0 15 is 30% of 50.
multiplying top and bottom by the same number. N/
x2

3. Write the amount as a percentage.

Exercise 1

Answer Questions 1-5 without using your calculator.

1 A chess club has 25 members. 12 of these members are female.
Express the number of female members of the club as a percentage.

2 There are 300 counters in a bag, 45 of which are green. Express the amount of green counters as a percentage.

3 Write each of the following amounts as a percentage.

a) 11 out of 25 b) 33 out of 50 ¢) 3 outof20 d) 8 out of 10
e) 100 out of 400 f) 890 out of 1000 g) 48 out of 32 h) 36 out of 60
i) 63 outof 75 i) 200 out of 160 k) 14 out of 35 D) 54 out of 180

4 Out of 24 pupils in a class, 18 walk to school.
a) What percentage of the class walk to school?
b) What percentage of the class do not walk to school?

5 39 out of 65 people in a book club have blonde hair. What percentage do not have blonde hair?

Example 2

Express 333 as a percentage of 360. 333
1.  Write the amount as a fraction. 360
2. Divide the top number by the bottom number. Use a calculator if necessary. 333 + 360 = 0.925

3. Multiply by 100% to write as a percentage. 0.925 x 100% = 92.5%
So 333 15 92.5% of 360.

Exercise 2
You may use a calculator to answer Questions 1-6.

1 Write each of the following amounts as a percentage.
a) 15 out of 24 b) 221 out of 260 ¢) 661 out of 500 d) 328 out of 800
e) 258 out of 375 f) 77 out of'275 2) 323 out of 850 h) 301 out of 250
2 Aschool has 875 pupils. 525 are boys. What is this as a percentage?

3 171 out of 180 raffle tickets were sold for a summer fete. What percentage of the tickets were sold?
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4 Write each of the following amounts as a percentage.
a) 116.6 out of 212 b) 41.6 out of 128 ¢) 53.5 out of 428 d) 226.8 out of 210
¢) 47.25 out of 126 f) 697.15 out of 382 g) 85.86 out of 265 h) 17.92 out of 512

5 The jackpot for a lottery was £10 250. John won £1896.25. What percentage of the total jackpot did he win?

6 Curtis receives £5.60 pocket money per week from his parents, and £2.40 pocket money per week from his
grandparents. What percentage of his total pocket money comes from his grandparents?

Finding a Percentage Without a Calculator

You can find some percentages without a calculator using the following rules.
+ 50% = 1, s0 find 50% of something by dividing by 2 (which is the same as multiplying by b
+ 25% =1, 50 find 25% of something by dividing by 4 (which is the same as multiplying by )

e 10% = %, so find 10% of something by dividing by 10 (which is the same as multiplying by %).

Example 3
Find 75% of 44.

1. First find 25% by dividing by 4. 25% of 44 =44+ 4 =11
2. 75% =3 x 25%, so multiply by 3. So 75% of 44 =3 x 11 =33

Exercise 3

Answer Questions 1-3 without using your calculator.

1 Find each of the following.

a) 50% of 24 b) 25% of 36 ¢) 10% of 90 d) 10% of 270

e) 75% of 20 f) 5% of 140 g) 35% of 300 h) 45% of 500
2 Find each of the following.

a) 75%of 12 b) 5% of 260 ¢) 130% of 90 d) 40% of 150

e) 70% of 110 f) 180% of 70 g) 15% of 220 h) 65% of 120

3 A wooden plank is 9 m long. 55% of the plank is cut off. What length of wood has been cut oft?

Finding a Percentage With a Calculator

To find a percentage of an amount, change the percentage into a decimal then multiply by the amount.

Example 4
Find 67% of 138.

Change 67% into a decimal then multiply.  67% = 0.67 0.67 x 138 =92.46

Exercise 4
You may use a calculator to answer Questions 1-5.
1 Find each of the following.
a) 17% of 200 b) 109% of 11 ¢) 68% of 320 d) 221% of 370
e) 79% of 615 f) 73% of 801 g) 91% of 769 h) 96% of 911
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2 What is 12% of 68 kg?

3 Jeffis on a journey of 385 km. So far, he has completed 31% of his journey. How far has he travelled?
4 Which is larger, 22% of £57 or 46% of £28? By how much?
5

A jug can hold 2.4 litres of water. It is 34% full. How much more water will fit in the jug?

5.2 Percentages, Fractions and Decimals

You can switch between percentages, fractions and decimals in the following ways.

= Divid . 0

[Facion] 22— tmal] 8% o]
Use place value + 100%

[Fracion] = [Dosimal] 22— g

(tenths, hundredths etc.)

Example 1
Write 24% as: a) a decimal b) a fraction in its simplest terms.
1. Divide by 100% to write as a decimal. a) 24% -+ 100% =0.24

2. The final digit of 0.24 (the ‘4’) is in the hundredths column, b) 024= 24 _ 6
so write 0.24 as 24 hundredths, and then simplify.

Exercise 1

1 a) Find the fraction equivalent to % which has 100 as the denominator.
b) Write % as (i) a percentage  (ii) a decimal.

2 a) By calculating 5 + 11, write % as a recurring decimal.

—
b) Hence write 17 as a percentage.

3 Write each of the following percentages as (i) a decimal, and (ii) a fraction in its simplest terms.

a) 75% b) 130% c) 40% d) 65% e} 95%
f) 34% g) 48% h) 205% i) 2% j) 6%
4  Write each of the following fractions as (i) a decimal, and (ii) a percentage.
3 1 7 1 1
2 7 1 o 7 o 7
D5 8 17 h ¢ ) 1% D g
5 Write each of the following decimals as (i) a percentage, and (ii) a fraction in its simplest terms.
a) 0.35 b) 1.7 ¢ 0.52 d) 0.6 e) 048
f) 072 g) 04 h) 0.01 i) 2.68 j) 014

6 Raj answers 0.86 of the questions in a test correctly. Write this as a percentage.

7 8% of the members of a drama group have green eyes. Write this as a decimal.

3 = : .
8 35 of'the pupils in a class arc right-handed. What percentage of the class are right-handed?
9 Raphael eats 36% of a cake. Write this percentage as a fraction in its lowest terms.

10 The probability of it raining tomorrow is 2_2 Write this probability as a percentage.
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Example 2

1 .
Put 3, 33% and 0.3 in order, from smallest to largest.
Write the amounts in the same form.

(Here, I’ve chosen to write them all as decimals.) 0.33 1 .
1. Calculate 1 + 3 to write % as a decimal. 3)1.'0'0'0 S03=033..=0.3
2. Calculate 33% + 100% to write 33% as a decimal. 33% + 100% = 0.33
3. Put the decimals in order, from smallest to largest. 0.3,0.33,0.3

. . - « e 1
4. Rewrite in their original forms. 0.3,33%, 3

Exercise 2
Answer Questions 1-5 without using your calculator.

1 For each of the following pairs, write down which is larger.

a) 0.35,32% b) 0.58, 68% ¢) 04,4% d) 0.09, 90%
21 7 3 3
e 02, 100 f) 0.6, 10 g) 0.7, y h) 0.55, 5
2 Put the numbers in each of the following lists in order, from smallest to largest.
a) 0.42, 25%,% b) 0.505, 45%,% 0 037, 38%,% d) 0.2, 22%,%
o, 3 9 o, 1 o, 3
e) 0.13, 12.5%, 50 f) 0.25, 23%, 10 g) 04,2.5%, 75 h) 0.006, 0.06%, 0

3 Margaret is buying a car. She needs to pay % of the total cost as a deposit.
Her parents give her 35% of the cost of the car to help her buy it. Is this enough to pay the deposit?

4 In a scason, Team X won 14 out of the 20 matches they played. Team Y won 60% of their matches.
Which team had the highest proportion of wins?

5 Inagame, the winner is the person who transfers more counters from one box to another.

Oliver transfers 65% of his counters. Jen transfers 188 of her counters. Who has won?

20

Example 3

% of pupils in a school bring a packed lunch, 65% have school dinners, and the rest go home for lunch.

What percentage of pupils go home for lunch?

1.  Write % as a percentage by writing it as a fraction out of 100. -2 5o

160 =25%

FNT
A

2. Find the percentage that don’t go home for lunch by adding
the percentages for ‘packed lunches’ and ‘school dinners’.

3. Subtract this from 100% to find the
percentage who do go home for lunch.

25% + 65% = 90%

100% — 90% = 10%

Exercise 3
Answer Questions 1-6 without using your calculator.

1 Inaschool survey of food preferences, 50% of pupils said they prefer pizza, % said they prefer shepherd’s pie and
the rest said they prefer roast chicken. Find the percentage that prefer roast chicken.

2 Inacar park, % of the cars are red, 0.12 of the total number are white, 15% are blue, and the rest are black.
Find the percentage of cars in the car park that are black.

3 Ainslie is keeping a record of the birds in his garden. Of the birds he has seen this month, % Wwere sparrows,
41.5% were blackbirds, and the rest were robins. What percentage were robins?
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4 % of the people at a concert arrived by train, 5% walked, and the rest came by car. What percentage came by car?

5 Beverley eats 0.3 of a pie, Victoria eats %, Patrick eats 20%, and Gus eats the rest.

What percentage of the pie does Gus eat?

I : G 1 )
6 7 of Hattic’s jackets are leather, 5 are denim, 30% are suede, and the rest are corduroy.
Find the percentage of Hattie’s jackets that are corduroy.

5.3 Percentage Increase and Decrease

To increase an amount by a percentage, calculate the percentage then add it to the original amount.
To decrease an amount by a percentage, subtract the percentage from the original amount.

Example 1

Increase 450 by 15% without using your calculator.

1. Find 10% and 5% of 450. 10% of 450 =450+ 10=45 5% o0f450=45+2=225
2. Add these to find 15% of 450. So 15% of 450 =45+ 22.5=67.5

3. Add this to the original amount. 450 + 67.5=517.5

Exercise 1
Answer Questions 1-5 without using your calculator.
1 Increase each of the following amounts by the percentage given.

a) 90 by 10% b) 60 by 25% c) 80 by 75% d) 270 by 20%

e) 110 by 60% f) 480 by 115% g) 140 by 45% h) 100 by 185%
2 Decrease each of the following amounts by the percentage given.

a) 55by 10% b) 48 by 75% ¢) 25by 30% d) 120 by 60%

e) 125 by 40% f) 11 by 70% g) 150 by 55% h) 520 by 15%

A farmer has 380 acres of land. He sells 35% of his land. How much does he have left?
4 A population decreases by 15% from 2400. What is the new population?
S ATV costs £485, plus 20% VAT. Find the total cost of the TV after the VAT is added.

Example 2

Fabian deposits £150 into an account which pays 5% interest per year.
How much will be in the account after one year?

Find 5% of £150 and add this to £150. 5% =0.05 0.05 x £150 = £7.50
£150 + £7.50 = £157.50

Exercise 2

You may use a calculator to answer Questions 1-7.
1 Increase each of the following amounts by the percentage given.

a) 490 by 11% b) 101 by 16% ¢) 55by 137% d) 89 by 61%

e) 139 by 28% f) 426 by 134% g) 854 by 89% h) 761 by 77%
2 Decrease each of the following amounts by the percentage given.

a) 77 by 8% b) 36 by 21% ¢) 82by 13% d) 101 by 43%

e) 189 by 38% f) 313 by 62% g) 645 by 69% h) 843 by 91%
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David’s height increased by 20% between the ages of 6 and 10. He was 50 inches tall at age 6.
How tall was he at age 10?7

2 years ago, Alison earned £31 000 per year. Last year, she got a pay rise of 3%.
This year, she got a pay cut of 2%. How much does she now earn per year?

Example 3
A number, x, is decreased by 25% to 63. Find x.
1. Write 63 as a percentage of x. 63 = 100% — 25% = 75% of x
2. Divide 63 by 75% to get the original number. x=63+75%=63+0.75=84
5 A fridge costs £200 after a 50% reduction. Calculate the original price of the fridge.
6 Andy buys a top hat that has been reduced in a sale by 35%. If the sale price is £13.00, find the original price.
7 Inthe past year, the number of frogs living in a pond has increased by 10% to 528, and the number of newts
living there has increased by 15% to 621. How many frogs and how many newts lived in the pond a year ago?
Exercise 3
Answer Questions 1-2 without using your calculator.
1 Roberto’s weekly wage of £400 is decreased by 5%. Mary’s weekly wage of £350 is increased by 10%.
Who now earns more? By how much?
2 Gerry puts £5500 into an account that pays 10% interest per year. Raj puts £6000 into an account that

pays 5% interest per year. Who has more money in their account after one year? By how much?

You may use a calculator to answer Questions 3-5.

3

University A has 24 500 students. Over the next year, the number of students increases by 2%.
University B has 22 500 students. Over the next year, the number of students increases by
9%. Which University has more students at the end of the year? By how much?

The population of Barton is 152 243, and increases by 11% each year. The population of Meristock

is 210 059, and decreases by 8% each year. Which town has the larger population after one year?

By how much? Give your answer to the nearest whole number.

Misha buys a £750 TV on hire purchase. To do this, she pays a deposit and then 24 monthly payments.

a) Calculate the size of the deposit if it is 35% of the selling price.

b) Calculate the total cost of the TV bought on hire purchase if the 24 monthly payments each cost £22.55.

¢) How much more does Misha have to pay to buy the TV on hire purchase than if she bought
it at its selling price of £750? Express your answer as a percentage of the selling price.

Finding a Percentage Increase or Decrease

To find a percentage increase or decrease:

(i) calculate the difference between the new amount and the original amount,
(ii) find this as a percentage of the original amount.

Example 4
A house price increases from £145 000 to £187 050. Find the percentage increase.
1. Calculate the difference. 187 050 — 145 000 = 42 050
2. Write as a fraction of the original amount, then 42050 ]
’ =42 050 + 145 000 = 0.29
divide the top number by the bottom number. 145000
3. Muitiply by 100% to write as a percentage. 0.29 x 100% = 29%. So it is a 29% increase.
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Exercise 4
Answer Questions 1-7 without using your calculator.

1

Find the percentage increase when: 4 The price of a local newspaper increases from
a) aprice of £10 is increased to £12. 80p to £1. Find the percentage increase.

b) aprice of £20 is increased to £52. 5 Percy is on a healthy eating plan.

Find the percentage decrease when: His weight drops from 80 kg to 68 kg.

a) aprice of £10 is decreased to £8. Find the percentage decrease in Percy’s weight.

b) aprice of £25 is decreased to £22. 6 Inan experiment, the mass of a chemical drops

The number of people working for a company from 75 g to 69 g. Find the percentage decrease.

increases from 45 to 72. Find the percentage increase 7  In a sale, the price of a toaster is reduced from £50
in the number of people working for the company. to £30. Find the percentage reduction

9.4 Compound Percentage Change

Compound Interest

Interest is a percentage of money that is added on to an initial figure over a period of time.
For compound interest calculations, the interest earned in each period is added to the initial figure.

Example 1
Mr Zupnik invests £600 in a bank account at 5% per annum compound interest.
How much money will he have in the bank after two years?

1. ‘Per annum’ means ‘per year’. Find 5% of £600 to find the first £600 +~ 20 = £30
year’s interest earned. Add this amount on to the initial amount. £600 + £30 = £630
2. Now find 5% of £630 to find the second year’s interest: £630 = 20 = £31.50

3. Add this on to the first year figure to find the total after two years. £630 + £31.50 = £661.50

Exercise 1

1

A bank pays 3% per annum compound interest. Calculate how much interest the following accounts will earn.

a) £250 invested for 1 year. b) £45 invested for 3 years. ¢) £100 invested for 2 years.

d) £1500 invested for 2 years. ¢) £90 invested for 4 years. f) £360 invested for 5 years.

Josephine invests £3500 in a bank account that pays annual compound interest of 4.5%.

How much money will she have in the bank a) after 2 years? b) after 5 years?
Compound Growth

Compound growth is when a quantity gets larger by a periodical percentage increase.

The formula for compound growth is: P =P, x(1+r/100)"

P =amount after n periods, P = initial amount, » = number of periods, r = percentage rate of growth or decay

Example 2

Calculate the compound interest paid on £500 for 3 years at a rate of 5%.

1. Use the formula for compound growth: P =P, x(1+r/100)

2. Plug in the numbers.., P,=£500, r=5, n=3

3. Subtract the initial figure from the P =500 x (1 +5/100y =500 x 1157625 = 578.81
final value to find the interest paid. Interest= P, — P, = £578.81 — £500.00 = £78.81
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Exercise 2

1

Use the formula for compound growth to calculate the interest carned by the following investments:
b) £750 for 5 years at an annual rate of 3%.
d) £25 for 12 years at an annual rate of 6%.

a) £400 for 2 years at an annual rate of 5%.
©) £50 for 7 years at an annual rate of 5.5%.

Use the formula for compound growth to calculate the amount of money you would have if you invested:
b) £500 at an annual rate of 7.25% for 6 years

a) £1000 at an annual rate of 4.5% for 5 years.

Calculate how much money you will have
after 4 years if you invest £680 at 2.5%
annual compound interest.

The population of the UK in 2010 was 62 000 000.
The population is increasing by 0.6% every year.
Assuming that this rate of growth continues, how
many people will reside in the UK by 2025?

During 2000 and 2001 a bank paid interest at a
compound rate of 2% per annum. During 2002,
2003 and 2004 this rate rose to 3%. Calculate
the total interest paid over five years if £650 was
invested at the beginning of the year 2000.

In 2010 a group called ‘Smiley Faced People’
decided to spread a little happiness around the
world. Their numbers increase by 6% every year
as more and more people decide to join their happy
band. If the original group had 20 members, how
many people will be in the group in 2020?

Compound Decay

7

10

Find the value of a bar of gold, initially valued
at £750, after seven months when gold prices are
rising at a rate of 0.1% per month.

A colony of ants has set up home in Mr Murphy’s
shed. On Monday there were 250 ants.

If the colony of ants grows at a rate of 5% per day,
how many ants will there be on Saturday?

Mrs Honeybun is expecting twins.

Every month her waistline increases by 5%.
If her waist measurement started at 70 cm,
what is her waistline after nine months?

Fiona Feline loves cats almost as much as she
loves mathematics, and enjoys combining her

two passions. She wants to make sure that every
month she increases the number of cats in her
house by 7%. If she has 100 cats at the beginning
of January, how many cats will she have at the end

of June (to the nearest cat)?

Compound decay is the opposite of compound growth — it’s when an amount gets smaller by a particular
percentage over a certain period. When applied to money, compound decay is known as depreciation.

The formula for compound decay is: P, =P, % (1 —r/100)"

Example 3

A car was bought for £8000. Its value depreciated by 20% each year.
b) What was the value of the car after 10 years?

a) What was the value of the car after 3 years?

a) The value when bought is 100%. After
one year, this value will have decreased
by 20%, so will be 80% of the original
value. Multiply by 0.8 to find 80% of
the original value. Multiply by 0.8 twice
more to find the value after three years.

b) The quickest way to calculate this is by
using the formula for compound decay:

80% of £8000

= £8000 x 0.8 = £6400 (after one year)
£6400 x 0.8 = £5120 (after two years)
£5120 x 0.8 = £4096 (after three years)

PH

=P, x (1-r/100)" P,=8000,r= 20,n=10

P_=8000 x (1 —20/100)"°

P_=8000 x 0.8 =858.99 (to 2 d.p.), so P =£858.99
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Exercise 3

1

Use the formula for compound decay to answer the following questions.

a) Find the depreciation on £550 after 3 years at a depreciation rate of 3% per annum,

b) Find the depreciation on £750 after 6 years at a depreciation rate of 2.5% per annum,

¢) What is the value of a car that cost £10 000 after five years of depreciation at 15%?
d) What is the value of a car that cost £12 000 aftcr 4 ycars of depreciation at 25%?

Claire the Evil Genius buys a laser for £68 000.
It will depreciate at 20% per annum for the first
two years and at 15% per annum for the next three
years. What is the value of the laser after 5 years?

Mr Butterworth is on a diet and is losing weight at
arate of 2% of his total body weight every week.
If he weighs 110 kg when he starts his diet, what
will his body weight be at the end of 8 weeks?

Calculate the depreciation of a house after five
years if it was bought for £650 000 and house
prices are falling at a rate of 2.5% per annum.

Calculate the value of a car after seven years if it
was bought for £6000 and depreciation is at a rate
of 7.5% per annum.

Example 4

6

The activity of a radioactive source decreases by
6% every hour. If the initial activity is 1200 Bq,
calculate the activity after 10 hours.

A farmer buys a combine harvester for £210 000.
It will depreciate by 30% for the first year and at
25% per annum for the next four years. What is

the value of the combine harvester after 5 years?

Find the final value of an investment of £3500 that
grows by 0.75% per annum for two years but then
depreciates at a rate of 1.25% per annum for the
next seven years

Find the final value of an investment of £1000 that
grows by 5% per annum for the first two years but
then depreciates at a rate of 2% per annum for the

next three years.

How long will it take (to the nearest month) for a motorbike valued at £2500
to depreciate to less than £1150 if depreciation is at a rate of 5% per month?

I.  Using the formula for
compound decay, you know
the values of P, P and r, and
you want to find the value of n:

P=P,x (1 —r/100y"

2. Use trial and improvement to Try n=10:
find the value of n. Tty n = 20:

Try n=15:

Try n=16:

P,=£1100, P,= £2500, r=5,

1100 = 2500 x (1 — 0.05)"
=2500 x 0.95"

.
2500 x 0.95'° = 1496.84  n is too small

2500 % 0.95% = 896.21 n is too big

2500 x 0.95'5=1158.23  nis too small

25007 0.95' = [100.32  correct

n =16 months (to the nearest month)

Exercise 4

1

A beehive population is decreasing at a rate of
4.9% per year. Ifthere are initially 500 bees in the
hive, how many years will it take for the beehive
population to halve?

Mr Quasar is visiting Las Vegas and has taken
$1000 to gamblc in the casino. He is very unlucky
and loses money at a rate of 15% a day. After how
many days will Mr Quasar have less than $100 left?
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The number of foxes in an area is falling by 12%
per year. If there are 300 foxes then how long will
it be before the number has fallen to below 200?

There are 500 harmful bacteria in a colony.
When the population of harmful bacteria reaches
1000 it becomes unsafe and must be destroyed.

If the growth in the number of bacteria is at a rate
of 15% per hour, how many hours will it be until
the colony must be destroyed?



5.5 Percentages Problems

Exercise 1

Answer the following questions without using your calculator.

1

Write each of the following amounts as a percentage.
a) 13 out of 50 b) 27 out of 40
e) 27 out of 45 f) 56 out of 80

¢) 72 out of 90
g) 48 out of 120

d) 12 out of 36
h) 34 out of 170

For each of the following lists, write down which amount is not equal to the others.

a) 0.25, 40%, % b) 0.5, 20%, % ¢) 0.125, 1.25%, % d) 0.44, 44%, g

0 i 0 _6__ 0, _22 0, i
e) 0.8, 8%, 5 f) 0.615, 40%, 12 g) 0.22, 44%, 0 h) 0.25, 25%, 24
At the Broughton bake sale, 18 of the 30 cakes for 8 Write %, 10% and 0.11 in order, from smallest to
sale are Victoria sponge. What percentage of the largest.

. B
GalcesTare 10t Vietonialsponge! 9 Jonny eats 60% of a steak and ale pie.
Sarah has won 65% of her last 60 badminton Write this percentage as a fraction.
?
pamacs. Hloy mpny Eamesassiinon; 10 A coat normally costs £160, but in a sale, the price
There are 55 chocolates in a tin. 33 of the was reduced by 35%. Calculate the sale price of
chocolates are milk chocolate. The rest are dark the coat.
9

chocolate. What percentage are dark chocolate? 11 A newborn baby weighs 3.2 kg. His weight
A school has 1200 pupils. 50% of the pupils get increases by 5% over the next fortnight.
the bus to school, 20% walk and 5% get to school What does he weigh at the end of the fortnight?
B e 10 12 House A is valued at £420 000 and House B is

school by their parents. How many pupils is this?

A pot of yoghurt normally contains 450 g.

A special offer pot contains 35% extra free.
How many grams of yoghurt does the special
offer pot contain?

Exercise 2

valued at £340 000. After 5 years the value of
House A has decreased by 15% and the value

of House B has increased by 5%. What is the
difference in value of the two houses after 5 years?

You may use a calculator to answer the questions in this exercise.

1

Find each of the following:
a) 3% of 210
e) 59% of 713

b) 41% of 180
f) 82% of 823

¢) 73% of 467
g) 0.5% of 360

d) 4.5% of 900
h) 0.7% of 860

Felicity goes shopping with £120 and spends £49 6 Sandra gets paid £1385 per month. In December

on brightly coloured trainers. What percentage of she gets a Christmas bonus of £83.10. What

her money does she spend on trainers? percentage of her monthly wage is this bonus?

125 people work in an office. 12% of the office 7 The insurance for a car normally costs £356.

workers are men. How many workers is this? With a no-claims discount, the cost is reduced by
" ) . E

28 of the 59 penguins at a zoo suffer from 27%. What is the reduced cost of the insurance?

heatstroke during a particularly hot summer. 8 Kelly and Nasir both had maths tests last week.

What percentage of the penguins is this? Kelly scored % ShaiNaeTRcored g_g

Paul is knitting a jumper for his Grandma Betty. Who got the higher percentage score?

So far he has knitted 87% of the jumper and used ) )

108 m of wool. How many more metres of wool 9 Write 33, 0.061 and 6% in order,

will he need to finish the jumper?

from smallest to largest.
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10

11

12

13

14

Dave loves a bargain and buys a feather boa which
has been reduced in price by 70%. If the sale price
is £2.85, what was the original price of the boa?

Two shops had a sale on a suit that had previously
cost £92. Shop A had 70% off the original price,

while Shop B had % off. Which shop had the lower
price, and by how much?

A cafe sells 270 ice cream sundaes
in April and 464 in May. Find the )
percentage increase in ice cream sales. ) (

Last summer, 385 000 people visited a holiday
1
resort. § were German, 0.11 were French
and the rest were British.
a) What percentage were British?
b) How many British people visited the resort?
During a season, the average attendance for a local
sports team’s matches was 11 350. The following

season, the average attendance was 11 123,
Find the percentage decrease in attendance figures.

Exercise 3

15

16

17

A car is bought for £12 950. Three years later, it is
sold for £8806. After another three years, it is sold
again for £4403.

a) Find the percentage decrease in the car’s price
over the first three years.

b) Find the percentage decrease in the car’s price
over the next three years.

In a sofa store 30% of the sofas are leather. 40% of
the leather sofas are black. What percentage of the
total number of sofas are = -
made from black leather?

Pravin buys a £599 TV 224
on hire purchase witha %/
deposit of 37% and 36 monthly payments of
£13.47. Calculate the total cost of the TV.

Consider two squares. Square A has side length x,
and square B has side length 0.8x. What is the
percentage increase in area if you were to increase
the area of squarce B to the area of square A?

You may use a calculator to answer the questions in this exercise.

1

Tony deposits £3250 into a savings account that
earns 8.5% interest per year. How much will he
have at the end of the year?

The population of an island is 12 500.
Each year, the population increases by 8%.

a) Find the population of the island after 2 years.
b) What is the population after 5 years?

Murray invests £575 in a bank account that pays
annual compound interest of 7.5%.
How much money will he have in the bank:

a) after 3 years?
b) after 6 years?

Ed gets a loan of £30 000 from a bank to J
set up a butterfly farm. The loan charges k¥
6.8% annual compound interest, and Ed

chooses to pay it back in one lump sum after

4 years. How much does he have to pay?

Find the final value of an investment of £2500 that
earns 0.5% per month for the first six months but
then depreciates at a rate of 0.25% per month for
the next 9 months.

Mr Potter collects books. He has room on his book
shelves for 6400 books. Every ycar he buys onc
book for every ten that he already owns. He starts
with a collection of 4000 books. How many years
will it take until he needs to buy new shelves?
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10

11

12

Between 2000 and 2004, a bank pays interest at an
annual compound rate of 2.5%. Between 2005 and
2007 this rate rises to 3.5%. Calculate the value at
the end of 2007 of £800 invested at the beginning
of 2000.

Calculate how long it would take for a car’s value
to fall below £120, if its initial value is £900 and
the depreciation rate is 40% every six months.

James has invested his money unwisely.

Each year the value of his assets depreciates by
10%. If he started with assets worth £5000,
how rany years will it take until his assets are
valued at less than half their original worth?

On a very hot day the water in a glass of
squash is evaporating at a rate of 20% per hour.
The glass contains 150 ml. How many whole
hours will it take to evaporate to below 40 m1?

The population of rabbits on a remote island starts
at only 18 but explodes to 900, with a monthly
population growth of 48%. Calculate how many
months it takes to reach this number.

Prof. Plague has created a fungus that he thinks
will cure the common cold. He needs the number
of fungi Lo increase at a rate of 20% per hour

in order to work properly. If he has 20 fungi at
10:00 a.m. and 100 fungi at 7:00 p.m., did he
achieve his desired rate of fungus growth?



Section 6 — Expressions

An algebraic expression involves variables
— letters that represent numbers. E.g. g 6b xyz a+b X2+ yr+ 7

(Remember — a is the same as 1a, and 6b is the same as 6 % b.)

Expressions do not contain an equals sign (=).

Collecting Like Terms

A ‘term’ is a group of numbers or variables combined only by multiplying or dividing.
Terms are separated by plus or minus signs, In the expression 2x + 6, 2x and 6 are terms.

Expressions can sometimes be simplified by collecting like terms.
‘Like terms’ contain exactly the same combination of letters.

Example 1

Simplify the expression x + x2 + yx -+ 7 + 4x + 2xy — 3 by collecting like terms.

There are four sets of like terms:
(i) terms involving just x X+ xttyx+7+4x+2xy -3
(ii) terms involving x
(iii) terms involving xy (or yx, which means the same)
(iv) terms involving just numbers

=@x+4)+x2+(xpy+2x)+(7-3)

- =Sx+x’+3xy+4
Collect the different sets together separately. Sx+xd3x

Exercise 1
1 Simplify these expressions by collecting like terms.
a) ctctcetd+d by atb+ta—-a+b ¢) xty+tx+ty+tx—y
d) 3m+m+2n e) S5x+2y+3x f) 3a+5b+8a+2b
g) 6ptgt+p+3g h) S5a—2a+5b+2b i) 4b+8c-b-"5c
2 Simplify these expressions by collecting like terms.
a) x+7+4x+y+5 b) a+2b+b-8-5a €) Sx+2p+6+4y+2x-9
d) B3m+7+2n—-8m-3 e) Sx+2y+3x—-2y-3 ) 13a-5b+8a+12b+7
3 Simplify these expressions.
a) 16p+4qg+4-2p+3g—8—06qg b) 6a+9b—12+4b—2a + 15
¢) 14b+8c—-b+3-5¢-5b+4 d) 3x+9y+2z-2x—-5+4y—8x
e) Sm+3-6n—4+3n—6m—2n f) 8p+6g+14—6r—4p—14r—29-23
4  Simplify the following expressions by collecting like terms.
a) x*+3x+2+2x+3 b) ¥*+4x+1+3x-3 €) x*+4x+xP+2x+4
d) x?+2x* +4x—3x e) p°—Sp+2p*+3p f) 3p*+6q-+p*—4q+3p?
g) 8+6p*—5+pg+p? h) 4p+35qg-pg+p*—Tq i) 602+7b+9—-4b>+5b--2
5 Simplify the following expressions by collecting like terms.
a) ab+cd—xy+3ab-—2cd + 3yx + 2x* b) pq+3pg+p*—2qp + ¢*
©) 3ab-2b+ab+b*+5b d) 4abc—3bc+2ab+ b*+ 5b+ 2abc
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Multiplying Variables

2
Powers work with letters in exactly the a3 T - . ey
same way as they work with numbers. a=axaxa a'xa'=a
Example 2
Simplify these expressions. a) bxbxbx b b) 4a x 5b ¢) 3a x 6a
1. If the same letter is multiplied by itself, a) bxbxbxb=p

write it as a power. b) dax5hb=4x5xaxb=20ab

2. Multiply numbers and letters separately.
¢) 3ax6a=3x6x%xaxa=184’

Exercise 2
1 Simplify the following expressions.
a) axaxa b) 2a x 3a ¢) 8px2q d) 3ax7a
e) 5xx3y f) mxmxmxm g) 12ax4b h) 6p x 8p
2 Simplify the following expressions.
a) axab b) 442 x 5a ¢) 2p x7g? d) 4ab x 2ab
e) x2xxy f) 32 x87 g) 9n’m + 3n? h) 9xy x Txz
i) dstx 5¢ j) 12a°+4a k) 16p°q + 2p? 1) 6abc x Sa*b’ct
Example 3

Expand the brackets in these expressions. a) (3x)? b) (xy*)?
) (B3x)P?=3xx3x =3 x3 xxxx=9x2

b) (7 = xp? 3% = x X x X 2 X 37 =

3 Expand the brackets in these expressions.

a) (2 b) (@*)? ) (3cy d) 2%
e) a(2by f) 5y g) (xy) h) i(jky
6.2 Expanding Brackets
You can expand (or remove) brackets by multiplying ab+c)=ab+ac
everything inside the brackets by the letter or number in front. ab—c)=ab-ac
Example 1

Expand the brackets in these expressions. a) 3(a + 2) b) &(n—3m)
a) 3a+2)=C3xa)+(3x2)=3a+6
b) 8(n—3m)=(8 xn)— (8 x3m)=8n —24m

Exercise 1
1 Expand the brackets in these expressions.

a) 2(a+5) b) 4(b +3) 0 5d17) d) 3(p+4)
e) 4(x+8) f) 65-7) g) 4(b—4) h) 53-)

i) 8(y-95) ) 3ty k) 9d-9) D 4x+7)
m) 3(x + 12) n) 12(/-7) 0) 7(x—y) P 11d -5
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a) 2z +3)+4(z+2) b) 3+ 1)+5c+7)
&) 3(v+5)+6(m+7) £) 3w+ 4)+Tw+2)
i) 30c-3)+(x+12) D 9b+2)+(B-3)

2 Expand the brackets in these expressions.
a) 32n-—6m) b) 5(@u+ 8v) ¢) 7(5n— 6m) d) 3(u+8v)
e) 4(dx—-"Ty) f) 32p-1lg) g) 8(2s—12) h) 6(x + 5y)
Example 2
Expand the brackets in these expressions. a) m(n + 7) b) a(a—4)
a) mpn+tN=mxn)+mx7)=mn+Tm
b) a@-d=@xa)—(@ax4)=d>—4a
3 Expand the brackets in these expressions.
a) x(y+5) b) plg+2) ©) ab+4) d) m(p+8)
e) x(x—2) f) p@—9q) g) x(8 —x) h) a(b-12)
i) ab+12) D x(+7) k) p(g+3) D x(y+6)
m) p(3q — 8) n) 75 —s) 0) t(14—9%) p) a(2b—4)
Example 3
Expand the brackets in the following expressions. a) —(g +4) b) -3(4 - 2a)
You can think of —(g +4) as -1 X (g +4). a) (g+4)=(-1xg)+(-1x4)
A minus sign outside the brackets reverses = (—q) + (-4)
the sign of everything inside the brackets. P
b) -3(4 —2a) =(3x4)-(3x2a)
=(-12) - (-6a)
Remember: —(—6a) = 6a. =-12+6a
4 Expand the brackets in the following expressions.
a) —(g+2) b) ~(x+7) ¢ ~(h+3) d —(g+3)
e —(m+3) f) -n-11) g) ~(pt4) b —(g-7)
) —vv+4 B —vv-35) k) —x(12 —x) D @+
5 Expand the brackets in the following expressions.
a) —6(5¢—-3) b) —7(4v +8) ¢) —2(5+4m) d) —5(10 - 8v)
e) —5(2+3n) f) —4z(8 —22) g) —2(6b-3) h) —4y(2y + 6)
i) —4dpu-7) i) 202-v) k) —8(7—w) ) —5y(5—x
Example 4
Simplify the expression 3(x + 2) — 52x + 1).
1. Mulitiply out both sets of brackets. 3x+2)-52x+ 1)=Bx+6)—-(10x +5)
2. Collect like terms. =3x+6-10x-5
=-Tx+1
Exercise 2
1 Simplify the following expressions.

€) 4u+6)+8u+?) d) 2(c+2)+3(c+5)

g) Ta+3)+@+4)
K) 8(y+9)+(y-3)

h) 2¢-7)+(+5)
) 4(10b-5)+(b—2)
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2 Simplify the following expressions.
a) 5(p-3)—(p+6) b) 2(c-6)—(c+9) ) 59-3)-(@¢g+1
d) 2(-5-(G-3) e S(y-49-(y-2 f) 53c-6)—(c-3)
g) 5(f-3)-+)) h) 12(d-7)-(9-d) D 1NGx-3)—(x+2)
3 Simplify the following expressions.
a) 5Qg+5)-2(g-2) b) 2Bc-8) 8(c+4) ¢) 45q—-1DH-2(@g "2
d) 3a—-6)—4@-1) e) 5(4z—-3)-3(z-5) f) S(g—2)-3g—-4
g) 2(y+15) - 11(y —6) h) 3(6x-3)+9(x-2) i) 10(g—2)-4(g+12)
4 Simplify the following expressions.
a) 4pGBp+35)-3(p+1 b) 6(@m +5)+Tm(2m + 3) ¢) 4CBk+ 1) —k(Tk+9)
d) 9b(2b + 5)+ 4b(6b + 6) e) 4(t+1)— 718t 11) f) 7h(3h +2)— 10h{@dh 1)
g) 8x(3x—4) + 12x(x + 5) h) 8w —1)—2u(20u +9) i) 56(9b—32)—10h(36 - 30)

When expanding pairs of brackets, multiply each term in the left bracket by each term in the right bracket.

= R T
(a + b)(c +‘a') =ac + ad + bc + bd
g

o A—

Example 5

Expand the brackets in the following expressions. b) 3(r -2y

Q) (g+4H)(p+3)

Multiply each term in the left bracket by each  a) (¢F 4 )f}: P3)=pg+3g+dp+12
term in the right bracket. Write the letters in TN

each term of the answer in alphabetical order.

Write out (x — 2)% as (x — 2)(x — 2).
Multiply each term in the left bracket
by each term in the right bracket.
Collect like terms, then multiply

the whole lot by 3.

b) 3x=2y=3x(x-2)(x-2)
=3xx-2x-2x+4)
=3xx?—4x+4)
=3x?-12x+12

Exercise 3

1 Expand the brackets in the following expressions.
a) (@a+2)(b+3) b) (j+4)(k-5)
¢) C+x)8+y) f) O-a)b-3)

9 x-H0-1)
g (-5)+3)

d) x+6)(y+2)
h) (y+12)(z-3)
2 Expand the brackets in the following expressions.
a) 2@+ D(p+6) b) S(x+3)(y-7)
¢) 2(w—6)(z-18) f) 6(x-5)(y-2)
3 Expand the brackets in the following expressions.
a) (x+8)(x+3) b) O0+2)b-4)
e (ct+5B-09 ) O-8)6-»
) 3y+20C-y) D Ab-3)b+2)

4 Expand and simplify the following expressions.

¢ 3(-2)(k+4)
g x+4H3-y)

d) 8(g+5)(h +9)
hy 7(a—T7)b-8)

¢ (@-NDa+2)
g) 2x+2)(x+1)
k) 6(x—-2)(x—4)

d) (d+7)d+6)
h) - 12)z+9)
D 12(+9)a-8)

a) (r+1) b) (x+4y 0 (x+5) d) (x—27
e (x—3y f) (x-6) g) 4x+1y h) 2(x+5)
i) 30r—2y D 26c+6y K) 50c—3) ) 20— 4y
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When expanding triple brackets, multiply two brackets together, then multiply the result by the remaining bracket.
S
(@ + b)Y + d)(e +' ) =(a+b)(ce + cf + de + df)
B A =a(ce + ¢f + de + df) +b(ce + cf + de + df)
=(ace + acf + ade + adf + bce + bcf + bde + bdf)

Example 6
Expand and simplify the following expressions. a)y r+2s+ D +4) b) 5(y— 1)
T T
1. Multiply each term in the second bracket a) (r+2)(s+ 1_ Ef +(4) =(r+2Dst+t4s+r+4)

by each term in the third bracket.

2. Multiply the result by each term in the Srittdstrr ) +2(st+ds it d)
first bracket — simplify if possible. =pstt+drs+rt+4r+2st+8s+2t+8

Write out (y — 1> as (y ~ D(y — D(y - 1). b) 5(y—1P=5xy-y-D»-1
2. Multiply each term in the second bracket =5x(y=DPA-y—y+1)

by each term in the third braclfet. . Syt 1) (P =2y + 1]
3. Collect like terms before multiplying the

result by each term in the first bracket. =5x(P-2tty—yi+2y-1)
4.  Collect like terms before multiplying =5x(P-3+3y-1)
the result by 5. =5 152+ 15y —5
Exercise 4
1 Expand the brackets in the following expressions.
a) (a+ DG+ Det2) b) (d—2)e+3)(f+2) ) G+gh+2)(-3)
d) (G-2)(k-5)1+3) e) (m-5)n-p-3) f) Q-grt+As-6)
g) Gt+2)(1 +w@+v) h) Qw+ 2+ 7y -2) i) (3+2)(5-2a)0b+3)

2 Expand and simplify the following expressions.

a) (x +3)(x+Dy+2) b) (p+Hp-2@+1) © (5 +5(-2)(-3)
d) (r=3)(r =2 -3) e (y-Hr-6)ry-3) f) Bg+2(A+g)g+5)
g) Qu+4)u-3)u+4 h) (1-vE+2)v-2) i) (1-32E+5)@z-3)

3  Expand and simplify the following expressions.

a) 2z+)Nz+)+ 1) b) 5w+ 5w+ 2)u+2) ¢) 6(ct+2D(c—-2(+3)

d) 3v+HVv-3Hv-2) e) 4w—Hw-5)w-2) ) —(x—7)x+5x+1)

g 2(4s+2)(s-3)(s-2) b 3@2y+ Dy +30 -1 i) 30-29)3q+3)¢-2)
4 Expand and simplify the following expressions.

a) (x+3) b) (x+2) 0 (x-2y d) (x+4)

e) 3—-x) ) G-x g) 3(x—1y h) 2(x +5)

i 3Q2+2x) B -G -2xp K) —4(3 —3x) ) t@x+4y
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6.3 Factorising — Common Factors

Factorising is the opposite of expanding brackets.
You look for a common factor of all the terms in an expression, and ‘take it outside’ the brackets.
To factorise an expression fully, look for the highest common factor of all the terms.

For a lot of these questions, you’ll need to remember how to divide two powers: g™ +~q" = & = gm-n

5]

Example 1
Factorise the expression 12x — 18y.
1. 6isthe largest.common factor of 12x and 18y. 12x— 18y =6( — )
So 6 goes outside the brackets.
2. Divide each term by the common factor, and write the =6(2x - )
results inside the brackets: 12x+6=2x and 18y + 6 =3y = 6(2x - 3y)
Example 2
Factorise 3x% + 2x.
1. xis the only common factor of 3x* and 2x. 2+ =x( + )
So x goes outside the brackets.
2. Divide each term by the common factor, and write the =x@Bx+ )
results inside the brackets: 3x? +x=3x and 2x +x=2 —x(3x +2)
Exercise 1
1 Factorise the following expressions.
a) 2a+10 b) 36+ 12 c) 15+3y d) 28+7v
e) Sa+15b f) 9c-124 g) 3x+ 12y h) 2lu-"Tv
i) 4a2-12b j) 3¢+ 1542 k) 5¢2-25f ) 6x—12)2
2 Simplify the following.
a) x2+x b) 22 +y ¢) 8pr=p d) 3522+ 7n
e) 104*+2d f) 24m?+3m g) 124> +2a h) 22p% + 115
3 Factorise the following expressions.
a) 3a®>+7a b) 46+ 19b ¢) 2x2+9x d) 4x*—9x
e) 21g° - 16¢q f) 15y -7? g) Ty+ 1572 h) 2722+ 11z
i) 1042 +27d ) 47— 132 k) 11y +3y* ) 22w - 5w
Example 3
Factorise the expression 15x2 — 10xy.
1. 5 and x are common factors of 15x? and 10xy. i
So 5x goes outside the brackets. 155" = 10xy=5x( - )
2. Divide each term by the common factor, and =.5x(3x )
write the results inside the brackets:
15x* + 5x=3x and 10xy+5x=2p = S5x(3x — 2y)
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4 TFactorise the following expressions.

a) 15a+ 10ab b) 12b+ 9bc ¢) loxy—4y d) 21x+ 3xy
e) ld4a+7ab f) 15¢—12cd g) 3x— 15xy h) 24uv + 6v
5 Factorise the following expressions.
a) 10p? + 15pq b) 12xy +8y? ¢) 15ab—20a? d) 124> - 18pgq
e) 30ab?® +25ab f) 14x>—28xy* g) 12xy* + 8x%y h) 8ab®+ 10a%b
i) 6a’+9a% D 12pg-8p? k) 8a?+ 6ab? ) 24x’ — 16x?
Exercise 2

1 The expression 4x*? + 8x)* contains two terms.
a) What is the highest numerical common factor to both terms?
b) What is the highest power of y that is common to both terms?
¢) What is the highest power of x that is common to both terms?
d) Factorise the expression.

2 Factorise the following expressions.

a) x5+x*—x b) 8a% + 1745 ¢) S5x*—15x? d) 12)°+6y*

e) 24h*c* 8¢ f) 244> - 18¢° g) 2x° —4x° h) 2522+ 13z°

i)y 12p* + 15p%¢ J) 9a*b+27ab’ k) 15b*—21a*+ 18ab ) 22pq* - 11p*¢°

m) )+ +xy+x3%  n) 16x% —8xp* +2x%° o) 36x7y* + 8x%° p) Sx*+ 33yt —25x%

e Factorise the following expressions.

a) 13x%y? + 22x%° + 20x%° b) 16a°b° — a*b’ — ab? ¢) 21p*q* — 14pq® + Tpq
d) 14xy* + 13x%3 — 5x8* e) Txyt+ 45 + 17x5)? 1) 16c%d° — 143 + 8c3d°
g) 164 + 8a'h? h) 18k + 212k¢ - 152 i) 3633 — 720y + 18xy°
i) 20a*h’ + 4aPb* — 5a°b" k) 11x%° + 11x%2 + 66x)° D) 2jk— 9k — 1272k

6.4 Factorising — Quadratics

A quadratic expression is one of the form ax? + bx + ¢ where a, b and ¢ are constants (@ # 0).
You can factorise some quadratics.

Example 1

Factorise: a) xX>+6x+8 b) x2+2x-15

1. Find two numbers that add up to 6 and multiply to 8: a) 4+2=6and4x2=8
Then x2 + 6x +8 = (x + 4)(x +2)

2. You can check this by expanding the brackets. +Hx+2)=x2+2x+4x+8
1. You need two numbers that multiply to —15, so one b) 5+3=2and5x-3=-15
must be positive and the other must be negative.
2. They add up to +2, so the positive one is bigger. Then x2 +2x — 15 = (x + 5)}(x — 3)
Exercise 1
1 Factorise each of the following expressions.
a) xX>+5x+6 b) @+ 7a+12 ¢) x*+8x+7
d) 22+8z+12 e) x2+5x+4 f) vV+6v+9

Section 6 — Expressions -



2 Factorise each of the following expressions.

a) x*+4x+3 b) x2-6x+38 ¢ x*-Tx+10

d) x¥*-5x+4 e) y+3y—10 f) x2+2x-8

g) s2+3s5—18 h) x2-2x-15 iy 2—4t-12
Example 2

Factorise 2x* - 5x - 3.

1. The 2x? must come from 23 =5x-3=Q2x+- )x+~- )

multiplying 2x by x, so put 2x in

one bracket and x in the other.
2. For the other numbers in the Rx+3)x-D=2x2-2x+3x-3=2x2+x-3 X

brackets, try combinations of

numbers that multiply to give 3. @x+Dx=-3)=2@-6x+x-3=2-5x-3 v

$02x2 -5x-3=2x+D(x-3)

Exercise 2

1 Factorise the following expressions.

a) 2x2+3x+1 b) 3x2—16x+5 ©) 5x2-17x+6 d) 22-5t-12

e) 2x*—13x+6 f) 30°-7h-6 g) 5x*+12x-9 h) 2x*—3x+1

i) 7a>+19a-6 j) 1x?2—62x—24 k) 722 +38z+15 ) 3)2-26y+16
Example 3

Factorise 6x*> — 19x + 10
1. The 6x? could come from 6x x x or from 3x x 2.

2. The second term in the quadratic is negative (-) but the third term is positive (+).
This implies that both factors are of the form (ax — b).

3. Try (6x — 1)(x— 10). 6x—1)(x—10)=6x2— 60x —x+ 10=6x—61x + 10 X
The — 61x tells you that you need
to avoid products like 6x x 10 Bx-2(2x—5)=6x*—15x—4x+10=6x2—19x+ 10 v
which give too large answers.
Try (3x — 2)(2x — 5) instead. So 6x* — 19x + 10 = (3x=2)(2x —5)
2 Factorise the following expressions.
a) 6x?+5x+1 b) 6x2—13x+6 ¢ 15x2-x-2 d) 10x2-19x+6
e) 25a®>+ 65a + 36 f) 12x2—19x+5 g) 121 +6u—6 h) 14w?+25w+9

Difference of Two Squares

Some quadratic expressions have no middle term, e.g. x* —49. These quadratics have
factors that are the same, except that one has a positive term and one has a negative term.
For example, x* — 49 factorises to (x — 7)(x + 7).

More generally: @ — b*= (a + b)(a@ — b) This is known as the difference of two squares.

Example 4

Factorise x* — 16
16 =4

Difference of two squares says: x> —a? = (x + a)(x — a).

P—16=x'—4 So,x?—16=(x+4)(x=4)
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Exercise 3
1 Factorise each of the following expressions.

a) x*—25 b) x*-9 ¢) x*-36 d) x*-81
2 A quadratic expression is of the form 16x* - 9.

a) Find v/16x*

b) Write the expression 16x? — 9 in the form a? — b2

¢) Hence factorise 16x* — 9.

3 Factorise each of the following expressions.
a) 4x*>—49 b) x?—64 ¢) 36x*-4 d) 9x?—100
e) b?—121 f) 1622-1 g) 25x*-16 h) £2-144

Exercise 4 — Mixed Exercise

1 Factorise each of the following expressions.

a) x*—4x-5 b) £2-8t+16 ¢) x*—36 d) y*—y-—20

e) x*—x—12 ) y»+8+12 g) x*+5x-6 h) x*—4x 45
i) s2—10s+16 D X+ 12x+32 k) b*+b-6 ) A-9r+14

2 Factorise each of the following expressions.

a) 16a*-25 b) 5*-7b—-18 ¢) 100x?— 64 d) y*+ 19y + 84
e) -1 f) 36x*— 169 g) 5x*—3x-2 h) 812-121

i) 4c¢*-196 j) a®+t9a-36 k) z2—15z+ 56 ) 144y* 225
m) 2z* +21z+40 n) 3x?—17x - 28 0) x*—2x+1 p) 77+ 6116
q) H*-2y-2 r) 6z22-27z+12 s) 8?2+ 19x+6 t) 2x*—13x+21

6.5 Algebraic Fractions

Simplifying Algebraic Fractions

Algebraic fractions can be simplified by factorising the numerator and/or the denominator,
and then cancelling out any common factors. For algebraic fractions with quadratic expressions,
factorise the quadratics first, then look for any factors that can be cancelled out.

Example 1

3x'y
21xy*

Simplify
Iy _ Xt xyt
2lxp° I xTxxxy

1. 3 is acommon factor, so it can be cancelled.

4 J{
2. xis acommon factor, so it can be cancelled. = i
T X%y
3. y*is a common factor, so it can be cancelled. _xxy
7 x5
Txy Ty
Exercise 1
1 Simplify:
2x 49x° 18xy 255t 264°b’c!
a) xz b) 14X4 c) 6y2 d) 5S e) 52b5C
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2 Simplify:

Tx 48t — 6f 3ed 2x — 4
2) 5x — x° b) 8s°t © 8¢ + 6c’ 9 8y
Example 2
ST x*—~ 16
Simplify FER T
1. Factorise the numerator and the denominator. 2= 16

0 12

4a’b’ + 8a'b’

_ A4 x—4

2. Cancel any common factors.

X+ 8 +16 A+x+4) " x+4

3 Simplify:
st + 85’ by + 8 15xz + 15z bxy — 6x 3a’b + 5ab’
a) 84 + 16st b) 15y + 20 ©) 25xyz — 25yz 9 3y—3 ©) Tab’
4 Simplify each of the following fractions as far as possible.
2x — 8 ba — 3 X+ 7x + 10
T T ] = N S B B i
2) X —5x+4 ) 5 T0a 6) ¥4 2x — 15
X —TIx+12 X'+ 4x 28+t — 45
VT x-s ) FiTxs 2 D~ s
Adding and Subtracting Algebraic Fractions
Algebraic fractions should be treated in just the same way as numerical fractions.
This means that to add or subtract them, they need to have a common denominator.
Example 3
Express x—2 + Z+3 as a single fraction.
. 5 x—2, 2x+3
X—= & X =
1. The fractions are being added, 3 "3
so first find a common denominator.
. . 4(x -2)  3(2x+ 3)
Here, the common denominator is 4 x 3 = 12. 2 | 2
Then convert both fractions into fractions
with denominator 12, so they can be added. ) —123 (2x + 3)
_4x—8+6x+9 _10x+1
r 12 12
Exercise 2
1 Express each of these as a single fraction, simplified as far as possible.
XX X_x 2b b 5z 4z
M 3t3 D373 9 7Tte DE 9
2 Express each of these as a single fraction, simplified as far as possible.
x—2_ x+1 2t+1 -1 3x—1 2x+1 c+2 ,¢c+1
) St A e D ==+
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Example 4

21 3 - : =1 3.
Express ~T 1 x_22 single fraction. x+1 x-2
1. The fractions are being subtracted, _@x-DEex-2) 3G+ D
so first find a common denominator. @+ DE-2) G+DE-2)
2. To do this, multiply both the numerator and denominator of ~ _ (&x—Dx—2) —3(x+1)
the left-hand side by (x — 2), and the right-hand side by (x + 1). (x+Dx—-2)
3. Subtract the fractions and expand the brackets. - 2% —5x4+2—-3x—-3
Simplify by collecting like terms. o+ D —2)
_ 281
x+DEx-2)

3 Express each of these as a single fraction, simplified as far as possible.

) FTtes b= o B
LB == A8y 9 515 n Egtea
O 5553 w 3-2 y Ep-234
Example 5
Express o g‘x ) + ; -_I- % as a single fraction.

x +x—1
X +3x+2 x+2

1. Factorise the terms in each denominator.
2. Here the denominators have a common factor, (x + 2).

3. The fractions need to be added, so their TR l;ﬁ['\. T2y : r é
denominators need to be the same.
Multiply both the numerator and the denominator = X L= Dt 1)
of the right-hand fraction by the same term, (x + 1). W+ DE+2) (20 x+1)
4. Add the fractions and simplify the Cx+E+x-x—1) _ xX4x-—1
numerator by collecting like terms. T+ DE+2) T x+D(x+2)

Exercise 3

1 Express each of the following expressions as a single fraction, simplified as far as possible.

-2 5 3 1 1 x—-2)
D ToyeTD T Eo D ey Txi2 VD GrHELD)

2 Express each of the following expressions as a single fraction, simplified as far as possible.

a) y4 10 b) x—3 2x

F13z242 z+1 Ftri—6 x—2

x—3 3 a+1l _ a+1
© P idx x+4d ) a’—2a—-3 a+4a+3
Express each of the following expressions as a single fraction, simplified as far as possible.

2+l 142 . dle2
N E 3 Fidii3 b Tt sy 16

3x x 2y —1 y—1
9 ¥—dxi3 1 _5x14 D yY-3y+2 Yy -5+6

Section 6 — Expressions -



Multiplying and Dividing Algebraic Fractions

Example 6
” o X—=2  2x+4
[,xpre&b "-—' oy + 8 i +2x—8

Factorisc cach term as far as possible.

as a single fraction.

x—2 .
X6+ 8 X+ 2xr—8

2. Cancel any factor which appears on

the top of either fraction and on the =7 2(x 427
bottom of either fraction. T A 2 1 4)
3. Multiply the terms. RS, P/ / ERONRE:

T ) (xrd) T (et A

Exercise 4
1 Express each of the following as a single fraction, simplified as far as possible.
x_3 . 5b 24st 6dxy’  3x°
a) y X xZ b) 4b2 3 c) 2 X 6t d) 9y X 16x2y
2 Express each of the following as a single fraction, simplified as far as possible.
| 3x 6a+b_ 3a 3z F+5_ 4fF
NV ¥ a3 12 A VIl I 9 sl L el g
3 Express each of the following as a single fraction, simplified as far as possible.
x*— 16 x+3 X+4x+3  x+4
%) 1ot 6 xt4 b) Y 16x 8 2x+6
¥ =3x-4_ xXt4x+4 2243210 2 +6z+5
S T raxr6 < 5.4 D rae3 X 2
Example 7 ) g .
Express 3x +g = j: :‘r 2+ 5 asa single fraction. x)zc j 97 jf :{x 3
1. This is a division, so turn the second fraction _3x+6 = X +4x+3
over and change the sign to a multiplication. x' =9 x+2
2. Factorise each term as far as possible. 327 (x + D) (x~437
— X
Cancel any factor which appears on both the (A3 (x — 3) (x—+42)

top and the bottom of either fraction. 3 Gt D) 3@+1)

~x-3) I~ "x-3

4 Express each of the following as a single fraction, simplified as far as possible.

4x . 2x 18a . a 3y xy ab’® . a
D 37 oy D) 6 * 208 9 4y T8 d)

5 Express each of the following as a single fraction, simplified as far as possible.

6t4- 38 9t

—2.y=2 by 26+1.cd o LX)V .y Q) 120 . 187

2) 3y+2 v 37 18 T3

25x> 5
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6 Express each of the following as a single fraction, simplified as far as possible.

a) X —4x+3 . xX—x—6
X+ +20 " X+ Tx+ 12

0 y-5y+6_  p-2

oyt =207 3y —12
X241 43

e) = + =

) r=5%+44 x—2x—8

6.6 Expressions Problems

Exercise 1

1

13

14

b)
d)
f)

xX—4x+4 . 2x-4

X +6x+5" 3x+15

¥ —4x+4 . xX4+3x 10
X+ Tx+10° xX*—x-6
£-9 . F£+6t+9

P4+3t+2 F4+8+7

Simplify each of the following expressions by collecting like terms.

a) 3x—2x+5x—x
d) 3x+2y—4x+ 5y
g) p-5+3ptdq+3qg-7

b) 8 +2y—5p+3y
e 6x+3y—2x—y
h) 3x2+5x—-7+2x2-3x+4

¢) Sa—3a+2a—10a
fy 8s+4+3t—-2s—5t+2
i) d2—x+6-3x2+4x+5

Expand and then collect like terms in each of the following expressions.

a) 5x—2)+3(x+1)
d) 5(p+2)-3(p—-4)
g) 33b-1)-52b-3)
A triangle has sides of lengths (x + 2) cm,
(Bx— 1) cm and (2x + 4) cm. Find a simplified
expression for the perimeter of the triangle.

A rectangle is (x + 5) cm long and (x — 2) cm wide.
Find expanded expressions for

a) the perimeter of the rectangle,

b) the area of the rectangle.

A square has sides (3x — 2) cm long.
Find expanded expressions for

a) the perimeter of the square,

b) the area of the square.

Zeke has 3 gems, each valued at £(2x + 3), and
Sharon has 4 gems, each valued at £(3x — 4). Write
an expression for the total value of the 7 gems.

I travel at 2x miles per hour for 3 hours, and then
at (x + 20) miles per hour for 2 hours. Write an
expression to describe the total distance I travel.

Write an expression for the total cost of 3 widgets,
each costing (x -- 2) pence, and 4 widgets,
each costing (2x + 3) pence.

Expand and simplify each of the following expressions.
b) (s +2)(s+5)
&) (x—Hx-5)

Expand and simplify each of the following expressions.

a) (x+ DEx+3)
d) 0+ -6)

a) Qx+3)(x—3)

¢) (@x+D)(x+3)

i) (Qx+1)

m) (& + Dx -2 +3)

b) Gx+ D)Q2x +5)

) -3 +1)

D B+5y

n) -5)y-3)»+2)

b) 6(c+3)+3(x—4) 0
& 2(2x+3)-3Qx+1) f)
h) x(x+3)+2(x-1) i)

9

10

11

12

0 (3t-2)Q2t+ 1)
g) (x+5)x-5)

K) (Gx-2)

0) —(t—8)(t— )+ 1)

4a+3)-2@+2)

5Qx—1)+43x~-2)

2xQ2x+3)+3(x—4)

A sports ground is a rectangle (2x + 3) m long and

(2x—5)m wide.

a) Write an expression for the length of a white
line painted around the edge of the ground.

b) Write an expression for the number of square

metres of turf that would be needed to re-lay
the whole ground.

Rufina makes 36 scones to sell. The ingredients
cost £x and she sells the scones for y pence each.
Write an expression to describe the profit, in
pence, that she makes.

A swimming pool is (2x — 3) m long, (x + 2) m
wide and 2 m deep.
Write an expression for
the volume of the pool
a) in cubic metres.

b) in litres.

x+2)m, ,Zx-3)m |
e ;

.
2m|
L3

A music stand is made of 3 strips of metal, each
(x +20) cm long, and 5 strips of metal, each

(2x — 5) cm long. Write an expression for the total
length of metal required to make the music stand.

¢) x—-3Hx+4)
)y ¢-6)¢+1)

d) 2a-5)3a-2)
h) 2z-3)2z+3)

) Gx+4y

P 3+ DE-3)z+2)
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Exercise 2

1

Factorise each of the following expressions as far as possible.

a) 4x—8 b) 6a+3 ¢) 5¢-10
d) 3x+6xy e) 6x—15p+12 f) 8a+12b-16
2 Factorise each of the following expressions as far as possible.
a) 15x — 1042 b) 8xy— 1247 ¢) 2 +4dxy
d) 6xy + 9xH? e) pg*—-piq f) a’b—2ab + ab?
g) 6¢*d —9cd? + 12¢° h) 16x% + 12x% — 8x)? i) jk -2k
3 Factorise each of the following expressions as far as possible.
a) Sx*y+ 25x%0 b) 4p°q> - 2p*g ¢) 6ab’-4ab*+ 8ab?
d) 9¢%d—9c°d? + 15¢° e) 14x3+ Txty — Tyt f) 8%k* - 65°k*
4 Factorise each quadratic.
a) a?+6a+8 b) x*+4x+3 ¢) z22-5z+6 d) x2+3x-18
e x*—8x+15 f) x2+9x+20 g) x2+2x—24 h) x>-3x-10
5 Factorise each quadratic.
a) £+5t—14 b) x*+x-20 ¢) a*—4a-5 d) m*+7Tm+ 10
e) x¥*+4x-21 f) x*-100 g) r»-3r—18 h) x2-12x+27
6 Factorise each quadratic.
a) 2x*+5x+2 b) 3m?—-8m+4 ¢) 3x*-5x-2 d) 4g* +4g+1
e) 6n*+13n+6 f) 16k*-9 g) 5x*+2x-3 h) 1022+ 11z-6
Exercise 3

1 Express each of the following as a single, simplified, algebraic fraction.

2

3

a a X X
L A ]

2x 2x y—1 y+1
d) 37 e) Sty

t—2 t+3 2 4
& 3 3 b 37—

Simplify the following expressions.

P 5P
8 fpchip
x+1  x—3
n ikl s=3
: 5 3
e any

z+2  z+1 3 2
M3t b) [ R -
4 3 X L x—2
O Fieti9 i3 ™ S T B o
3p _2p-—-4 -4 9

€ p-2 P’ J 3x—3 2x—4
Simplify the following expressions.
X¥=Tx+12 x+1 X+x—12  x +2x
2) X4+3x+2  x-3 b) X —4 3x+12
@ —Ta+10  a’+2a—3 8 . 6
d — =
9 Fr5at6 @ 3a-10 )x b
y-l.x+1 S +45+3 . s+1
S p-" B D 516 Ti+a
b’+5b+6.2b+6 h) X+ 8 +15. x*+4x+3

2 reb+5 36+3
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Section 7 — Powers and Roots

Squares and cubes are written using powers, e.g. 4 x4 =4 and 4 x 4 x 4 =4,

The square of any number is positive.
The cube of a positive number is always positive, but the cube of a negative number is always negative.

Example 1
Find:  a) 4 b) (-4) o) (4P
4=4x4=16 ~4)?=-4x-4=16 (4P =-4x-4x-4==64
Exercise 1
1 Find the square of each of the following numbers, without using a calculator.
a) 5 b) 7 c) 100 d) 20 e) —2
f) -5 g) 11 h) -30 i) 01 j) 0.5
2 Find the cube of each of the following numbers, without using a calculator.
a) 2 b) 5 ¢ -10 d) 6 e) -8
f) -1 g2) 9 h) 20 i) 300 j) —01
3 Without using a calculator, find:
a) 3 b) 3’ 0 (3 d) (3 e (-8
f) 122 g 5 h) —(10°) i (27 (G

Every positive number has two square roots, one positive and one negative.
The symbol ,/ is used for the positive square root.
Negative numbers don’t have square roots.

Every number has exactly one cube root. The symbol 3/_ is used for cube roots.

Example 2
a) Find both square roots of 16.
1. 4?= 16, so the positive square root is 4. J16 =4
2. There’s also the negative square root. —v16 =-4
b) Find the cube root of 64.
43 = 64, so the cube root is 4. V64 =4
Exercise 2
1 Without using a calculator, find:
a) V36 b) +10000 ¢ —+16 d) v81
e) V121 f) v/169 g) —v144 h) /400
i) The square roots of 49 j) The square roots of 9 000 000
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2 Without using a calculator, find:

a) V8 b) V27 ¢) %1000 d ¥V-1
e) V—125 f) ¥/512 g) The cube root of 216  h) The cube root of -8
Example 3
Calculate v10* — 6. -
The square root and cube root symbols act like brackets. V10" — 6° = /100 — 36
Evaluate the expression inside before you find the root. = V64
8

Exercise 3

1 Without using a calculator, find:

a) 2°+3% b) 5 -10? c) 4+7 d) (11 -6)

& V3 +7 N /314 g VI3¥-§ h) V5 +2

) v3¥+3 i) V4 x(10%) k) V(3 +5) D V3 x2'+12°
2 Use your calculator to find the following, giving your answers to 2 decimal places where appropriate.

a) 1.22 b) 3.42 ¢ 6.25 d) 4.58? e) 24.2°

f) /344 g) v39.4 h J3+7) i) /5547 p 34

k) 8.6 ) V144 m) /38.6 n) ¥38 143 0) (3.8+4.6)

7.2 Indices and Index Laws

Index notation (or ‘powers’) can be used to show repeated multiplication of a number or letter.
For example, 2 x 2 x 2 =2% This is read as “2 to the power 3”.

2 3 & index

Powers have an index and a base:

base =»

Example 1

a) Rewrite the following using index notation.
(1) 3x3x3x3x3
I3x3x3x3x3=35
(i)bxbxbxbxcxc
bxbxbxbxcxce=b*xc?
- bt
b) Rewrite 100 000 using powers of 10.
100000=10%x10x10x 10 x 10

= 10°
Exercise 1
1 Write the following using index notation.
a) 3x3x3x3x3x3x3 b) 2x2x2x2x%x2 €) TXTxTxTxTxTx1]
d) 9x9x9x9x9x9x9x9 e) 12x12x12x12 f) 17%x17x17
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2 Using index notation, simplify the following.
a) hxhxhxh b) txtxtxgxt C) SXSXgXgXgXgXys
d) axaxbxbxb e) kxkXkxkxkxfxfxf f) mxXxmxnXmxnxm

3 Rewrite the following as powers of 10.
a) 10x10x10 b) 10 million ¢) 10000 d) 100 thousand e) 100000 000

Exercise 2

1 Evaluate the following using a calculator.

a) 3* b) 28 c) 6 d) & e 44
fH 13 g) 3" h) 93 i) 3x28 j) 8x5*
k) 8+2° ) 150-3* m) 27+ 10° n) 3*x2° 0 7°+8
p) 87 +4¢ q) 10% x 10° r) 24x2? s) (92 +4)y t) 34-+5¢
Example 2
Simplify (%)2
With powers of fractions, the power is applied ( 2 )2 _22_ 4
to both the top and bottom of the fraction. 5 5 25
Exercise 3
1 Write the following as fractions without indices.
1 2 1 3 1 2 2 2 i 2
9 (2) b (2) 9 (3) 9 (3) 9 (1)
3y sy 4y N o6
D (3) ? (3) b (5) D (3) b (7)
Laws of Indices
Where a, m and n are any numbers or variables: ~ @™ X a"=a""*"
ar+aq"=q""
(am)n = gm*n
al=a
a'=1
Example 3
Simplify the following, leaving the answers in index form.
a) 3Px3
This is multiplication, so add the indices. 3¥x3=38+5=30
b) 108+ 10°
This one’s division, so subtract the indices. 108+ 10° = 105 = 10°
o @y
For one power raised to another power, multiply the indices. (272 =27-2=24
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Exercise 4

1 Without using a calculator, simplify the following. Leave your answers in index form.

a) 32 x 36 b) 107+ 10° O axal d) 47 x 4% e @)
f) 66 g) 7x 7 h) 8+ 8° ) @) » &

k) (117 D 2 %20 m) 7+ £ n 205 0 (g
p) e?x e’ q) (100 r) 1740+ 17% §) 34%° x 344 t) (147

2 For each of the following, find the number that should replace the square.

a) 37 x3¢=3" b) ¢*+q*=¢" ¢) 8%x g0=ge d) (60 =6"
Q) £ rt=e" f) (159" =15 g) (O%°=9" h) 7 x o=yt

P SEe3=5 j) 6 x6m=6" K) 107 107 = 10* ) 124+ 128=12°
m) (p')®=p® n) 136+ 13"=13 0) % x sM=g" p) (2% =2%

In Questions 3-4, simplify each expression without using a calculator. Leave your answers in index form.

3 a) 3¥x3Px3 b) 54x 5 x 58 ©) (p*Pxp’ d) (9*x 93y
e TPxT+7 f) 8x8 -8 g) (128 - 124)3 h) (q3)6 - q4
3'x 3° rxrt 8° x 8 6 x6°Y
4w 323 by LX 9 s @ (“5%)
s* x s 2°x 2 4* x 4° v Tx 7
e) SJ X sﬁ f) (23)2 g) 48 X 4 h} ?.‘ Y ?_1
o5 x 5 o 100+ 10° (&= £y (87) + 8"
2 X0 10 + 107 ) AL T O
1) 58 = 53 J) 104 e 104 k) tg - t4 J 8{- o SI!I
e a) Write: (i) 4 as apowerof2 (i) 4° as a power of 2 (iii) 2% x 4° as a power of 2
b) Write: (i) 9 x 3% as a power of 3 (ii) 5x25x125asapowerof 5  (iii) 16 x 2° as a power of 4
¢) Evaluate: (i) 22 x 4? (i) 1002 x 10° (iii) 3% x 2°

Negative Indices

Where a and m are any numbers or variables:

a"= l,,.
a
Exercise 5§
1  Write the following as fractions.
a) 47! b) 7 c) 272 d) 57 e) 2x37
2 Write the following in the form a™.
1 1 1 1 1
a) g b) ﬁ c) 32 d) 27 e) 5X72
3 Simplify the following.
1y 2\t 1\-2 §y\-3 7\ 2
» (3) b (5) 9 (3) 9 (3) 9 (1)
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Example 4

Simplify the following.
9 S
1. Rewrite % using negative indices. e % =yt+y3
2. Subtract the indices. ==y
b) 2 x (%)
1. Multiply the indices to simplify (z*)™ B(ENI=Bx D=7 x78
2. Now add the indices. =88 =20
3. Anything to the power 0 is 1. =1

4 Without using a calculator, simplify the following. Leave your answers in index form.

a) 54x 52 b) 870 x 8’ 0 g + g d) ()
e) (75! f) 26+ % 2) 179 x # h) % g 7
: (#)j D ROx kS k k) 47 +48x 4" 1) (ll;65>—3
12° 1 6 % 6" (372)3 W_—W
™ 127 ) 127 " 6' =<6 0) 3% x 378 P m?=m’
_.__?j_.—.q n74 X n M s .. 1
q) T Toe 73 r) (nY S) ( 10° = 10° > t) 13 ERl

5 a) Write the number 0.01 as:

(i) a fraction of the form % (i) a fraction of the form 1% (iii) a power of 10
b) Rewrite the following as powers of 10.
@i 0.1 (ii) 0.00000001 (iii) 0.0001 @iv) 1

Example 5
Evaluate 2¢ x 53. Give the answer as a fraction.
4
1. Turn the negative index into a fraction. 24 x 53 =2%x %= %
16

2. Evaluate the powers. =135

6 Evaluate the following without using a calculator. Write the answers as fractions.

a) 3 b) 32 0 3x57
027 o ()" <(l] 0 oo

2) (-9) x (-5) h) 85 x 8 x 3? i) 10+ 106 x 104
. 3\ L 1y
j) 4x3"x4+3 K) 62 x 105+ 100" ) (Z) B (E)
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Fractional Indices

Where a and m are any numbers or variables: ar="/a
Example 6
Find 275
1. Split up the index using (a”)" = a" *. 275 = 275%*
2. You could write (273)" or (272)3. = (27357
Pick the one that makes things easiest to work out. =(V27)
=3*=9
Exercise 6
1 Rewrlte the following expresswns in the form ”k/_ or ("a).
a) as b) as ¢) a3 d) as ¢) a
Evaluate the expressions given in Questions 2-3 without using a calculator.
2 a) 64 b) 1443 ) 64
d) 164 e) 1000000z f) 1000 000¢
3 a) 1255 b) 9 ¢ 400>
d) 10003 e 32 f) 80003
4 Evaluate the following using a calculator. Give your answers to 2 decimal places where approprlate
a) 7 b) 4243 ¢ 0.022 d) 115 e) 2003
f) (—12) g) 9125 h) 2.713 i —(3.33m) j) 043

Exercise 7 — Mixed Exercise

1 Simplify the following. Leave your answers in index form.

a) 7x7 b) d+df o @) d) 147 x 143
9 (r): ) 97 <43 g) 233+ 23’ h) (¢ c?)s
) gi+yg p o125+123 K) (99% s p Lxs
AN - 1 1 )
m) 21+ 2173 n) 2“><—><2“ 0) S'° p) tXtTEx Tt
V2 E

2 Simplify the following.

a) (27m): b (1) 9 (2
S4 36[1 4 2 — 2
¢ = H 55 g Vi x ()

3 Write the following as powers of 2.

a) 8 b) V2 ¢ 8/2 d
) ) ) ) /—
o Write the following expressions.
a) 3x%/3 asapower of 3 b) 1644 asapower of 4 ¢) Sasapowerof25
v/10
d) 2 asa power of 8 €) 1000 28 @ power of 10 f) J_ as a power of 3
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7.3 Standard Form

In standard form (or standard index form), numbers are written like this:

A can be any number between A X IOn «Z>ncanbe
1 and 10 (but not 10 itself) = any integer

Example 1
Write these numbers in standard form.
a) 360000 b) 0.000036
360 000 = 3.6 x 100 000 = 3.6 x 10° 0.000036 = 3.6 x 0.00001 = 3.6 x 10-°
Exercise 1
Write the following numbers in standard form.
1 a) 250 b) 1100 ¢) 330 d) 48 000 e) 5900000
f) 2750000 g) 8560 h) 7340 i) 808 080 j) 7450
k) 2700 I) 1400 140 m) 930 078 n) 54 000 000 000 o) 290 070
2 a) 0.0025 b) 0.0067 ¢) 0.0303 d) 0.00048 e) 0.000056
f) 0.375 g) 0.000078 h) 0.07070 i) 0.00000000021 j) 0.0005002
Example 2
Write the following standard form numbers as ordinary numbers.
a) 3.5x10°
3.5 x 10° = 3.5 x 1000 = 3500
b) 4.67 x 107

4.67 x 107 =4.67 = 10° = 4.67 +~ 100 000 = 0.0000467

Exercise 2

1 Write the following out as ordinary numbers.
a) 3 x10° b) 4 x 102 ¢) 9.4 x 104 d) 8.8 x10° e) 4.09 x10°
f) 1.989 x 108 g) 6.69 x 10/ h) 7.20 x 10° i) 3.56x10° ) 423 x107?
k) 9.45 x 104 I) 8.88x 107 m) 1.9 x 108 n) 6.69 x 10 0) 7.05x10-¢

Multiplying and Dividing in Standard Form

Example 3
Calculate (2.4 x 107) x (5.2 x 10%). Give your answer in standard form.
. Rearrange to put the index and non-index parts together. 24 x52x10"x 10°
2. Multiply the non-index parts and add the indices. =12.48 x 1073
This isn’t in standard form — 12.48 isn’t between 1 and 10. =12.48 x 10
Convert 12.48 to standard form. = 1.248 x 10 x 10
4. Add the indices again to get the answer in standard form. = 1.248 x 10!
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Exercise 3

1 Convert the following numbers to standard form.
a) 0.034 x 10* b) 0.00567 x 10°
e) 9532 x10? f) 0.034x10*
i)y 907 x 103 j) 263x10°¢

Calculate the following. Give your answers in standard form.

a) (3.4 x107) x (4.5 x 10 b) (4.6 x 10°) x (5.5 x 107%)
d) (3.4 x 104 x (2.8 x 10%) e) (34x107%)x (87 x10%
g) (72x10% x (1.5 % 107) h) (3.6 x 10°) x (1.2 x 10%)

¢ 0.0505 x 103
g) 0.0505 x 103
k) 845000 x 103

d) 907 x 10°
h) 567 x 10°5
1) 0.00613 x 10

©) (6% 105 x (2.37 x 10%)
£) (1.2 x 10% x (5.3 x 109)
i) (3.3x107) x (6.6 x 10°)

Example 4
Calculate (9.6 x 107) + (1.2 x 10%). Give your answer in standard form.
. ; 9.6 x 10’
. Rewrite as a fraction. 12 % 10°
i i - 96, 10°
2. Separate the index and non-index parts. 12 X107
3. Simplify the two fractions. =8 x 1074
=8 x10°

3 Calculate the following. Give your answers in standard form.
a) (3.6 x 107) + (1.2 x 10%) b) (8.4 x 10%) + (7 x 10%)
d) 4.8x10°)+(1.2x107?) e) (8.1x10")+(09x10?

Adding and Subtracting in Standard Form

¢ (1.8 x 1074 + (1.2 x 10%)
f) (13.2 x 10%) + (1.2 x 10%)

To add or subtract numbers in standard form, the powers of 10 have to be the same.

Example 5

Calculate (3.7 x 10%) + (2.2 x 10°)

1. The powers of 10 don’t match.
Change 2.2 x 10° so that both numbers are multiplied by 10%.

2. Add the non-index parts.

Exercise 4

Calculate the following, giving your answers in standard form.

1 a) 5.0x10°)+(3.0x10% b) (6.4 x 10%) + (8.0 x 10")
d) (9.9 x 10%) + (5.5 x 10%) e) (62x10H)+@9x10"
g) (37 x 107+ (1.1 x 10% h) (6.5 x 10°) + (9.4 x 10%)

b) (7.2 x 1073 — (1.5 x 107%)

e) (2.8 x 104 —(1.2 x 10%

h) (28.4 % 107")— (9.3 x 107?)

a) (5.2 109 — (3.3 x 10%
d) (6.5 % 10?) — (3.3 x 10
g) (8.4 x 10%— (8.3 x 10?)
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©)
f)

)

(3.7 x 10% + (2.2 x 10%)
(3.7 x 10%) + (0.22 x 10
(3.7 +0.22) x 10*

= 3.92 x 10*

(1.8 x 105 + (3.2 x 10%)
6.9 x 104+ (3.8 x 10-)
(5.5 x 107) + (5.5 x 10%)

(3.6 x 107) — (9.4 x 10°)
(8.4 % 100 — (6.3 x 10°)
(1.7 % 10%) — (9.2 % 10?)



Exercise 5 — Mixed Exercise
Give all your answers in this exercise in standard form.

1 Albert measured the length of his favourite hair each day for three days. On the first day
it grew 3.92 x 10~* m, on the second day it grew 3.77 x 10~* m, and on the third day it grew
4,09 x 10~* m. By how much in metres did the hair grow in total over the three days?

2 The Hollywood film ‘The Return of Dr Arzt’ cost $3.45 x 10® to make. It made a )
total of $8.9 x 107 at the box office. What was the loss made by the film? 1 V= r_-_-:\
3 A scientist has a sample of bacteria containing 6.25 x 10'? cells. If the average b+ h ;‘1 '
mass of each cell is 2.4 x 10713 g, what is the total mass of the sample in grams? N . %

4 A country has a population of 8.32 x 107 people. There are 5.2 x 10* branches of the
supermarket Spendalot in the country. How many people are there per Spendalot store?

5 To 3 significant figures, the mass of the Earth is 5.97 x 10?* kg, and the mass of the Sun is 3.33 x 10°
times the mass of the Earth. What is the mass of the Sun in kg? Give your answer to 3 s.f.

6 The regular ant is a rare and possibly fictional species of ant. Every adult regular ant measures
exactly 6.5 x 10~ m in length. How many adult regular ants would fit on a line 325 m long?

0 Earth is approximately 4.54 x 10° years old. Humans are thought to have evolved around 2.5 x 10° years ago.
For what percentage of the age of the Earth have humans been present? Give your answer to 3 s.f.

7.4 Surds

A surd is a root that you can’t write out exactly as a fraction or decimal. E.g. v2 = 1.4142135...
If a question involving surds asks for an exact answer, you have to leave the surds in.

Multiplying and Dividing Surds

Where a and b are any numbers: T T

Ja_+/3=%=\/%

These two rules are used to simplify expressions containing surds.
The aim is to make the number under the root as small as possible, or get rid of the root completely.

Example 1

Simplify v72.

1. Break 72 down into factors — one of them needs to be a square number. J12 =/8x9

2. Write as two roots multiplied together. =/8 x /9

3. Evaluate /9. =/8 x3

4. /8 can be broken down further. =2 x /4 x 3
=42 x2x3
=642
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Exercise 1

1 Simplify:
a) V12 b) /20 o V24 d) /50 e 27
f) V32 g V108 h) /300 i) /98 H V192
Example 2
Find v/5 x /15. Simplify your answer.
1. Usevaxvb=yvaxbh. V5 x /15 =/5x15 = /75
2. Now find factors of 75 so you can simplify. =y25x3=4/25x/3

2 Rewrite the following in the form a+/b, where @ and b are integers. Simplify your answers where possible.
a) V2 x /24 b) V3 x V12 o V3 xy24 d) v2 x /10 e V3 x /15
f) V40 x /2 g) V3 x /60 h) V7 x /35 i) V350 x /10 D V8 x /24

Example 3
Find v40 + /10.
1. Rewrite as a single root. V40 + /10 = /40 + 10
2. Do the division. =4
=2
Exercise 2
1 Calculate the exact values of the following. Simplify your answers where possible.
a) v90 + /10 b) V72 +42 ¢ 200 = /8 d) /243 + /3
e v294 + /6 f) /80 + y/10 g) /120 + /10 h) /180 = /3
i) /180 + /9 i V9 = /6 K) 3850 + /22 ) 2520 + /35
Example 4
- 1
Simplify /; . b
. T4 _1
Rewrite as two roots, then evaluate +/1 and V4. \/g ~rT2

2 Simplify the following as far as possible.

] 3 3l 9 100
? \/g b) 75 9 36 d) \/m 9 \6a

18 2 108 . 2
D V200 8 /35 b 147 i) x/isTl D x/m
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Adding and Subtracting Surds

You can simplify expressions containing surds by collecting like terms.
You might have to simplify individual terms first to make the surd parts match.

Example 5

Simplify V12 + 2/27.

1. Break 12 and 27 down into factors. J2+2/27=/4x3+2/9%3
=V/E x /3 +2x/9x/3
=2/3+2x%x3x43
=2/3+6/3

2. The surds are the same, so add the non-surd parts. =8/3

Exercise 3
1 Simplify the following as far as possible.
a) 2V/3 +3/3 b) 7V7 - 3/7 ¢ 7/5-3/5
d) 2/3 +3/7 e 2v/7 -3/7 f) 232 +3/2
g) 2v/27 343 h) 324 -3/6 i) 5/7 +34/28
j) 2125 -34/80 k) 108 + 24300 ) 54294 —3/216

Multiplying Brackets Using Surds

Multiply out brackets with surds in them in the same way as you multiply out brackets with variables.
Once the brackets are expanded, simplify the surds if possible.

Example 6
Expand and simplify (1 + v/3)(2 — v/8).
1. Expand the brackets first. (I +v/3)2—V8)
N—
—(1x2)+ (I x &)+ (V3 x2)+ (V3 x —/8)
=2-V8 +2J/3 -/24
2. Simplify the surds. =2-/AXx2+2/3-/4x6

=2-2/2+2/3-2/6

Exercise 4

1 Simplify the following as far as possible.
a) (1+v2)2-v2) b) 2+ V3)1+V2) 9 BG-vTB-V7)
d)y 5+V3)3-v3) e @-Vv)(5-v2) f) (1+V5)7+2)
g) 3-3v2)3v2) h) @G+2/35)2+ V2) i) 2-3V/3)5-3v2)
D T+2V2)7-242) k) 2+ /6)4-V3) ) (1-2/10)6- v15)
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Rationalising the Denominator

‘Rationalising a denominator’ means ‘getting rid of surds from the bottom of a fraction’.
For the simplest type, you do this by multiplying the top and bottom of the fraction by a surd.

Example 7
5 . . 5
Rationalise the d ator of ——.
alionalise the denominator of - Vi b
. V15 e ) 5 515
Multiply by i to eliminate v15 from the denominator. 35 2% A5 X /i3
_3/5 _ 5415 _ /15
S 2x157 30 6
Exercise 5
1 Rationalise the denominators of the following fractions. Simplify your answers as far as possible.
6 8 5 1 1
6 b -S> I d — L
5 8 7 . 5 o~ 11
f)y = - h) — —o= AL
) 73 2 75 ) 73 i) 7 e
15 9 7 12 8
k) —= ) —= —+ = =
) 75 ) 7 i) 73 n) /6 0) /3

2 Rationalise the denominators of the following fractions. Simplify your answers as far as possible.

1 1 | 3 3
1 b) —— S d) —=— _d
V575 ) 33 )37 ) 48 ) 25
2 5 1 . 10 5
f) —2_ B h) —— 10 S5
) 773 ® 3z ) /2 ) 75 UV
If the denominator is the sum or difference of an integer and a surd (e.g. 1 + v2),
use the difference of two squares to eliminate the surd: (¢ + b)(a —b) =a> — b?
Example 8
- : 2+2/2
Rationalise the d tor of =—=%X=,
ationalise the denominator o =
Multiply top and bottom by (1 + +/2) 24242 (2+2/2)(1 +42)
to get rid of the surd in the denominator. 1-v2 (1 -v2)1 +2)
_2+2/2 +2/2 +4
1+v2-/2-2
= % =—6—-4/2

o Rationalise the denominators of the following fractions. Simplify your answcrs as far as possible.

1 5 3 2 10
b d

Yoz ) T ) i1 )33 ) ST

4 2 9 . V2 ; i
fij o= —r hy —2 i S
) A4 ® 17275 ) B ) 23/ ) 555

Rationalise the denominators of the following fractions. Simplify your answers as far as possible.
1++/2 2+4/3 1-/5 3+/5 4425
Ltvs b 1o vD d GV 2LYD
VI-/2 ) -/ K s ) -
f) 1+2/2 2) 2+3/3 by 1+2V5 i) 1+742 p 1+8/2
1-2/2 5+/3 6+3/3 5-3/8 9+5v2
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Section 8 — Formulas

8.1 Writing Formulas

A formula is a set of instructions for working something out.
E.g. s =4t+ 3 is a formula for s — it tells you how to find s, given the value of ¢.

Example 1
The cost (C) of hiring a bike is £5 per hour plus a fixed cost of £25.

Write a formula for the cost of hiring a bike for 4 hours.

1. Multiply the number of hours (k) by the cost per hour. Cost (in £) for 4 hours = 5h
2. Add on the fixed cost. So C=5h+25

Exercise 1

1 Claudia owns ffilms. Barry owns twice as many films as Claudia.
a) How many films does Barry own?
b) How many films do Claudia and Barry own in total?
¢) How many films would they own in total if they each gave away 3 of their films?

2 Thave b flower bulbs. To find the number of flowers that should grow from them (F'), multiply the
number of bulbs by 3 and then add 5. Write a formula for the number of flowers I can expect.

3 Charlotte has ¢ marbles. Lee has 25 fewer marbles than Charlotte.
Write a formula for /, the number of marbles that Lee has.

4 Alfhas £18 in the bank. He gets a job, and for each hour he works, he is paid £8. Assuming he spends
nothing, write a formula for the amount of money (M) Alf will have after he has worked for 4 hours.

5 The instructions for cooking a goose are to cook for 50 minutes per kg, plus 25 minutes.
Write a formula to find the time taken () to cook a goose weighing » kg.

6 Write a formula for the cost (C) of having ¢ trees cut down if it costs p pounds per tree
plus a fixed amount of £25.

7 The cost of hiring crazy golf equipment is a fixed price of £3 plus 8p for every minute of use.
Write a formula for the cost (C) of hiring the equipment for g minutes of crazy golf.

8 To convert speeds from km/h to mph, divide
the speed in km/h by 8, then multiply by 5.
a) Write a formula to convert km/h (k) to mph (m).
b) Write a formula to convert mph (#) to km/h (k).

9 To convert temperatures from degrees Fahrenheit to
degrees Celsius, subtract 32, then divide by 1.8.

o

a) Write a formula to convert degrees Fahrenheit (f) to degrééé:tft;jsius ().
b) Write a formula to convert degrees Celsius (c) to degrees Fahrenheit (f).
A sequence of shapes is made out of matchsticks.

The first shape in the sequence is made from 4 matchsticks.

FEach subsequent shape in the sequence is made by adding 3 matchsticks to the previous shape.
Write a formula for the number of matchsticks (M) needed to make the nth shape in the sequence.
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8.2 Substituting into a Formula

Example 1

Use the formula v=u +atto findvifu=2.6,a=-18.3 and t =4.9.

Replace each letter with its value.

Exercise 1
1 Ifx=4andy=3, find z when:
a) z=x+2 b) z=y-1
€ z=2x f) z=3y
2 Ifm=35andnr=2, find / when:
a) /=mn b) = m?
e) [=m(m—n) ) I=n*+n
3 Ifa=-4and b=-3, find ¢ when:
a) c=a—4 b) c=b+a
—p __4
e) c=b f) ¢ a
4 Ifp=-4.8 and g =3.2, find r when:
a) r=p+6.7 b) r=q—p
2.1q
= (—gP ==
& r=(q ) r=3s,
5 Ifr=%ands=—%,findqwhen:
a) qg=4r b) g=-2s
e) g=r+s f) g=r—s

v=u-+at
=2.6+(-18.3 x4.9)
=2.6 4+ (-89.67)
=-87.07
¢) z=x+y d) z=y-x
g) z=3y-2 h) z=6x-y
O I=m—n? aQ 1=2m
g 1= h) [ =mn?
¢) c=4b d) c=6b-a
g) c=5a-b? h) ¢=6a?-2ab +2h?
¢) r=-4q d) r=849-p
g) r=-32p+ 4 h) r=4.1p* - 2.8pq
s
€) g=rs dg=+
g) g=4dr+s h) g=3s+2r

In Questions 6-8 give all rounded answers to 2 decimal places.

6

7

Use the formula v =u + at to find v if:
a) u=3,a=7andt=5

¢) u=23,a=41andt=34

e) u=3,a=-10and =56

Use the formula s = ut + %at2 to find s if:
a) u=T7,a=2andt=4

¢) u=36,a=53and¢=14.2

e) u=—11,a=-981 and¢t=12.2

Ifx=12,y=2.5 and z =—-0.25, find w if:

Q) w=x+2y—4z b) w=2x>-y+z
€) w=-2x3+yz f) w=t}—z—x
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b) u=12,a=17and =15
d) u=5.25a=981 and =439
f) u=-34,a=-137andt=63.25

b) u=24,a=11andt=13
d) ©u=98,a=482and =154
f) u=66.6,a=-1.64andt=14.2

O w=3x+y —(Q2F  d) w=05xyz

2
12, Xy -8
g w=—"17+7 h) n-n-——i—;_, —



Exercise 2

d
t’

1 The formula for working out the velocity (v, in metres per second) of a moving object is v =
where d is the distance travelled (in metres) and ¢ is the time taken (in seconds).
Find the velocity (in metres per second) of each of the following.

a) a runner who travels 800 metres in 110 seconds

b) a cheetah that travels 400 metres in 14 seconds

¢) a car that travels 1000 metres in 60 seconds

d) aplane that travels 640 000 metres in 3600 seconds

e) a satellite that travels 40000000 metres in 5000 seconds

2 Use the formula ¢ = %( f—32) to convert the following temperatures in

degrees Fahrenheit (f) to degrees Celsius (c).
a) 212°F b) 68 °F ¢) —40°F d) 98.6 °F

3 You can convert between two quantities, x and y, using the formula y = 2x* - 8.
Use the formula to convert the following values of x into y-values.
a) x=3 b) x=5 ¢) x=9 d) x=10

4 The sum (S) of the numbers 1 +2 + 3 + ... + n is given by the formula § = %n(n +1).
Work out the sum for each of the following.
a) 1+2+3+..+10 b) 1+2+3+..+100 ¢ 1+2+3+..+1000

5 The number of seconds taken for a pendulum to swing forwards and then backwards once (T) is given by the

formula 7" = 2w % , where [ is the length of the pendulum in metres.
Calculate how long it will take a pendulum to swing backwards and forwards once if:
a) /=1 metre b) [/=0.5 metres ¢) [=0.25 metres d) /=16 metres

6 Find the volumes (¥) of the cylinders below, using the formula on the left.

a) T — <Joms D) e 1lcm—>
5cm
8cm ﬁ
l- *
7  Find the volumes (V) of the cones below, using the formula on the left.

| A

6 cm

-«

b)

-« —>
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8.3 Rearranging Formulas

Making a particular letter the subject of a formula means rearranging the formula so that letter is on its own.

Example 1

Make x the subject of the formula y = 4 + bx.

1. You need to get x on its own. y=4+bx
2. Subtract 4 from both sides. y—-4=bx
3. Divide both sides by & and write x on the left-hand side. x=2= 4

Example 2

Make y the subject of the formula w = l;—

1. You need to get y on its own. W= —s=
2. Multiply both sides by 2. = |~_ p
3. Add y to both sides (so it’s positive). g i T‘I
4. Subtract 2w from both sides. il
y=1-2w
Exercise 1
1 Make x the subject of each of the following formulas.
a) y=x+2 b) b=x-5 ¢) 2z=3r+x
d) y=4x e) c=2x+1 f) k=2(1+2x)
g) v="2x-2 by = L45x ) y+1=2r]
2 Make x the subject of each of the following formulas.
a) z=1-x b) p=2-Tx ¢) 3Ir=18-42x
d) u+2=3—2x e r=1-14 f) wv=3@2-3x
4 1 32
— = N e
g y=>3% hy w= "% i) :—,4__(‘-7 X)
1
3 Consider the formula w = T p-
a) Multiply both sides of the formula by 1 + y.
b) Hence make y the subject of the formula.
4 Make y the subject of the following formulas.
_1 -3 -1
a) a—y b) w 2 ¢) 2b T4y
-2 -2 = 1L,
d)z+2—1_y e) k 3y+l f c y+b
=_«h & -2 —10- 2
g) uv_1—2y h) a +5 ity i) z=10 £

5 Consider the formula 2k=12 - yw — 2.
a) Make v'w — 2 the subject of the formula.
b) By first squaring both sides of your answer to part (a), make w the subject of the formula,
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6 Make w the subject of the following formulas.

) a=vw b) x=1++w O y=vw-2_
d) y+2=a—+vw e f-3=2+/w ) a=y1—-2w
g) j=+3 + 4w h) 2—e=24/1-3w ) vatr2=ya—-w

Consider the formula ¢ = 1 — 3(z + 1)%.
a) Make (z + 1)? the subject of the formula.
b) By first square rooting both sides of your answer to part (a), make z the subject of the formula.

Make z the subject of the following formulas.

a) x=1+2 b) 2t=3-7? ¢) u={+2y7

d) xy=1-47 e) t+2=3(z-2) ) b=2+Q2z+3)

g) g=4—-(Q2z+3y h) k=1-6(1-2z)> i) r=4-2(5-3zy
Example 3
Make a the subject of the formula x(a + 1) = 3(1 - 2a). x(a+1)=3(1-2a)

1. Expand the brackets by multiplying. Ceipes sl

2. Rearrange the formula so all the a’s are on one side. ax+6a=3-x

3. Factorise the left hand side and rearrange to get a on its own. ax+6)=3-x
a=3—X%
x+6

Make a the subject of the following formulas.

a) x(atb)=a-1 b) a=1+ab ¢) x—ab=c—ad
d) 7(1-3a)=2@a-2) e) a—9=4(b-a)+2 f) a=23-2a)-3(1-a)
g) c=l+a h) 2e=2+3a i) y=_a
1—2a a a—b
8.4 Formulas Problems
Exercise 1

1 Melanie has half as many sweets as Jane.

a) If Jane has j sweets, write a formula to calculate the number of sweets () that Melanie has.

b) Find m when j=24.

2 To book a swimming pool for a party, there is a fixed charge of £30 plus a fee of £1.25

for each person who attends.
a) Write a formula to calculate the hire cost (C) for n people.
b) Calculate C when n = 32.

3 The number of matchsticks () needed to make 4 hexagons is given by the formula m = 5h + 1.

a) How many matchsticks are needed to make 6 hexagons?
b) Rearrange the formula to make # the subject.
¢) How many hexagons can you make with 36 matchsticks?

4 You are given the formula g = §h +17.

a) Rearrange the formula to make 4 the subject.

b) Find hif () g=66 (i) g=212 (i) g=—40 (iv) g=8l
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5 To hire skates at the park there is a fixed charge of £5, plus a charge of £1.70 for each half-hour.
a) Write a formula to calculate the cost (C) for 4 half-hour periods.
b) Calculate the cost of hiring skates for two and a half hours.
¢) Rearrange your formula to make / the subject.
d) Asher spends £15.20 on hiring skates. How long was he skating for?

6 The surface area () of the shapc on the right is '-_'r',i_\"' §
i . / oo
given approximately by the formula 4 = 21.542. e ;__;\ -
a) Rearrange the formula to make d the subject. | [d
b) Find dif 4 =55 cm?. Give your answer to 2 s.f, =

7 The time in minutes () taken to cook a joint of beef is given by 7'= 35w + 25,
where w is the weight of the joint in kg.

a) How long would it take to cook a 1.5 kg joint?

b) Make w the subject of the formula.

¢) What weight of beef needs to be cooked for 207 minutes?

d) What weight of beef needs to be cooked for 3 hours and 48 minutes?

8 The formula for calculating the cost in pounds (C) of a quarterly gas bill is C = 0.06n + 7.5,
where n is the number of units of gas used.

a) What is the fixed cost per quarter charged by the gas supplier?
b) What is the cost per unit?

¢) José uses 760 units of gas. How much will he have to pay?

d) Rearrange the formula to make » the subject.

e) Tracy’s gas bill is £40.50. How many units of gas did she use?

9  For each of the following formulas, (i) make x the subject, and (ii) find x when y=-1
3 I

a) —2+y:m b) y=m ¢) 2(1-x)=y(3+x)
d)yzflgi oY = _% f) 2y-1=3/2—x

10 Consider the formula s = (” _2|' v)t. Find the value of:
a) swhenu=23v=17andt=4.
b) twhens=33, u=1andv=2.
¢) uwhens=4.5t=6andv="7.
d) vwhens=0.5,r=0.25and u=3.

11 Consider the formula v? = 42 + 2as.
a) Find the values of vwhenu=2,a=1and s =4.
b) Find the value of @ when s =2, u=9 and v= 11,
¢) Find the values of u whena=3,s=4andv=7,

@ Consider the formula x = 1+2— '3);3
a) Find the value of x when y =1 and z = —1.

b) Find the value of z when y = 6 and x = 2.

= 2k+ 1)
@('nnsuler the formula x = {I——)j

a) Find the value of x when k=-17 and y = 5.

b) Find the values of y when k= -26 and x = -2,
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Section 9 — Equations

9.1 Solving Equations

Solving an equation means finding the value of an unknown letter that satisfies the equation.

Example 1
Solve the equation 15 -2x="7.

1. Add 2x to both sides — so the
coefficient of x is positive.

. Subtract 7 from both sides.
3. Divide both sides by 2.

Exercise 1
1 Solve each of the following equations.
a) x+9=12 b) x-73=16
e) 9x=54 f) 5x=50
o X o X
= =2 = =32
D 3 D5

Solve each of the following equations.

a) 8x+10=066 b) 10x+15=115
e) 1.5x—-3=-24 f) 18x-8=-62
i)y 12-4x=8 ) 47-9x=11
X X
=-1=2 Z+2==
m)2 n) 3 2=3
Example 2

Solve the equation 8(x + 2) = 36.

1. Expand the brackets by multiplying.
2. Subtract 16 from both sides.

3. Divide both sides by 8.
4

15-2x=17

15=7+2x

8=2x

x=4
0 15-x=14
g) 60x=-36
k) X =32
) 0.2

¢ 12x+9=105
g) 2.6x—7=-59

d) 12-x=9
h) 40x=-32

2x
) ==6
) 5

d) 15x+12=72
h) 4.8x—9=-57

k) 8—7x=22 1) 17— 10x =107
2% 3 _1 3 12
ey 2= TS S 2

0 -3 37y P) 57373

8(x +2) = 36
8x+ 16 =36
8x =20
x=2.5

You could also solve this equation by dividing both

sides by 8 first, then finding x as usual.

Solve each of the following equations.

a) 7(x+4)=63 b) 8(x+4)=88

e) 16(x — 3) =80 f) 13(x—4)=-91
i) 2.50+4)=30 i) Lsx+2)=12
m) 98 = 7(2 - x) n) 165=15(4—x)

0 x+3)=13
g) 14(x—2)=-98
K) 3.5(x+ 6) =63
0) 315=21(6 -

d) 14(x+5)=98
h) 18(x —3)=-180
) 45(+3)=72
p) 171 =458 -x)
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4 a) Multiply both sides of the equation P 1 7= 3by (x-2).
b) Hence solve the equation . 1 7= 3.
5 Solve each of the following equations.
1 2 _ 12 _ 3
a) £ =2 b) ==5 ©) P 4 d)1~2x 2
Example 3
Solve the equation 4(x + 2) = 2(x + 6). 4(x +2) = 20c + 6)
1. Multiply out the brackets. 4x+8=2x+12
2. Rearrange so that all the x terms are on one side. 4x—-2x=12-8
3. Findx. 2x=4
x=2
Exercise 2
1 Solve each of the following equations.
a) 6x—4=2x+16 b) 17x~2=7x+8 ¢) Ix-26=5x—14
d) 10x—-5=3x+9 e) 6x—12=151—-3x f) 5x—13=87-5x
g) 4x-3=05-3x h) 10x—-18 =114 —4x i) x+9=6-x
2 Solve each of the following equations.
a) 3x+2)=x+14 b) 5(x+3)=2x+57 ©) 6(x+2)=3x+48
d) 8x-8)=2(x-2) e) 20x—2)=5(x+1) f) 6(x-3)=3(x+8)
g) S(x-5)=2(x-14) h) 4(x~-3)=2(x-18) ) 6(xr—2)=3(x+6)
B 72x+ %) =14(3x—0.5) k) 6(x—1)=4(6.2 -2x) ) —4(x—-3)=28(0.7—x)
Example 4
Solve the equation Z— LA -
2 6
] . P _ xb—x
1. Cross-multiply. This is the same as T =i
multiplying both sides by 2 and by 6.
6(x—2)=2(6—x)
2. Solve for x. 6x—12=12 — 2
8y =24
x=3
Exercise 3
1 Solve the following equations.
X X X
[ Lerg = oo
4)41x b)38x c)5 2x
d) §=2(x—5) e) §=4(x—7) f) %=2(x+9)
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2 Solve the following equations.

x+4 x+10 x+2 x+4 x+3_x+9
L b =% 9 7y 7
x—2 x+4 x—3 x+2 x—6 x+3
) 5= =75 & T4 T3 h = 3
x—10 10 —x x—2 15—2x N x—4 _ 12-3x
® 5 T3 W =" D =5 2
Exercise 4 — Mixed Exercise
Solve each of the following equations.
1 a) 7x+1=50 b) 4x+ 68 =144 ¢) 8x—7=125 d) 35x—100=-415
2 a) 8x+3)=72 b) 11(x+4)=-132 ¢) 0.5Q2x—-9)=90 d) 6(5-x)=-42
3 a) 4xt+t5)=x-6 b) 3(x—3)=06x+45 ¢) 8x+t9H=x+1
d) 3(x-10)=7(x—4) e) 122 +x)=5(x+3) ) 9(x—2)=11(x+5)
x+1 x+5 x+3 x+2 x+12 x+6
48 5Ty D 5 =73 9 3 8
x—8 x+4 x—9 x+1 x—11 x+4+2
B 5= © g =73 h~—~ =77
9.2 Writing Equations
Example 1
The sum of three consecutive numbers is 63. What are the numbers?
1. Call the first number x, then the other
two numbers are (x + 1) and (x + 2). x+@E+1)+{x+2)=63
2. Form an equation in x. 3x+3=63
3. Solve the equation. 3x=60
x=20

So the numbers are 20, 21 and 22.

Exercise 1

1 1think of a number. I double it, and then add 3. The result equals 19.
a) Write the above description in the form of an equation.
b) Solve your equation to find the number I was thinking of.

2 Ithink of a number. I divide it by 3, and then subtract 11. The result equals —2.
What number was I thinking of?

3 The sum of four consecutive numbers is 42. What are the numbers?

4 The sum of three consecutive even numbers is 30. What are the numbers?

5 Anna, Bill and Christie are swapping football stickers. Bill has 3 more stickers than Anna.
Christie has twice as many stickers as Anna. The three of them have 83 stickers in total.
How many stickers does each person have?
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6 Deb, Eduardo and Fiz are raising money for charity. Eduardo has raised £6 more than Deb.
Fiz has raised three times as much as Eduardo. The three of them have raised £106.50 in total.
How much did each of them raise?

7  Stacey is three years older than Macy. Tracy is twice as old as Stacey.
The three of them have a combined age of 41. How old is each person?

Example 2 A
./'/ ()“m
Use the triangle to write an equation involving x. e
Solve your equation to find x. ’_J{_{ 2x
1. The angles in a triangle always add up to 180°. x +2x + 60° = 180°
2. Solve the equation. 3x +60°=180°
3x=120°

x=40°

Exercise 2

1 For each triangle below, (i) write an equation involving x, and (ii) solve your equation to find x.

K ¥ -3
110° &
/@ 4x N\ T 30x/r
2x +40°
e) f) xj\3_\‘ —5° S5x
M
= .
\\
5x — 10°—<
2 A triangle has angles of size x, 2x and (70° -- x). Find the value of x.
3 For each shape below, (i) find the value of x, and (ii) find the area of the shape.
a) 4x cm b) (x+ 10) cm
Perimeter
= 146 cm (x+8) cm Perimeter = 186 cm | (x + 3) cm

4 A rectangle has sides of length (4 — x) cm and (3x — 2) cm.
The perimeter of the rectangle is 8.8 cm. Find the rectangle’s area.

e The triangle and rectangle shown below have the same area. Find the perimeter of each shape.

wcm
3cm 5cm S
== e T

(x+5)cm

2(x+ D cm
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9.3 Iterative Methods

Iterative methods can be used to find approximate solutions to equations.
They involve repeating calculations until you get close enough to the exact solution.

Example 1

The equation x? + 2x = 17 has a solution between 3 and 4.
By considering values in this interval, find a solution to
this equation to 1 decimal place.

x | xX*+2x-17

30 |2 Negative
Rearrange the equation into x* +2x—17=0 31 | =119 Negative
2. Try (in order) the values of x between 3 and 4 32 |-036 Negative
. , ok il
with 1 d.p. until there’s a sign change. —— 33 | 049 Positive

x = 3.2 is negative and x = 3.3 is positive.

So x is between 3.2 and 3.3. 3.21 |-0.2759 | Negative

3.22 | -0.1916 Negative
3.23 |-0.1071 Negative

3. Try (in order) the values of x between 3.2 and 3.3

with 2 d.p. until there’s a sign change. ——— -

3.24 < x < 3.25 and all the values in this interval  a| 524 | ~0.0224 Negative

round to 3.2 to 1 d.p. so a solution is x=3.2 (to 1 d.p). |3.25 | 0.0625 Positive
Example 2

The equation x? + 4x — 6 = 0 has a solution between 1 and 2.
Use an iterative method to find the solution correct to 1 d.p.

A solution is in the interval 1 < x < 2.

2 + .
Narrow the interval by looking for a change in sign. gl | ey

Stop when both values round to the same number to 1 d.p. 1 -1 Negative
x =1 is too small and x = 2 is too big. 2 6 Positive
x=1.5is too big, so 1 <x <1.5. 1.5 [2.25 Positive
x=12 is too big, so 1 <x < 1.2. 12 lo24 Positive
x=1.11stoo small, so 1.1 <x<1.2. :
x= 115 is too small, so 1.15 <x < 1.2, L1 _1-039 Negative
So a solution is x =1.2 (to 1 d.p.). 115 [-0.0775 Negative

Exercise 1
Use iterative methods to solve all equations in this Exercise.

1 A solution to the equation x -+ x — 10 = 0 lics between 2 and 3.
a) Evaluate x> +x — 10 for x = 2.5.
b) Is the solution to x? + x — 10 = 0 greater than or less than 2.5?

¢) State whether the solution is greater than or less than the following.
@) 2.6 (i) 2.7 (iii) 2.8
d) Evaluate x? + x — 10 for values of x to find the solution to x* +x — 10 = 0 correct to 1 d.p.

2 A solution to x? + 2x = 30 lies between 4 and 5. Find the solution correct to 1 d.p.

3 The following equations have solutions between 5 and 6. Find the solutions correct to 1 d.p.
a) x*+5x=175 b) x*—3x=155

4 The solution to the equation 2* = 20 lies between 4 and 5. Find x, correct to 1 decimal place.

5 A solution to x? + x = 35 lies between 5.4 and 5.5. Find the solution correct to 2 d.p.
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6  Find the positive solutions to the following equations. Give your answers correct to 2 d.p.
a) X2 +x=23 b) x¥*+2x=17 ¢) X*+5x=62 d) x>+ 7x =100

7 The equation x> + x = 48 has a solution between 6 and 7.
Find this solution. Give your solution correct to 3 decimal places.

8 The equation x* + 4x = 21 has a solution between 2 and 3.
Find this solution. Give your solution correct to 3 decimal places.

9 The rectangle on the right has an area of 100 cm?.

. S -« (x+ _
a) Write down an equation in x. (x*7)om

b) Use an iterative method to find x,
correct to | decimal place. xcm

¢) Find the lengths of the sides of the rectangle,
correct to 1 decimal place.

@ A cannonball is fired upwards from the ground.
After x seconds, its height (%) in metres is given by the formula 4 = 100x — 5x2.
It travels upwards for 10 seconds until it reaches a height of 500 m, then falls back towards the ground.

a) How many seconds does it take the ball to reach a height of 200 m as it rises?
Give your answer correct to 1 decimal place.

b) After how many seconds does the ball first reach a height of 400 metres?
Give your answer correct to 1 decimal place.

©) As it falls back down to the ground, it passes a height of 200 metres for a second time.
Find the number of seconds after being fired that it passes this height.
Give your answer correct to 1 decimal place.

Recursive Iteration

Recursive iteration is when you put in a starting value, complete the calculation, then put the result back in
and repeat until you’ve got the answer you need. Each iteration gives you a more accurate answer.

Example 2

Use the iteration machine below to find a solution to the equation x* +2x - 7=0to 1 d.p.
Use the starting value x, = 2.

. 3. Ifx, =x , roundedto I d.p.
2. Find the value of x o
L . fisl then stop. If x # x _ rounded
1. Begin with x| > by using the formula |—» o i ’i(t u+tl and
%, =TT 0 .p.go ack to step 1 an
repeat using x__ ,.
L. Substitute x, into the equation to find x. x,=¥Y71-2(2) x, = 1.44224957...
2. Putx back into the equation to find X, x,= 37 —-2(1.44224957..)) x, = 1.602535155...
3. Repeat until two consecutive terms x,=%/7-2(1.602535155...) x, = 1.559796392...

round to the same number to 1 d.p.
x, and x, both round to 1.6 to 1 d.p. so a solution is x = 1.6.
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Exercise 2

1 Using the following iteration machine, find a solution to the equation 2x*+3x+1=0to | d.p.
Use the starting value x, = 1.

3. Ifx,=x,, roundedto 1 d.p.

2. Find the value of x
. then stop. If x # x , rounded

in wi — by using the formula |—»
1. Begin withx, v B jm to 1 d.p. go back to step 1 and
Y= T2 repeat using x, .

2 Use the iteration machine below to find a solution to the equation x*> +4x -2 =0to 2 d.p.
Use the starting value x = 0.

2. Tind the value of x 3. Ifx =x,  roundedto2 d.p.

: then stop. If x #x . rounded
I | by using the formula > w’ Tl
—p| =
. Begin withx, - v 42 to 2 d.p. go back to step 1 and
L 3x 44 repeat using x , .

2
3 Use the iteration formula x = 2x"4—+11 to find a solution to 2x* = 11 to 3 d.p. Use the starting value x, = 3.

"

4 The equation 2x* + 2x — 7 = 0 has one solution.
a) Show that 2x* +2x —7 =0 can be written as x = 3 /7—_72£ ;

b) Using the iteration x , = 3/ 7_sz' find the solution to 2x* + 2x— 7 =0to 3 d.p.
Use x, = 1 as the starting value.

9.4 Equations Problems

Exercise 1

1 Solve the following equations.

x+8 _ =5l _ x—25_ x+6_
a) F5—=4 by *2==5 9 *==2=3 d) =42
€) 9+ 5x=54 f) 12— 6x=84 g) 30+7x=9 h) 13 -3.5x =234
i) XT+3=—12 ) ";3;5 k) 24-8x=-16 ) 17-12x=149

2 Solve the following equations.

a) 72=4.58+2x) b) 7(x—3) = 3(x—6) &) 6(x—2)=4(x-23)
d) 12(x+3) = 6(x + 15) ) 108=6(2-x) f) 9x—144=42+15x
g) Sx-9=54—8x h) 12(x—3)=4(6+2x) i) 124x-3)=4@x+1)

3 Solve the following equations.

x—2_9—x x—5_12 -3 x—7_15—4x
3 S5 =73 b) =% 3 9 3 5
d) £=10-3x ¢) %":16+3x f) 25£=18—2x

4 1think of a number. I subtract 4, then divide by 5. The result equals 15,
a) Write this information in the form of an equation.
b) Solve the equation to find the number I was thinking of.
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5 Find the value of x in each of the following.

a) b) ©)
N . ' w
3+ 107 AR 159 5 cm Perimeter = 158 ¢cm
Ax+10° x+ 109 (x— 18° 3x +10° A\ <+«—(2x+4)ecm—

6 The area of this rectangle is 12 cm?.
Find the rectangle’s perimeter.

<«—((x+3)cm —p Iz !

2
<«—3(x-3)em ——»

7 The perimeter of this rectangle is 180 cm. A (lx 2 4> o=
Find the rectangle’s area to 1 d.p. v

8 Find the positive solutions to the following equations. Give your answers correct to 1 d.p.
a) x>’+3x=16 b) x?+4x =100 ¢) x>—6x=130
d) x*-3x=20 e) x*+ 10x=30 f) x*+2x°+5x=20

The triangle and rectangle shown have the same area.

The perimeter of the triangle is 12 cm., N
P = S Gx— Dem (y+3)em

e

a) Find the value of x, 2x cm
b) Hence find the area of the triangle.

¢) Use an iterative method to find the @+ 1D)cm
value of y, correct to 1 decimal place.

A ball is thrown upwards from the ground.

After x seconds, its height (%) in metres is given by the formula & = 55x — 5x.

It starts to fall back to the ground after 5 seconds.

a) After how many seconds does the ball first reach a height of 105 metres?
Give your answer correct to 2 decimal places.

b) Once it starts to fall, after how many seconds does the ball reach a height of
105 metres again? Give your answer correct to 2 decimal places.

Lol, Maddie and Norm took part in a javelin competition. Lol threw x m.

The distance that Maddie threw is the square of the distance that Lol threw.
Norm threw 30 m. The total distance of their three throws put together is 128 m.
a) Use the information given to write an equation in x.

b) Use an iterative method to find the distance that each person has thrown,
correct to the nearest cm.

@ Using an iterative method, find the value of x in each of the following.

Give your answers correct to 1 d.p.

b) 2x cm

Area=17cm’ |[(7+x)cm

T
i
f_)ua\?\
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9.5 Identities

An equation is a way of showing that two expressions are equal for some particular values of an unknown.
Identities are like equations, but are always true, for any value of the unknown.
Identities have the symbol ‘=’ instead of ‘=",

E.g. x — 1 =2 is an equation — it’s only true when x = 3.
x+1=1+xis an identity — it’s always true, whatever the value of x is.

Example 1
In which of the following equations could you replace the ‘=" sign with ‘="?
(i) 6+4x=x+3 (i) x(x—- 1) =—(x—x?)

1. You can rearrange equation (i) to give 3x = -3.
This has only one solution (x = —1), so it isn’t an identity.

2. If you expand the brackets in (ii) you get x> —x = —x + x°.
Both sides are the same, so (ii) is true for any value of x.

You can replace the ‘=" with ‘=" in equation (ii), but not in equation ().

Exercise 1
1 For each of the following, state whether or not you could you replace the box with the symbol ‘=",
a) 4x[]10 by x2+2x+1[]0
¢ ¥*-3[]3-x d 20+ D ]x—1
e 3x+2)—x[12(x+3) f) 32-3x)+2[ 18
g) ¥+ 2x+ 1@+ 1)y h) (x+22+1[Jx*+4x+5
i) 42-x[]2@-2x% j) A —x[]2(x*—2x)
Example 2

Find the value of k if (x + 2)(x - ) =2 —x + k
x+Fx-3N=x-x+k

1. Expand the brackets on the left hand side. X2+2x-3x-6=x*—-x+k
2. There’s an x* and a —x on both sides already. X-x-6=x*-x+k
To make both sides identical, k£ must be —6. k=-6

2 Find the value of a if:

a) 2x+5)=2x+1+a b) ax+3=5x+2-(x-1)

¢ x+a=12+3x d) 4 -2x) =2(a—4x)

e) x+Hx-)=x*+ax—-4 ) x+2=x+4x+a

g) 3(x2—2) = a(6x* - 12) h) 3(x —4) = 3x*—24a(x - 2)
) 4-x*=@+xa-x D Qx-DB-x)=ax*+Tx-3

3 Provethat (x + 52 +3(x—1P?=4x*+x+7)

4 Prove that 3(x + 2)> - (x — 4P =2(x* + 10x — 2)
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Section 10 — Direct and Inverse
Proportion

10.1 Direct Proportion

Two quantities are directly proportional if they are always in the same ratio.
This can be written as a proportionality statement:

eg. peocl whichisreadas pisproportionalto! or pvaries directlyas! or just  p varies as /
You can write this as an equation: p =4l where ks called the constant of proportionality.

The graph of a proportional relationship is a straight line through the origin,
The gradient of the graph is equal to the constant of proportionality.

Example 1
- . x 3 5 10 | 12

y is directly proportional to x.

Fill in the gaps in the table. 4 25 100

1. Write the proportionality statement and make it into an equation. yocx, sO y=kx

2. The table shows that when x = 10, y = 25. Use this to find k. 25=kx10
k=25+10=2.5
So y=2.5x

3. Use the equation to . 3 5 10 12 100+ 2.5 = 40

complete the table:
Yy | 25%x3=1758 |25%x5=125| 25 | 25%x12=30 100

Exercise 1

1 In each of the following tables, y is directly proportional to x.
Use this information to fill in the gaps in each table.

a) [ x [ 22 33 b) | x | 24 9l x| 7] 211w0]2an] |
y 2 | y 18 | 24 ¥y 15 36
D x4 o0 12 o x 8 [ x [27] 78 |
y | -14 21 y | 12] 9 y 104 | 272 | 980 |
Example 2

m is directly proportional to e. Given that m =72 when e =6,

a) find the constant of proportionality,
1. Write the proportionality statement and make it into an equation. m o< e, so m = ke

2. Use the given values to find £. T2=kx6,50k=T72+6
k=12
b) calculate the value of e when m = 37.
1. Put the value of & from part a) into the equation m = ke. m=12e
2. Substitute m = 37 into the equation and solve for e. 37=12¢

e=37+12=3.08 (to 2 d.p)
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2 jisdirectly proportional to o. When j =15, h = 5. What is the value of j when 4 = 40?7
3 rvaries directly as t. When r=9, r=6. What is the value of » when ¢ = 7.57
4 fis directly proportional to g. When /=27, g =378. What is the value of f when g = 203?
5 pis directly proportional to . When p =11, ¢ = 3. What is the value of ¢ when p = 82.5?
6 cis directly proportional to d. When ¢ =13, d =221.
a) What is the value of ¢ when d = 6467 b) What is the value of d when ¢ = 22.57
7 Given that b = 142 when s = 16 and that b is directly proportional to s, find the value of:
a) b whens =18, b) s when b =200.
8 a) Which of these graphs show y and x in direct proportion? Explain your answer.
p . ,
A B C
3 6 6
2 3 4
| 2 2
i 2 3 o il | 1 3 4 X /T 2 1 6 g X

b) For any graphs which do show direct proportion, what is the constant of proportionality?

Other Types of Direct Proportion

» Ifais directly proportional to the square of u then « o u?, so a = ku>.
+ Ifais directly proportional to the cube of u then a o< 1%, so a = ki’.
+ If i is directly proportional to the square root of g then h o< /g, s0 h=k/g.

Example 3
p is directly proportional to the square of d. Given that p = 125 when d =5,

a) find p whend =17,

1. Write the proportionality statement and make it into an equation. pe<d® so p=kd®
2. Use the given values to find &. 125 =k x 52 = 25k,
sok=125+25=5
3. Substitute k=5 into p = kd>. p=>5d*
4. Substitute in d =7 and solve for p. p=5%x7"=245
b) find d when p = 2500.
Substitute p = 2500 into the equation and solve for d. 2500 = 5d4*

2=2500 + 5 = 500
d = +/500 = £22.36 (to 2 d.p.)

Exercise 2

1 In each of the following cases, y is directly 2 Ineach of the following cases, p varies directly as
proportional to the square of x. the cube of g.
a) Ify =64 when x =2, find y when x = 5. a) When p =281, ¢g=3. Findp when g =>5.
b) If y =539 when x = 7, find x when y = 1331, b) When p = 1000, ¢ = 5. Find ¢ when p = 64.
¢) Ify =232 when x =3, find y when x=12.5. ¢) When p=-0.24, ¢ =—0.2. Find p when ¢ =—0.5.
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3 tis directly proportional to the square 5 yis directly proportional to the square root of x.

root of z and 7 = 35 when z = 100. Complete the table.
a) Find f when z = 625. x 1 9 16
b) Find z when = 6. y 84 560

4y s directly proportional to the cube of x. 6 yis directly proportional to the square of x.

Complete the table. Complete the table.
x | 218 f10 x| 2|3 4.5
y 256 950 | y 76.5 | 100

7 fvaries directly as the square of g. It is found that g = 100 when f= 200.
a) Find fwhen g=61.5. b) Given that g > 0, find the exact value of g when /= 14,

8 The time taken for a ball to drop from its maximum height is directly proportional to the square root of the
distance fallen. Given that a ball takes 3 seconds to drop 34.1 m, find the time taken for the ball to drop 15 m.

0 The volume of a sphere is directly proportional to the cube of its radius.
The volume of a sphere of radius 12 cm is 23041 cm?

a) Find the constant of proportionality in terms of 7.
Use this to write an equation for the volume of a sphere in terms of its radius.

b) Find the volume of a sphere of radius 21 c¢m, in terms of .
¢) Find the radius of a sphere of volume 1000 cm?, correct to 1 decimal place.

10.2 Inverse Proportion

If two quantities are inversely proportional, the product of the two quantities is constant.
Inverse proportion can be written as a proportionality statement:

e.g yec % which is read as either  y is inversely proportional tox or y varies inversely as x

As with direct proportion, you can rewrite this as an equation using a constant of proportionality: y= -I)%

Example 1
y is inversely proportional to x. x 1 5 10
Fill in the gaps in the table. y 20 | 100
1. Write the proportionality statement and make it into an equation. ye< %, so y= %
2. The table shows that when x = 10, y = 20. Use this to find £. 20= %
k=20x10=200
3. Use the equation to
complete the table: x 1 5 10 | 200+100=2
y |200+-1=200] 200+5=40 | 20 100
Exercise 1
1 In each of the following tables, y is inversely proportional to x.
Use this information to fill in the gaps in each table.
| x |12 b | x |11 |2 O9x|1|3]|6]|20 d| x 7
y | 15] 12 y 4] | y 15 270 y |252] 9
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Example 2
y is inversely proportional to x and x = 4 when y = 15.
a) Find y when x = 10.

1. Write the proportionality statement and make it into an equation. y e %, SO y= %

2. Use the given values to find £. 15=k+4,s0k=15%x4=60
3. Put k=60 into the equation. = §xg

4. Substitute x = 10 into the equation and solve for y. = % = % =6

b) Sketch the graph of the relationship. ¥

An inverse proportion relationship \
always gives a hyperbola.
The curve never touches or crosses T O :
the x- or y-axes — both axes are \

asymptotes to the curve.

Exercise 2
1 pis inversely proportional to g. When p =7, ¢ =4. What is the value of p when g = 567

2 m varies inversely as n. When m =6, n=6. What is the value of m when n =37
3 g varies inversely as /. When g =4, h=0.2. What is the value of g when h=15?
4 sis inversely proportional to . When s =5, 1=16. What is the value, to 3 s.f,, of t when s =487
5 e isinversely proportional to /. Whene =09, f=8. 6 Given that w is inversely proportional to z and
a) What is the value of ¢, to 3 s.f,, when f= 547 w=15 whenz =4,
b) What is the value of £; to 3 s.f., when e = 277 a) find z when w =25,
¢) Sketch the graph for this relationship. b) explain what happens to z when w is doubled,

¢) explain what happens to w when z is trebled.

Other Types of Inverse Proportion

If @ is inversely proportional to the square of u then a o< #, soa= LZ

u
k
w

If @ is inversely proportional to the cube of u then a < #, soa=
k

If & is inversely proportional to the square root of g then 4 o< %, so h=
g

Vra

Example 3

y is inversely proportional to the cube of x, and when x =4, y = 10.

Find the value of x when y = 50.

1. Write the proportionality statement and make it into an equation. y o %, soy= %

2. Use the given values to find £. 10=k~4=k+64
s0 k=10 x 64 = 640

3. Substitute k = 640 into y = % y= 6;‘—9

4. Substitute y = 50 into the equation and solve for x. 50 = 6;‘]

X’ =640+ 50=12.8
x=%128 =2.34 2 d.p)
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Exercise 3
1 Complete these tables.

a) yis inversely proportional to the square of x.

X 2 5 04

y 8 2

b) y is inversely proportional to the
square root of x and £ is positive.

100
1
¥y 6 8 3

X 9

©) yis inversely proportional to the cube of x.

0.4

X 2 8
y 4

10

2 misinversely proportional to the square root
of t and when ¢ =4, m = 4. The constant of
proportionality is a positive integer.

a) Write an equation for m in terms of ¢.
b) What is the value of # when m = 2.

3 hisinversely proportional to the cube of £
It is known that 4 = 12.5 when f=2.
Find the value of A when f= 5.

o The quantities u and v are related by the equation v =

4

5

:.ol?‘"‘

a is inversely proportional to the square of ¢ and
when ¢ = 6, a =3. Find the two possible values of
¢ when a = 12,

vl
1) Describe in words the proportion
relationship between y and x.
b) Ify =15 when x = 2, write an equation for y in
terms of x.
¢) Find y when x =2.5.
d) What value of x will make y equal to 100?

The air pressure from an electric pump is inversely
proportional to the square of the radius of the tube
to the pump. A tube with radius 10 mm creates

20 units of air pressure.

a) How much pressure will a tube of radius
15 mm create?

b) If an air-bed is to be pumped up using a
maximum of 30 units of air pressure, what
radius of tube should be used to achieve the
quickest fill?

b is inversely proportional to the square of c.
When ¢ =1, b = 64. Find values of b and ¢ such
that b = c.

a) Decide which of the following statements are true and which arc false:
(i) v multiplied by the square of u is equal to a constant.
(iv) If you double u, you divide v by 4.

(i) uis proportional to the square of v.
(iii) If you double v, you halve u.

b) If k=900 and u and v are both positive integers, find at least 3 sets of possible values for u and v.

10.3 Direct and Inverse Proportion Problems

Exercise 1

1 a) Copy and complete the table on the right if:
(i) yis directly proportional to x,
(ii) y is inversely proportional to x.

X

y

100

b) Explain in words the main difference between direct and indirect proportion.

2 pisinversely proportional to the cube of g and when g = 1.5, p = 10.

a) Findp wheng=2.1.

b) Find g when p = 15.

3 bvaries directly as the square root of d. Given that b= 5 when d = 2.2, find b when d = 0.5.

4 A person’s reach with an upstretched arm is roughly proportional to their height. On average, statistics show
that a person can reach 1.3 times their height. Write down both a proportionality statement and an equation
for this situation. Would you expect a person of height 1.75 m to be able to touch a ceiling 2.5 m high?

Show working to justify your answer.
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5 Match each of the following statements to one of the tables and one of the sketch graphs below.

Ay is directly proportional to x B yis directly proportional to the square of x
C yis directly proportional to the cube of x D y is directly proportional to the square root of x
Klx|1]3 L| x| 4]2 M| x| 2]5 N| x| 4]25
y 10 | 270 y 2 10 y | 20 | 125 y 4 10
Q ¥y R ’t S y T y

il ra

°x—6—4—2246

y 6

a) Copy and complete the table above if:
(i) y isinversely proportional to x
(i) y is inversely proportional to the square of x
(iii) y is inversely proportional to the cube of x
(iv) y is inversely proportional to the square root of x

b) Using your tables, sketch graphs of the 4 types of inverse proportionality.
Include asymptotes in your sketches where necessary.

o In the following situations, state what the constant of proportionality represents.
[Hint: set up the proportionality statement and the corresponding equation in each case.]

a) The time taken for a journey is inversely proportional to the speed travelled.
b) The amount of VAT paid on an item varies directly as the cost of the item.
¢) The length of a rectangle is indirectly proportional to its width.

d) The length of an original photograph is directly proportional to the length of an enlargement of the
photograph.

) The height of a cylinder is inversely proportional to the area of the base of the cylinder.

o Coulomb’s inverse square law states that the force of attraction or repulsion between two point charges is
directly proportional to the product of the sizes of the charges and inversely proportional to the square of the
distance between them.

This can be written as:

>

_ O X0
F=k=5

where O, and Q, represent the sizes of the point charges,
d is the distance between the point charges, and & is a constant.

If the force is found to be 10 units when the sizes of two point charges, Q, and Q,, are each equal to
10 units and the points are 3 metres apart, find the force when these same point charges are 8 metres apart.
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Section 11 — Quadratic Equations

11.1 Solving Quadratics by Factorising

If p x g = 0 then either p =0 or ¢ = 0. This can be used to solve quadratic equations by factorisation.
E.g. if you can factorise an equation to give (x — a)(x — b) = 0, then either x—a=0orx—b =0, s0x=a or x = b.

Example 1
Solve the equation x2 —3x +2 = 0.
1. Factorise the left-hand side. x-Dx-2)=0
2. Put each factor equal to zero. x—1=0 or x-2=0
3. Solve to find the two possible values for x. x=1 or x=2
Exercise 1
1 Find the possible values of x for each of the following.
a) x(x+8=0 b) x—5x-1)=0
¢ (x+2x+6)=0 d) x-Hx+7)=0
2 a) Factorise the following expressions.
(i) x* + 6x (i) x? +x-2 (iii) x> —x -2
(iv)x*+2x-24 V) x*+ 13x + 36
b) Use your answers to part (a) to solve the following equations.
@) x*+6x=0 @i x*+x-2=0 @iii) x> —x-2=0
(iv)x*+2x-24=0 WM+ 13x+36=0
3 Solve the following equations by factorising.
a) x>*-3x=0 b) x*+5x=0 ¢) ¥*-x=0
d) ¥*+12x=0 e x*+3x+2=0 f) ¥»-3x+2=0
g) x*+4x+4=0 h) x*—4x+4=0 i) x2+3x-4=0
i x*-3x-4=0 k) xXX+5x+4=0 ) ¥*-5x+4=0
m)x’—4x-5=0 n) x>’-5x+6=0 0 ¥*-Tx+6=0
p) ¥*-x—-12=0 qQ F*+8x+12=0 r) x*-2x-24=0
s) x*—15x+36=0 t) x*+16x-36=0
Example 2
Solve the equation 8x?+ 6x — 9 =0.
1. Factorise the left-hand side. 2x+3)4x-3)=0
2. Put each factor equal to zero. 2x+3=0 or 4x-3=90
3. Find the values of x which make each factor equal zero. 2x=-3 or 4x=3

x=-1.5 or x=0.75
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Exercise 2

1 Find the possible values of x for each of the following.
a) x(2x-3)=0 b) @x—-2)3x-1)=0
¢) Bx+H2x+5)=0 d) @x-7GEx+2)=0

2 a) Copy and complete the following factorisations.

(i) 2x*+Tx+5=(2x+5X ) (i) 3x2+5x+2=0C3x+ )x+ )
(iii) 4x> +4x—15=2x-3)( ) @iv) 4x*+1lx+6=0@Ax+ )x+ )
W) 6x2+7x—10=(x Y} 2 (vi) 12x2-21x-6=3( +1)( -2
b) Use your answers to part (a) to solve the following equations.
() 2+ Tx+5=0 (ii) 3x*+5x+2=0
(iii) 4x*+4x-15=0 (iv) 42+ 1lx+6=0
) 6x*+7x—-10=0 vi) 12x2-2Ilx-6=0
3 Solve the following equations by factorising.
a) 3x2+5x=0 b) 2x2+x-3=0 ¢) 3x¥+10x+7=0 d) 5x2+3x-2=0
e) 3xX2—-1lx+6=0 f) 6x*—1lx+3=0 g) 4+ 17x+4=0 h) 4x*—16x+15=0
i) 4x*+5x-21=0 j) 6x*+x-22=0 k) 10x*+23x+12=0 D) 12x*-x—-1=0
m) 12x*+4x-5=0 n) 9x2-18x+8=0 0 18x*+x—-4=0 p) 18x2—29x—14=0
Example 3
Solve the equation 12x* — 8x = 15.
1. Rearrange to get zero on one side. 12x*—8x—-15=0
2. Factorise the left-hand side of the equation. (2x-3)6x+5)=0
3. Put each factor equal to zero. 2x-3=0 or 6x+5=0
4. Solve for each x. 2x=3 or 6x=-5
=3 =_3
x=35 or x=-¢
Exercise 3
Rearrange the following equations, then solve them by factorising.
1 a) x¥*=x b) x2+2x=3 ¢) x2-3x=10 d) 10x-—x*=21
e) ¥*=6x—28 f) x2=4x+21 g) 8x—x*=12 h) 3x2=6x+9
i) ?+2lx=11-»* j) 4x?+4x=3 k) 6x2+x=1 ) 6x2=Tx-2
m) 3x?=2+x n) 4x2+1=4x 0) 6x*=11x+7 p) 9x?+25=30x
2 a) x(x-2)=8 b) x(x +2)=35 ¢ x(x—1)=172
d) x+3)x+9)+9=0 e) x—0)x-8+1=0 f) x+)Hx+1)=4x+7
g) Qx+ Dx—1)=-16x-8 h) (Bx +4)*=703x+4) D Bx—4Hx-2)-5=0
D BGx+2)@dx+1)-3=0 k) 2dx+Dx—-1)+3=0 D Gx-2)@Bx+1)= —%(21x + 6)
-0 . o= _ 5 — 28
3 a) x+tl== b) x-2 Y| ¢ x+2 T
- _10 - =4
d) 2x+1 yg e) 3x-1 %1 f) 6x-1 e
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11.2 Completing the Square

Completing the square of a quadratic expression x* + bx + ¢ means writing it in the form (x + p)* + ¢.

To complete the square of x? + bx + ¢:

) by
1. Write out the bracket (x + 7) .

2. Work out what to add or subtract to get the original expression.

Example 1
a) Write x? + 6x — 5 in completed square form.
1. b=6,so§=3. Expand (x + 32 (x+3)2=x+6x+9
2. To get ¢ =—5 instead of +9, subtract 14. *+box—-5=x>+6x+9-14
=(x+3)-14
b) Write x> + 7x + 1 in completed square form.
I b_1 s . . Ty A 49
. b=17s0 5 =5 Leaving this as a fraction, expand (x + 2) . (x + 2) X2+ Tx+ 7]
2. To get ¢ =+ instead of+%, subtract % X+ Tx+1=x2+"Tx+ 47? - %
= 7y 45
= (x + '"2) 4
Exercise 1
1 Find the value of ¢ in each of the following equations,
a) X2+2x+2=(x+1P+c b) x**+2x-9=@x+ 1)’ +c
) xX¥+4x+2=(x+27+c d) ¥*—4x+7=x-2)+c¢
e) X**—6x+11=x-3¢+c f) »—8x+3=(@x-472+c
g) X*+10x+64=(x+52+c h) ¥+ 12x-24=(x+6)P+¢
i) ¥*+16x+56=(x+8?%+c )y *+20x+500=(x+ 10> +¢
In Questions 2-3, write each expression in completed square form.
2 a) x¥*+2x+6 b) x>-2x+4 ¢) x2-2x-10
d) x>—4x+10 e) x2+4x+20 ) ¥*+6x+1
g) x2+8x+ 60 h) x?+ 8x + 81 i) x2+10x-2
j) x*—12x+ 100 k) x2+12x + 44 D) x2+ 14x
m) x2 — 14x + 96 n) x?—20x—200 0) x2+20x- 150
3 a) P*+3x+1 b) x> +3x—1 ¢) x*-3x+1
d) x> +5x+12 e) x2+5x+3 f) x2—5x+20
g) ¥*+7x+10 h) x2—7x—1 i) x-9x-10
i) x*+1lx+25 k) x*+19x+90 ) x2+13x+40
m) x> —13x—1 n) x2+15x - 125 0) x2—21x+110
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Solving Quadratics by Completing the Square

You can use completing the square to solve quadratics, including ones that can’t be factorised.

This method often gives an answer containing a surd.
Remember that if the question asks for an exact answer, that means you should leave it in surd form.

Example 2

Find the exact solutions to the equation x> — 4x + 1 = 0 by completing the square.

1. b=—4, s0%=—2. Expand (x — 2)2. (x—2P=x—4x+4

2. Complete the square. —dx+1=(x-27-3
Use the completed square to rewrite x2-4x+1=0
and solve the original equation. so(x—2y¥-3=0

(x-2=3

4, There’s a positive and negative square root. x-2=%/3

For the exact solutions, leave in surd form. x=2-v3 or x=2+/3
Exercise 2

1 Find the exact solutions of the following equations by completing the square.

a) ¥*+4x+4=0 b) x2—6x+9=0 ¢ x*-2x-4=0 d) ¥ +4x+3=0
e) X*+6x-4=0 f) *+8x+4=0 g) ¥*+8x+5=0 h) x»-x-1=0
i) x**-5x+4=0 j) ¥*-Tx+9=0 k) x**+9x+8=0 ) - 1lx+25=0

2 Solve the following equations by completing the square. Give your answers to 2 decimal places.

a) X*+6x+4=0 b) x2-7x+8=0 ¢) *-2x-5=0 d) ¥+4x+1=0

e) x*+6x—3=0 f) ¥*+8x+8=0 g) ¥2—6x+2=0 h) x*-x—-10=0

i) x*-5x+3=0 j) x**-Tx+2=0 k) x*+9x+10=0 D - 1x+20=0
Example 3

Solve the equation 2x? — 8x + 3 = 0 by completing the square.
Give your answers to 2 decimal places.

1. Divide by 2 so that the coefficient of ¥ is 1. x2—4x+ % =
2. b=-4,50 g = 2. Expand (x— 2)". (x—2P=x2—4x+4
3. Complete the square. X2 —4x+ % =(x-2y7- %
4. Use the completed square to rewrite 2 dx+ 3= 0,50 (x—2)*— 5= 0
and solve the original equation. 2
@-2¢=3

x—2=i€

= S - bl
x—2—\/; or x=2+ >

x=042 or x=3.58 (to2d.p)
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3 Find the exact solutions of the following equations by completing the square.
a) 3x2+2x-2=0 b) 5x?+2x=10 © 4?—6x-1=0
e) 2x2-16x-7=0 f) 4=4x2+3x g) 3x2=10-5x

4 Solve the following equations by completing the square. Give your answers to 2 decimal places.
a) 2x?+2x-3=0 b) 3x2+2x-7=0 ¢) 4+ 8x=11
e) 2x*—16x—19=10 f) 6x’=1-3x g Sx*+10x 11—-0

11.3 The Quadratic Formula

The general form of a quadratic equation is: ax:+bx+c=0

_—b+ Vb — dac
s 2a

The formula for solving this equation is:

X

Example 1

Solve the equation x? — 5x + 3 = 0, giving your answers to 2 decimal places.

1. Write down a, b and c. a=1,b=-5c=3

2. Substitute these values into the formula. 5+ /(-5 —4x1x3

2 x1

5442512

5

X

I+
Ao

2

_5-3.606

543.606
5 or x==IT=22

2
x=070 or x=4.30 (to2 dp)

X

Exercise 1

1 Use the quadratic formula to solve the following equations. Give your answers to 2 decimal places.
a ¥*+3x+1=0 b) ¥*+2x 2=0 ¢ x¥-3x-3-0
e) Sx+x?-4=0 f) ¥-8x+11=0 g) ¥-6-Tx=0
) ¥*»+4x-1=0 ) ¥*+5x-9=0 k) 10+x2+8x=0

2 Find the exact solutions to the following equations.
a) x*-3x+1=0 b) x2-2x-12=0
e) X*+5x-1=0 f) x»-8-5=0
) x+x2-6=0 ) ¥*-5%-3=0

¢) ¥*-3x-8=0
g 2-Tx+x*=0
K) 8x+13+x2=0

d) 2x?=12x-5
h) 10x*+7x-1=0

d) 15=12x-2x2
h) 3x* +9x—-7-0

d) ¥*-2x-5=0
h) 2+6x-2=0
D ¥*-7x-11=0

d) ¥-4-2x=0
h) ¥ +6x-5=0
D X®+3-7x=0

3 Rearrange the following equations and solve them using the quadratic formula. Give your answers to 2 d.p.

a) x>+3x=6 b) x2=7+3x

¢ 2¢°-Tx+14=x2+7 f) (x+1)=12
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€) x2+1=4x
g) X*—x+8=x+15

d) X>-5x+11=2x+3
h) Sx+12=x+Dx+7)



4 Rearrange the following equations, then use the quadratic formula to find their exact solutions.

a) x’=1-3x b) x*=3(x+3) 0 x+Dx+2)="Tx d) x—8)x=3-x
e) x(x—4)=2(x-2) f) 2x+5)=(x+2)y g) x—172=14 h) Qx—DEx+2)=x>+9
Example 2
Show that the equation 2x? + 2x + 5 = 0 has no real solutions.
1. Write down a, b and c. a=2,b=2,c=5
2. Substitute these values into the formula. x == 2+v2°—4x2x5
r 2 x2
_—2+/4-40
T 4
_ —2+4/-36
[ 4

3. You can’t go any further, because you can’t find v—36. There is no real value for v—36.
So there are no real solutions to
the equation 2x* +2x + 5 = 0.

5 Solve the following equations if possible. Give your answers to 2 decimal places.

a) 3 -x—1=0 b) 2x2—-2x-3=0 ¢ 202 +2x+3=0 d) 2x°—3x—1=0
e 22 +x—-5=0 f) 32 -x+5=0 g) 4 —10x—1=0 h) 2x2+3x—12=0
i) 3 -4x-2=0 P S —10x+4=0 K) 3@ +3x—1=0 h 102 +4x—1=0
m) 32 -5x—1=0 n 2x°—Tx—3=0 0) 2x2+3x+5=0 p) 32 +9x+2=0

6 Rearrange the following equations and solve them where possible. Give your answers to 2 decimal places.

a) 8x+8=-3x? b) 2(x*- D =x ¢ 3x2+T7=4(x+1)
d) - 12x+13==x—x e Gx+Dx+1)=3x-1 H Cx+1p=1x-1
g) 2Q2x— 5)(x + ) =—11x h) (x—5)=x(1-3%) i) (Qx+3)(c+3)=10x

7 Find the exact solutions, where possible, of the following equations.

a) ¥ +5x=3 b) X2 +4x=7 O - 8x=14 d) 2x2 + 5x= 13
e) x>=3x-3 f) x*=7x-4 g) 2x*=3x-23 h) x*=5-9%
o oa 2 o _ 15 ) _ 1
i) 3x*=6-10x j) x T3 k) x-5 T ) 2x+1 —
_ 2 T _ 3 1 x4l
m)3x+1=52"7 W -1=501 0) 3x+2=3"3 P -1~ %73
x 1 1 x 1 1 1 1
D i x+2 D % 1" %+3 9 ity ! 9 matees?
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11.4 Quadratic Equations Problems

Exercise 1

1 Solve the following equations where possible, either by factorising, completing the square or
using the quadratic formula. Give your answers to 2 decimal places where appropriate.

a) x2— 8x—20=0 b) ¥ +x-20=0 Q) X-2lx+27=0 d) ¥ 18x-3=0
€ x—5x—50=0 f) ¥ +2x—64=0 g) X+ 2x—48=0 h) 32— 4x—15=0
i) 2@ x—18=0 ) 6x—5x—7=0 K) 8x2+18x~5=0 D) 5@=x—7
m(+DE-D-80=0 m) Qr+DE-9=2 o) Gr+Y@x+1)=10 p) x_}r—f%

x _ 1 1 x 1 1 1 1
D51y D wriT s Y rritiozcS 9 mogtm—s |

Example 1

I think of a number, add 2 then square the answer. The result is 16.
What are the possible values of the number I thought of?

1. Choose a variable. Let x be the unknown number.

2. Turn the words into an equation: Think of a number and add 2... x+2

3. ..then square the answer. The result is 16. x+2y°=16

4. Rearrange and solve the quadratic. ¥+4x+4=16
X+4x-12=0

x+6)x-—2)=0
x+6=0 or x-2=0
=—6 or x=2

Exercise 2

In each of the following cases, let x be the unknown number.
For each one, set up and solve an equation to find all possible values of x.

I think of a number, add one and square the answer. The result is 9.

I think of a number, square it and add 3. The result is 147.

I think of a number, square it, then subtract the original number. The result is 30.

The square of a number plus the original number is 22.

25 subtract the square of a number makes 9.

I think of a number, square it and add 5 times the original number and the result is 24.

A number is doubled, then squared. The result is 36.

A number is squared, then doubled and then 4 is subtracted. The result is the original number,
I think of a number, add 5, then square the answer. The result is 100.

10 I think of a number, double it and subtract 1 and then square the answer, The result is 64.

o Q0 N1 NN AW N e

Exercise 3

1 Each of the following describes a different rectangle. Find the value of x in each case.
a) Width =x m, length = (x + 3) m, area — 28 m2. b) Width =x m, length — (x + 7) m, area = 30 m2.
© Width = (x — 2) m, length = x m, area = 28 m>. d) Width =x m, length = (x + 10) m, area = 144 m2.
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2 A fence is erected adjoining a wall, as shown in the diagram.
The rectangle enclosed by the fence and the wall has width x m,

length y m and area 4 m?. The total length of fence used is 20 m.

a) Show thaty =20 — 2x.
b) If A =50, show that x(20 — 2x) = 50.
¢) Solve the equation x(20 — 2x) = 50.

wall

f

xm

'

Am?

+“——ym——>

Hence find the dimensions of the rectangle if its area is 50 m?,

Questions 3-5 describe a rectangle bounded on three sides by a fence and on one side by a wall,
as in Question 2. In each case, find all the possible values of the dimensions of the rectangle.

Give your answers to 2 d.p. where appropriate.
3
4
5

Total length of fence used = 13 m, area of rectangle = 8§ m?
Total length of fence used = 200 m, area of rectangle = 5000 m?
Total length of fence used = 150 m, area of rectangle = 2000 m?

Each of the following describes a different rectangle.

In each case, write out and solve a quadratic equation to find all possible values of x.

a) Width = x cm, perimeter = 24 ¢m, area = 32 cm?.
b) Width = x cm, perimeter = 30 cm, area = 56 cm?.

¢) Width = x cm, perimeter = 100 cm, area = 600 cm?.
d) Width = x m, perimeter = 17 m, area = 8§ m*,

Example 2 Ry
T e
Find the value of x in the triangle shown. N 4]
X P
(N
- 3
< 2x -

Use Pythagoras’ Theorem to set up an equation,
Expand the brackets.
Simplify the equation.

Sl

Solve the quadratic.
Since x represents a length, it can’t be negative.

Exercise 4

(2x + 32 =x2+ (2x)*

42+ 12x + 9 =x? + 4x?
xX*-12x-9=0

Using the quadratic formula,
x=1271 orx=-0.71 (to 2 d.p.)
x=12.71 (to 2 d.p.)

Find the value of x in each of the following triangles. Give your answers to 2 decimal places where appropriate.

IT\ ZT\

3T\

- oy 2y
b Ly % L5 x %‘\ x Lt
I e X2 b b X
«——x+5—> -+ —> «—xtl—> «——x+9—>

5 6 T
x m|Area x m| Area x cm |Area x cm |Area

l =1m? l =17 m? l =38 cm? \ l =100 cm?

]

«—(x+7)m—> «—(x+6)m—>

<+«—(3x+ Hem—>

<+—(4x—- 1) cm—>
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Section 12 — Simultaneous Equations

12.1 Simultaneous Equations

Simultaneous equations have two unknowns, and you will be given two equations.
The solution will be the values of the unknowns that make both equations true.

There are two main algebraic methods for solving simultaneous equations — elimination and substitution.

Example 1
. oo (Dx+ y=11
Solve the simultaneous equations: @) B
Elimination method:
1. Subtract equation (2) from x+ y=11 1.
equation (1) to eliminate x. —(x — ZV) = —Z
y =
2. Solve the equation for y. y =\ 1 2.
=9

Now both methods continue in the same way:

3. Puty=1 into one of the original equations and solve for x.

4. Use the other equation to check the answer.

Exercise 1

Solve each of the following pairs of simultaneous equations.
22x—y= 17

g 3;) =S b) 4x +y =23 )
9 iiI DTN 9
IR Ay DErA-H W

Example 2

(H)5x -4y = 23
(2) 2x + 6y = =25

Solve the simultaneous equations:

Elimination method:

1. Multiply equation (1) by 3 and equation (2) by 2
to get +12y in one and —12y in the other.

2. Add the resulting equations to eliminate y.

3. Solve the equation for x.
Put x = 1 into one of the original
equations and solve for y.

5. Use the other equation to check the answer.
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Substitution method:

Rearrange equation (1) to

get one variable on its own.

Substitute x = 11 — y into
equation (2). Solve for y.

x=11-y

(1 -y)=3y=7
11-4y=7

4 =4y

=

x+1=11

=10

Check: x-3y=10-3()=7

x=10, y=1
x+2y=06 d) 3x -2y =16
X+ y=2 2x+2y =14
dy — p=-1 3x+y— 11
4y — Ip=-7 h) =-8
3z —-2u= 57 ) 4j — 21: 8
5z —2u =111 4 + 7i = -37

Ix (1) 15x—12y = 69
2x(@2) 4x +12y =-50
19x =19
X =51
5—4y=23
—4y =18
y=-45

Check: 2x + 6y =2(1) + 6(-4.5) =2 — 27 =25

x=1, y=-4.5



3x +2y =16 4x + 3y =16 4x — y =22 5x — 3y =12
2 8 5y y=09 D sy y-1 © 3y 1 4y =26 d 5 y="5
2x + 3y =10 4x — 2y = 8 4x + 2y =14 2x — y=11
8) x—y:s f) x73y:—3 g) 8x + y:10 h) _4x47y:5
i) 8y —2d = 0 ) 3e —5r= 17 K) dp +3m = 1% ) 2¢ + 4v = 580
5y + 4d = 265 YV 9e 4 2r=-17 Tp —9m = —1 3¢ + 2v =542
3x—2y=8 4p + 3q =17 du +Tv =15 S5k +3l=4
3085 314 D) 3, 4g-19 ) 5y _2v— 8 D 3123
2+ 6d =19 3 — 4s = —22 3m + 5n = 14 3e — 5 = 8
©) 3¢ +8d =28 D 8 135= —4 ) Tm + 2n = 23 W 7e - 3f =153
i) 3w+ 2z=2 i) 2¢ +Th= 270 K) Si+ 2= 22 1) 3a — 6b=-10
10w — 5z=5 V' 564 2n=-324 4i — 3j =-5.6 1la — 95 = —41
Example 3
Sue buys 4 dining chairs and 1 table for £142.
Ken buys 6 of the same chairs and 2 of the same tables for £254.
What is the price of one chair? What is the price of one table?
1. Choose some variables. Let the cost of one chair be £c¢
and the cost of one table be £z.
2. Write the question as (1) 4c + t=142
two simultaneous equations. (2) 6¢ + 2t = 254
3. Multiply equation (1) by 2 to 2x (1) 8c+2t= 284
give the same coefficients of «. —1x(2) —6¢c — 2t = -254
Subtract equation (2) from equation (1). 2¢ - 30
4. Solve the resulting equation for c. c = 15
Put ¢ = 15 into one of the original 4(15)+ =142
equations and solve for ¢. 60 +t=142
t=82
6. Use the other equation to check the answer. Check: 6c+2t=6(15) +2(82) =90 + 164 = 254
7. Write the answer in terms The chairs cost £15 each.
of the original question. The tables cost £82 each.
Exercise 2

1 The sum of two numbers, x and y, is 58, and the difference between them is 22.
Given that x is greater than y, use simultaneous equations to find both numbers.

2 A grandfather with 7 grandchildren bought 4 sherbet dips and 3 Supa-Choc bars for £1.91 last week
and 3 sherbet dips and 4 Supa-Choc bars for £1.73 the week before. Calculate the price of each item.

3 3 kg of organic apples and 2 kg of organic pears cost £19.80, while 2 kg of these apples and 3 kg of
these pears cost £20.70. Work out the price of 1 kg of the apples and the price of 1 kg of the pears.

4 A teacher with a back problem is concerned about the weight of the books she carries home.
She knows that 2 textbooks and 30 exercise books weigh a total of 6.9 kg and that 1 textbook and
20 exercise books weigh a total of 4.2 kg. The doctor has suggested she does not carry over 5 kg at a time.

a) Calculate the masses of one exercise book and one textbook.
b) Can she carry 1 textbook and 25 exercise books?
¢) If she needs to carry 2 textbooks, how many exercise books could she carry?

Section 12 — Simultaneous Equations -



5 Three friends have just finished a computer game. At the end of the game, Zoe, with 7 yellow aliens
and 5 blue spiders scored 85 points; James, with 6 yellow aliens and 11 blue spiders scored 93 points,
Hal had 8 yellow aliens and 1 blue spider. How many points did Hal score?

6 Aninterior designer recently spent £1359.55 buying 25 kettles and 20 toasters for a new development.
She spent £641.79 on 12 kettles and 9 toasters for a smaller group of new houses. For her current
assignment she needs 80 kettles and 56 toasters. If the price of each toaster and each kettle is the
same in all three cases, how much should she allow for this cost on her current assignment?

o The lengths of the sides of an equilateral triangle are 3(x + y) cm, (5x + 2y — 1) cm and S5+ 1) cm.

Find the side length of the triangle.

12.2 More Simultaneous Equations

If a set of simultaneous equations includes a quadratic, there could be more than one pair of solutions.
It’s usually easiest to solve simultaneous equations of this type using the substitution method.

Example 1

Solve the simultaneous equations: (1) x+y=35
2 2x*+xy=14

1. Rearrange equation (1) to get y on its own.
2. Substitute y =5 —x into 2x* + xy = 14.

3. Rearrange to get zero on the right hand side.
4. Solve the quadratic.

5. Use one of the original equations
to find a y-value for each x.

6. Write the solutions in pairs.

Exercise 1

y=5-x

23+ x(5-x)=14

xX+5x=14

xX*+5x-14=0

(x+Nx-2)=0

x+7=0 or x-2=0

x=-7 or x=2
Ifx=-7,then-7+y=5,s0 y=12.
Ifx=2,then2+y=35,s0y=3.
x=-7,y=12 and x=2,y=3

1 Find the solutions to each of the following pairs of simultaneous equations.

a) y=x*-4x+8 b) y=x*-x-1 ¢) y=x>—4x-28
y=2x y=2-3x y=3x+2
d) y=x*+3x-2 e) y=x'—4x+2 f) y=x>-2x-3
y=3-x y=2x-6 y=3x+11
g y=x*-x-5 h) y=x>-4x+38 ) y=2x"+x-2
y=2x+5 y=x+4 y=8x-5
) y=2x2+9x+30 k) y=4x?-5x+2 D y=7—12x-1
y=9-8 y=2x-1 y=8x+2
2 The sketch on the right shows two lines, A and B. The equation of line N~ Y A ./
Aisy=2x-2, and the equation of line B is 5y = 20 — 2x. /

a) What are the coordinates of the point where x =1 on

(i) line A? (ii) line B?

b) How do the graphs of lines A and B show that there is exactly one 2

point where the equations y = 2x — 2 and 5y = 20 — 2x are both true?
¢) Find the coordinates of the point where lines A and B cross.
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3 The sketch on the right shows the line 2y =x + 3
and the curve y=x?—2x—2. M and N are the
points where the line cuts the curve.

Find the coordinates of M and N by solving
simultaneous equations.

4 Find where the line y = 4 — 3x cuts the curve y = 6x? + 10x — 1 by solving the equations simultaneously.

5 Use simultaneous equations to find the coordinates where the line y = 5x meets the curve y = x>+ 3x + L.

What can you say about the line and the curve?
6 Solve these equations simultancously:

7 Solve these pairs of simultaneous equations.

a) x+y=17 b) x+y=35
xX—xy=4 x+xyt+2r=2

d)y x-y=4 e) 3Ix+y=4
x*+y=2 X+ 3xy +y*=-16

g) 5=y—2x h) 3y?=x-8y
2x*—y+3=x x+3y=4

j) x—y+5x=1 k) 4p—x=2
y+2x=1 x?—3xy =288

8 In the sketch on the right, the equation of the line is
3y —2x = -1 and the equation of the circle is x> + y* = 1.

a) Show that at the points where the line
crosses the circle, 13y? + 6y — 3 =0.

x—4y=2 and y*+xy=0

€) 2x+y=3
y2—x2=0

f) 4y+x=10
xy+x=-8

i) 3y—x=2
VHxy+x=1

D x+y=0

X =3xy+32=0

b) Use the quadratic formula to find the exact
values of y when 13y* + 6y —3 =0.

¢) Find the exact coordinates of the points
where the line crosses the circle.

e
=

o Solve these pairs of simultaneous equations. Give your answers correct to 2 d.p.

a) 2y—TIx=2
3x2+2xy—6=0

b) x+y=3
xX2+y?=125

@ Find the exact coordinates of the points of intersection of the graphs of each of the following pairs of equations.

a) x=3y+4
x*+y*=34

b) 2x+2y=1
¥+y =1

0 VS5y—-x=6
x2+y?=136
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Section 13 — Inequalities

13.1 Inequalities

Write inequalities using the following symbols:

> greater than > greater than or equal to
Solving inequalities is very similar to solving
equations. The answer will always be an inequality. < less than < less than or equal to
Example 1
Solve the following inequalities. Show the solutions on a number line.
a) x+4<8 b) 1+2x<4x-5
1. Rearrange as you would a) x+4<8
with an equation. x<8-4 9 1 0 L2 3 & B
2. An empty circle shows that x<4 * ———
the number is not included.
L by 1+2x<4x-5
3. Asolid cuclg §hows that 1+5<4x—2x
the number is included.
6<2x 1 2 3 4 5 6' 78
3<x ®— ' >
Exercise 1
In Questions 1-3, solve each inequality and show the solution on a number line.
1 a) x+9>14 b) x+3<12 ) x-2=214 d) x-7<19
e) 18<x+2 f) 2<x-4 g 1>x-17 h) 31 2x+30
2 a) 3x=9 b) 5x <25 ¢ 2x>38 d) 7x<21
e) 4x<-16 f) 9x>-72 g) llx<33 h) 2x <45
3 £>3 b) 2> % X< X<
a) > ) s ©) 3 8 d) 2 5
=1>2 % <05 X > h X <3,
9 8 D% 8 =10 ) 92 <732
Example 2
Solve the inequalities. a) 2x<8 b) % =-5
When multiplying or dividing both sides a) 2x<38 b) —g 2 -5
of an inequality by a negative number, x>8+-2 x<-5%x3
you need to “flip’ the inequality sign. x>-4 x; 15
In Questions 4-7, solve each inequality.
4 a) 3x=36 b) —96 < —12x ) —% <-28 d) 1l < —%
5 a) dx+11<23 b) 5x+3 <43 ) 3x-7=-1 d) 65<7x-12
e) 2x+16=-8 f) 5<-9x-14 g) 8x—42<126 h) —4x+2.6 <28.6
x+2 x+4 x—8 x—8
6 a) T<1 b)TZZ ©) T5—>1 d) 7 <05
x x+35.5 x—3.1 X
¢ 7-2521 f) 1<Xt22 g) -1>*721 h) —3%5 +13<5
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7 a) dx+2<2x-2 b) 3x+5<4+x ¢) 3x-3=2-1+x d) 6-x<Tx-2

9 -523-% H1-2w<i3 g) 2x+4>2 3 WE+d<ly

Compound Inequalities

A compound inequality combines multiple inequalities into one.
For example, 3 <x < 9 means that 3 <xand x < 9.

Example 3
Solve the inequality —4 < 2x + 2 < 6. Show your solution on a number line.
1. Write down the two separate inequalitics. 4<2x+2 and 2x+2<6
2. Solve the inequalities separately. @ A<k +2 @ 2x+2<6
-6 <2x 2x <4
3 <x x<2
3. Combine the inequalities back into one.
4. Draw the number li So3<x<2 il St A A
! ine. —3<x<2 — ) ——s —)—
Exercise 2
1 Solve the following inequalities. Show each solution on a number line.
a) 7<x+3<15 b) 2<x-4<12 ¢ 1<x+5<4 d)2l<x-16<44
In Questions 2-4, solve each of the inequalities given.
2 a) l6<4x<28 b) 32<2x<42 ©) 27<4.5x <72 d) -22.5<75x<30
3 a) 17<6x+5<29 b) 8<3x-4<26 0 42<Tx+7<91
d) -18.8 < 10x+14.2<-6.8 e) 61.7<12x-6.3 <1017 f) 2<2x+3<5
4 a) S1<—=x+25<97 b) 5.6 <—x-68<129 ¢) 24<-8x<40
d) 62.72 <-11.2x < 94.08 e) 30<-Tx+12<6l1 f) 9<-13x-9<17
13.2 Quadratic Inequalities
An inequality that contains an x? term is called a quadratic inequality.
You can solve a quadratic inequality by sketching a graph of the equivalent quadratic equation.
Example 1
Solve the inequality x2 > 4. Show your solution on a number line. YA
1. Rearrange to get a quadratic expression, x* — 4, x2>4

on the left-hand side and 0 on the right-hand side.  ;2_4>¢

N0
2. Factorise x* — 4. This tells you that the graph of x+x-2)>0=——> =
y=x%—4 crosses the x-axis at x = 2 and x = -2.

Sketch the graph of y = x? — 4.

.V

3. The quadratic is greater than zero when the Sox<=2andx>2
hi wm =] DB =—=
graph is above the x-axis — in this case, where 4 3 o 0 1.2 3 4

x<-2andx>2. ()
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Example 2

Solve the inequality x < 6 —x2. Show your solution on a number line.

Vi
1. Rearrange the inequality. x<6-x2 _3\ 0 B .
2. Factorising gives that the graph X+tx-6<0
crosscs the x-axis at x =2 and x = -3. k+Hx-2) L0 ==
3. The quadratic is less than or equal to
zero when the graph is on or below the So3<x<2
x-axis — in this case, where -3 < x < 2. o
-4 -3 -2 -t 0 1 2 3 4
- ®
Exercise 1
1 Consider the inequality x > 16.
a) Rearrange the inequality into the form f(x) > 0, where f(x) is a quadratic expression.
b) (i) Factorise f(x).
(i) Write down the x-coordinates of the points where the graph of y = f(x) crosses the x-axis.
¢) Hence solve the inequality x*> > 16.
In Questions 2-4, solve each quadratic inequality and show the solution on a number line.
2 a) x¥*>16 b) x*<9 ¢) x2>25 d) x2=36
e) x*<1 f) x2<49 g) x2>64 h) x* <100
3 a) o<l b =L 0 <L d) > -L
4 25 121 36
24 25 25 2. 2o 16
e)x<9 f)xz49 g)xsl6 h)x<169
4 a) 2x*<18 b) 3x2=75 ¢) 5x2<80 d) 2x* =98
5 Consider the inequality 4x < 12 — x2.
a) Rearrange the inequality into the form g(x) < 0, where g(x) is a quadratic expression.
b) (i) Factorise g(x).
(ii) Write down the x-coordinates of the points where the graph of y = g(x) crosses the x-axis.
¢) Hence solve the inequality 4x < 12 — x2,
In Questions 6-8, solve each inequality.
6 a) >’tx-2<0 b) x»-x-2<0 ¢) x2-8x+15>0 d) ?+6x+5<0
e x¥>—x—-1220 f) x*-6x-7<0 g) XX-Tx+12<0 h) X2+ 10x+24=0
i) x¥»-6x—16<0 P 2+2x-15<0 k) x> 10x-11<0 ) »*+1x+18<0
7 a) x?-2x>48 b) x2-3x<10 ¢) x>+20<9x d) ¥*+18<9x
e) 5x=36-x7 f) x><9x+22 g) x> <6x+27 h) 32 <12x—x?
8 a) ¥*-4x>0 b) x> +3x<0 ¢) x2-5x<0 d) *+8x=0
e) x> 12x f) x*<2x g) x>=9x h) 3x <2
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13.3 Graphing Inequalities

An inequality can be represented on a graph. To do this, turn the inequality
into an equation, draw its graph, and then shade the required region.

Example 1
On a graph, shade the region that satisfies the inequality y < x + 2.
1. Draw the line y = x + 2. When graphing incqualities, use a solid 3 FAEIT
line for < or = and a dashed line for < or >. | 4 ,(/ tH
2. Find which region to shade by testing the coordinates of any S
point not on the line and seeing if they satisfy the inequality. Tl
E.g. the point (0, 0) satisfies the inequality because 0 < 0 + 2, A
so shade the region which includes (0, 0) — below the line. s ’ O B T B
Exercise 1
In Questions 1-3, draw a graph and shade the region that satisfies the inequality.
1 a) x<2 b) x<-1 ¢) x=-5 d) x<1
e) y>—4 fy y=z4 g) y<2 h) y<-1
2 a) y<x+1 b) y>x-3 ¢) y=zx+3 d ys<5-x
e) y<2x f) y>2x+3 g) y<3x-1 h) y>2x-5
1 1 x—1 Ix+5
3 <=x+2 < -x- < > =
a) y<ox b) y<Sx-3 0 y<=— d) y>—
4 Consider the inequality 2x > 6 — y.
a) Rearrange the inequality into the form ¢y > ..
b) Hence draw a graph and shade the region that satisfies the inequality 2x > 6 — y.
5 For each of the following, draw a graph and shade the region that satisfies the inequality.
a) x+y=<5 b) x+y>0 ¢) y—x>4 d) x-y<3
€ 2x—y=8 f) x+2y=4 g) 2x+3y<6 h) 3x+2y=6
i) 2x+5y>10 j) 5<-10x-y k) x—2y—-6<0 ) y+x+1<y—x
Example 2
On a graph, shade the region that satisfies the inequalities y <x, x <3 and y 2 4 —x.
1. Draw the linesy=x,x=3andy=4-x P
on the same graph.
2. The region that satisfies all three
inequalities is below y = x, to the left of : _
x =23 and on and above y =4 —x, ? D s G
] X
Exercise 2
In Questions 1-7, draw a graph and shade the region that satisfies the inequalities.
1 a) x>landy<2 b) x<4andy<3 ¢) x=20andy>1
2 a) 1<x<4 b) 2<x<1 ¢) 4<x<-1
d) 3<y<6 e) —4<y<2 f) -5<y<0
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3 a) 2<x<0andy>1

d) x<-land-1<y<4

4 a) y>landy<4-—x
d) x>-4andy>x+3

5 a) 0<x<4andy>x
d) S<y<-landy<-x

6 a) x>-2 y<Sandy>x+4
d) y>x—-2andx+y<4

b) 2<x<6andy<5

€) l<x<4and2<y<3

b) x<2andx+y=>1

b) 1<x<Sandy<1+2x
e S<x<2andx+1<y

7 a) x>5,y2x—-3andx+y<7
0 y<6,2y>x—-4and5<x+y
e y<2x—-4,y>x-4andx+y<38

Finding Inequalities from Graphs

To find the inequalities represented on a graph, find the equations of the

e) y=20andx<6-y

b) x=-1,y<4andy<x+3
e) xty=—4dandy<x+5

b) x<6,x+y>-Sandy<2x+1

¢ x=0and-6<y<-2
f) 2<x<3and2<y<é6

¢) y>-landy<x-2
f) x<3and3<x-y

¢ -l1<y<d4andx+y>1
f) 3<y<landy-2x<6

© x<6,y>-1land 6 <2x+2y
f) y2x—-3and4<x+y

d) y=2—4,y<2x—2andx+2y<8
f) y<3x-4,4y=2x-12andx+y<6

boundary lines and then decide which inequality sign to use.

Example 3

Find the inequalities which are represented by the shaded region shown.

1. The horizontal line is y = 1. The shaded region is above this line,
and the line is dashed. This represents the inequality y > 1.

2. The vertical line is x = 4. The shaded region is to the left of this
line, and the line is dashed. This represents the inequality x < 4.

3. The diagonal line is y =x. The shaded region is below this line,
and the line is solid. This represents the inequality y < x.

Exercise 3

1 Write down the inequality represented by the s

a) Y
4
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13.4 Linear Programming

Linear programming uses graphs of inequalities to solve problems, usually involving maximising or

minimising a particular quantity. To solve a linear programming problem, represent the region that satisfies
the given inequalities on a graph. The optimal solution (the maximum or minimum value of your quantity)
can then be found at one of the vertices of this region.

Example 1

x and y satisfy the inequalities y +x < 6, y—x<2,x=0andy = 0.
Find the maximum possible value of 2y +x. For what values of x and y does this occur?

L.

Draw the graphs of y +x=6,y—x=2,x=0and y=0.

Shade the regions you don’t want — this makes

it easier to see the region, R, that satisfies all the
inequalities. In this case, shade above y +x =6 and
y—x=2,below y =0 and to the left of x = 0.

Every point in R represents a pair of values which
satisfy all the inequalities, but the maximum value of
2y + x will occur at one of the vertices of R. Try the
coordinates of these points and find the highest value.

ted by the shaded region in each of the graphs.
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So the maximum value of 2y + x is 10,
and this occurs whenx=2 and y=4.
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Exercise 1

1 xandy satisfy the inequalities y <x+ 1,y <7 -2x,y =0 and x = 0.
a) Draw the linesy=x+1,y=7—2x,y=0and x = 0 on the same graph.

b) On your graph, shade the regions which do not satisfy the given inequalities.
Label the unshaded region R.

¢) Find the value of 3x + y for each vertex of R.
d) Hence write down the maximum value of 3x + y, and the values of x and y for which this occurs.

2 xand y satisfy the inequalities y + x < -2, 2y —x <2,y > 2 and x < 1.
a) Represent these inequalities graphically.
b) Find the maximum value of x — 2y, and the values of x and y for which this occurs.

3 xand y satisfy the inequalities y < x, 2y +x <6,y >0and | < x < 5.
a) Represent these inequalities graphically.
b) Find the maximum value of 3x + 2y and the values of x and y for which this occurs.
©) Find the minimum value of 2x — 3y and the values of x and y for which this occurs.

x and y satisfy the inequalitiesy 2 x— 1,y +x =4 and y < 5.
Find the maximum value of the expression y + 5x.

Example 2

A shop sells xylophones and yo-yos. The number of yo-yos in stock at the beginning of each week must
be at least 3 times as many as the number of xylophones in stock, and the total number of items in stock
at the beginning of the week cannot exceed 40. Xylophones are worth £25 and yo-yos are worth £10.

Call the number of xylophones in stock x and the number of yo-yos in stock y.
Find the maximum possible value of items in stock at the beginning of each week, and the number of
each item which must be in stock to achieve this value.

1. Use the information given to form inequalities: y23x, x+y<40, x20, y=0
* ‘atleast 3 times as many yo-yos as -
xylophones’ means y = 3x,
* ‘total number of items in stock cannot
exceed 40’ means x + y < 40,
» youcan’t have a negative number of items
in stock, sox = 0 and y = 0.

2. Represent the inequalities graphically.

_5/:__;

0| 5 1015 20 25 30,35 41;\\\

3. Each xylophone is worth £25 and each yo-yo is
worth £10, so the total value of stock is () (0,0) | (10, 30) | (0, 40)
25x + 10y. The maximum value will occur at 25x+10y | O 550 400
one of the vertices of the region R.

So the maximum stock value is £550, from
having 10 xylophones and 30 yo-yos.

- Section 13 — Inequalities



1

Exercise 2

Eleanor wants to spend her birthday money on DVDs and CDs. Call the number of DVDs she buys x and
the number of CDs she buys y. Write an inequality to represent each of the following.

a) Eleanor wants to buy at least 1 DVD.

b) Eleanor wants to buy at least 3 CDs.

¢) DVDs cost £8 each, CDs cost £5 each and Eleanor has £50 to spend.

A bakery sells chocolate cake and carrot cake. Call the number of chocolate cakes sold each day x and
the number of carrot cakes sold each day y. Assume all the cakes made each day are sold on that day.

a) Write an inequality to represent each of the following.
(i) The baker wants to sell at least twice as many carrot cakes as chocolate cakes each day.
(ii) The baker only has enough flour to make a total of 14 cakes each day.

b) There are two more inequalities which must be satisfied in this situation.
Write them down and explain why they must be true.

A decorator is buying paint from his supplier — undercoat, which costs £12 per tin,
and matt emulsion, which costs £24 per tin. He needs to buy at least 4 tins of undercoat
and at least as many tins of matt emulsion as undercoat. He has £216 to spend in total.
Let x be the number of tins of undercoat he buys and y be the number of tins of

matt emulsion he buys.

a) Write down 3 inequalities that the decorator must satisfy when buying his paint.
Simplify the inequalities if possible.

b) Represent these inequalities graphically.

¢) Use your graph to list all the possible combinations of paint he can buy.

A club has x regular members and y Gold members. Regular membership costs £25 per year and
Gold membership costs £75 per year. The club needs to collect at least £1500 in membership fees each
year. The club has a maximum of 50 members, and must have at least 15 regular members.

a) Write down 4 inequalities which the club must satisfy.

b) Represent these inequalities graphically.

¢) Find the minimum possible number of Gold members.

d) Find the maximum amount the club can expect to receive in membership fees each year,
and the number of regular and Gold members that are needed to achieve this amount.

A company makes decorative cups and saucers. It takes 4 hours to make a cup and 2 hours to

make a saucer. Each week there are a total of 48 hours allocated to the making of cups and saucers.

The company can only make one item at a time, and the number of saucers that the company makes must
be no greater than the number of cups they make. Each cup is sold for £14 and cach saucer is sold for £11.
Let x be the number of cups made and y the number of saucers made.

a) Write down 4 inequalities which the company must satisfy and
represent these inequalities graphically.

b) What is the maximum number of cups that can be made in one weck?

¢) Find the company’s maximum possible weekly income, and the number
of cups and saucers that need to be made to achieve this.

A delivery company is buying x motorbikes and y vans. Motorbikes cost £8000 and vans cost £16 000.
They have £80 000 to spend on buying vehicles, and must buy at least 7 vehicles, including at least 1 van.
The cost of maintaining a motorbike is £800 per year, and the cost of maintaining a van is £950 per year.

a) Write down 4 inequalities which the company must satisfy. Represent these inequalities graphicaily.
b) List the different possible combinations of motorbikes and vans that are available to the company.
¢) Which is the cheapest combination to maintain, and how much does this maintenance cost per year?
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Section 14 — Sequences

14.1 Term to Term Rules

A sequence is a list of numbers or shapes which follows a particular rule.
Each number or shape in the sequence is called a term.

Number Sequences

Arithmetic sequences (or linear sequences) — where the 1, 7, 13, 19\'_ 25
terms increase or decrease by the same value each time. }8' ?8' }g’ v

Geometric sequences (or geometric progressions) — where consecutive terms 2, 8 32, 128
are found by multiplying or dividing by the same value each time. &f{ 4

Other sequences — ¢.g. adding a changing number each time or adding together the two previous terms.

Example 1

Consider the sequence 2, 6, 18, 54...
a) Explain the rule for finding the next term in the sequence.

The rule for finding the next term involves multiplication.
2—> 6 —> 18 — 54.

x 3 x 3 % 3 Multiply the previous term by 3.

b) Write down the next three terms in the sequence. X3 x3 x3
. A A= A
Multiply each term by 3 to get the next term. 54, 162, 486, 1458

Exercise 1

1 Write down the first 5 terms of the sequence with:
a) first term = 14; further terms generated by the rule ‘multiply the previous term by 4, then subtract 1°.
b) first term = 11; further terms generated by the rule ‘multiply the previous term by -2, then add 1°.

2 The first four terms of a sequence are 3, 6, 12, 24.
a) Write down what you multiply each term in the sequence by to find the next term.
b) Write down the next three terms in the sequence.

For Questions 3-4: (1) explain the rule for finding the next term in the sequence.
(i) find the next three terms in the sequence.

3 a) 3,5,70. b) 1,2,4,8.. ) 412,36, 108... d) 4,7, 10, 13...
e 5,3,1,-1. f) 1,15,2,25.. g) 0.01,0.1, 1, 10.. h) 192, 96,48, 24..
4 a) 0,—4,-8,12.. b) 16,8, 4,2.. 0 -2,-6,-18,-54.. d)1,-2,4, 8.

5 The first four terms of a sequence are 1, 3, 9, 27.
a) Explain the rule for finding the next term in this sequence.
b) Use your rule to find: (i) the 5th term (ii) the 7th term (iii) the 9th term

6 Copy the following sequences and fill in the blanks.
a) 7,13,19,25,[ 1 37 b) 9,501 3,711 o [ -4,-16,-64,[] 1024

d) -72,[] 18, -9,[] 225 e [108,32128[ 12048 £ 63,551 [10[] 23
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7 The first four terms of a sequence are -5, 2, 1, 4.
a) Explain the rule for finding the next term in this sequence.
b) Use your rule to find: (i) the 5th term (ii) the 10th term
¢) The 25th term of this sequence is 67. Work out the 54th term of the sequence.

Example 2

Find the next three terms in the sequence 4, 5, 7, 10...

1. Try finding the difference between neighbouring terms. 4 5 7 10
R s i ¢ 5 N AN A NA

2. Here, the difference is increasing by 1 each time. e e

10 14 19 25
N A N AN A
+4  +5 +6

3. Use this to find the next three terms in the sequence.
Start with 10. Then add 4. Then add 5. Then add 6.

Exercise 2

1 For each sequence below, find: (i) the difference between neighbouring terms for the first 5 terms,
(ii) the next three terms in the sequence.

a) 7,8,10,13, 17... b) 3,4,6,9,13... ¢ 5,7,11,17,25..
d) 20, 18, 15, 11, 6... e) 3,59, 15, 23.. ) 1,2,0,3,-1.

2 The sequence 1, 1,2, 3, 5... is known as the Fibonacci sequence. Each term in the sequence is found by
adding together the previous two terms. Find the next three terms in the sequence.

3 The first 5 terms of a sequence are 1, 1, 2, 6, 24.
a) For the first 5 terms, find the number you multiply by each time to get the next term.
b) Find the next two terms in the sequence.

Example 3
The rule for finding the next term in a sequence is ‘multiply the previous term by 3, add on x’.

The 1st term is 2, and the 4th term is 119. Find the value of x.

1. Use the rule to write down an expression Istterm =2
for each term until you reach the 4th term. 244 term = (Gx2)+x=6+x
3rdterm =3(6+x) +x=18+3x+x=18+4x
dthterm =3(18 +4x) +x =54+ [2x +x =54 + 13x
2. You know that the 4th term is 119, so you 54 +13x =119

can write down an equation for the 4th term. 13x =119 — 54 = 65
Then just solve the equation to find x. v=65+13=5

Exercise 3

1 Find b for each of the sequences described below.
a) lst term = 6, 3rd term = 27; rule = multiply the previous term by 2, add b.
b) 1stterm = 1, 4th term = 43; rule = multiply the previous term by 4, subtract b.
¢) lIstterm = 180, 4th term = 33; rule = divide the previous term by 2, add b.
d) Istterm = 3, 4th term = —15; rule = multiply the previous term by -2, add b.
¢) lstterm =9, 3rd term = —135; rule = multiply the previous term by b, subtract 54.
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Example 4

The rule for finding the next term in a sequence is x,,, = 2x + 3 where x,=4.
What is the value of x,?

1. Substitute x, into the formula for x, to getx,. X =2x,+3=2x4)+3=11
2. Substitute x, into the formula for x,to getx,. X,=2x, +3=2x11)+3=25
Substitute x, to get x, and then x, to get x,. X, =2x,+3=(2x25)+3 =53

X, =20,+3=2x53)+3=109

Exercise 4

1 In each of the following, use the sequence rules and the values of x, to find the value of x,.

a) x,,, =x, +5wherex =3 b) x,.,=x, —7 where x, =20 ©) x,,, =3x wherex =2
d) x ., =2x +3 wherex, =3 e x = %x" + 2 where x, = 4 H)x, = %xn + 8 where x, = 8

2 A scquence is generated using the rule X,., = 2x,- 6 where x, = 8. Find the following:

a) x, b) x, ¢) x,+x, d) x, +x,—x, €) x,(x, —x,)

Shape Sequences

Example 5
The matchstick shapes on the right form T”L.i I 9
the first three patterns in a sequence. I .

a) Draw the fourth and fifth patterns in the sequence.
b) How many matchsticks are needed to make the eighth pattern in the sequence?

1. You have to add 3 matchsticks to add an a) TN
extra square to the previous pattern.

2. There are 16 matchsticks in the 5th pattern. =4 |
So there are 16 + 3 + 3 + 3 = 25 matchsticks b) 25 matchsticks
in the eighth pattern.

Exercise 5
1 The first three patterns of several sequences are shown below.

For each of the sequences: (i) explain the rule for making the next pattern,
(ii) draw the fourth and fifth patterns in the sequence,
(iii) find the number of matches needed to make the sixth pattern.

a) > b) (= S e

9 J— .
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2 For each of the sequences below:
(1) Draw the next three patterns in the sequence.
(ii) Explain the rule for generating the number of circles in the next pattern.
(iii) Work out how many circles there are in the 7th pattern.
(iv) Work out how many circles there are in the 10th pattern.

» O OO0 00000 »n OO OO0O0 OOO0OO0O0O

9 O O O ) O OO OO
OO QO OO QOO
QOO0 000

14.2 Using the nth Term

You can also work out a term by using its pesition (#) in the sequence.
For example, the Ist term (x ) has n = 1, the 2nd term (x,) has n =2, the 10th term (x,;) has n = 10, and so on.

Example 1

The nth term of a sequence is 7n — 1. Find the first four terms of the sequence.
1. To find the 1st, 2nd, 3rd and 4th terms of the TxDHh-1=6
sequence, substitute the values n=1,n=2, (7x2)—1=13
n =3 and n =4 into the formula.

(7x3)-1=20
(Tx4)-1=27
2. Write the terms in order to form the sequence. So the first four terms are 6, 13, 20, 27.

Exercise 1

1 Find the first five terms of a sequence if the nth term is given by:
a) n+5 b) 3n+2 ¢) 4n-2 d) 5n—-1
e) 10-n f) 3—-4n g) 10n—-8 h) -7-3n

2 Find the first five terms of a sequence if the nth term is given by:
a) n?+1 b) 2n*+1 ¢) 3nr-1 d) nn—-1)

3 The nth term of a sequence is 2n + 20. Find the value of:
a) the Sth term b) the 10th term ¢) the 20th term d) the 100th term

4 The nth term of a sequence is 100 — 3n. Find the value of:
a) the 3rd term b) the 10th term ¢) the 30th term d) the 40th term

5 The nth term of a sequence can be found using the formula x, = 35 + 5n. Find the value of:

a) x, b) x; 0 X, d) x,, € X,

6 Each of the following gives the nth term for a different sequence.

For each sequence, find: (i) the 5th term (i) the 10th term (iii) the 100th term
a) nt+11 b) 2n+3 ¢) 6n—1 d) 4n+12
e) 100—n f) 30-3n g) 100n -8 h) 20+ 2n
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7 Each of the following rules generates a different sequence.

For each sequence, find: (i) x, (i) x, (iii) x,;

a) x,=8n+4 b) x, =450 - 5n 0 x,=1n+30 d) x,=3n’

€ x =2n"+38 f) x, =n’+n g) x, =51-50 h) x =3n-n*+100
8 Each of the following gives the nth term for a different sequence.

For each sequence, find: (i) the 2nd term (ii) the 5th term (iii) the 20th term

a) 2n’ b) 2n’+3 ¢) 4n*-5 d) 3(n’+2)

e) Y%nt+20 f) nn+1) g) 400 - n? h) n*+2

Example 2

The nth term of a sequence is 4n + 5.
a)  Which term has the value 41?
b)  Which is the first term in this sequence to have a value greater than 100?

I. Make the nth term equal to 41. a) 4n+5=41

4n =36

n=9

So the 9th term is 41.

2. Solve the equation to find ».

1. Find the value of n which would give b) 4n+5=100
a value of 100. 4n =95

2. The first term that will give a value n=2375
over 100 will be the next whole So the first term with a value greater
number value of n. than 100 must be the 24th term.

(Check: 23rd term = 97, 24th term = 101 ¢)

Exercise 2

1 a) The nth term of a sequence is 7n + 4. Which term of the sequence has the value 53?
b) The nth term of a sequence is 57 — 8. Which term of the sequence has the value 37?
¢) The nth term of a sequence is 4n + 3. Which term of the sequence has the value 277
d) The nth term of a sequence is 27 — 5. Which term of the sequence has the value 11?

2 The nth term of a sequence is 17 — 2n.
a) Which term of the sequence has the value 9?
b) Which term of the sequence has the value —3?

3 The nth term of a sequence is 50 — 6x. Find which terms have the following values.
a) 2 b) 26 c) -4 d) -22

4 The nth term of a sequence is n? — 1.
a) Which term of the sequence has the value 8?
b) Which term of the sequence has the value 997

5 The nth term of a sequence is n* + 1. Find which terms have the following values.
a) 5 b) 26 e 50 d) 82

6 The nth term of a sequence is 4n — 10.
Which term in the sequence is the first to have a value greater than 50?
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7 The formula for the number of matches in the nth pattern of the following
‘matchstick sequences’ is shown below. For each of the sequences:

(i) find the number of matches needed to make the 6th pattern,
(ii) find the number of matches needed to make the 100th pattern.

) gy A AUV A) .
Number of matches in nth pattern = 2n + 1
&
R T ey B s P Py

| ‘ Number of matches in nth pattern = 4n + 1

8 The nth term in a sequence is 3n — 25.
a) Which term in the sequence is the first to have a value greater than 357
b) Which term in the sequence is the first to have a value greater than 07

9 The formula for the number of circles in the nth triangle O
in the sequence shown on the right is n(n+ 1), O
2
a) Find the number of circles - O O

needed to make the 6th triangle. O O O O O O

b) Find the number of circles needed to make the 58th triangle.

¢) Which term in the sequence will be the first term to be made from over 200 circles?

10 a) The nth term of a sequence is —3n + 20. Which term has the value —25?
b) The nth term of a sequence is 25 — n’.
(i) Which term has the value 397
(i) Which is the last term in the sequence to have a value more than —1?

The nth term of a sequence is —n(n + 2).
a) Which term has the value —48? b) Which is the first term to have a value less than —20?

14.3 Finding the nth Term

Linear Sequences

The nth term of a linear sequence has the form an + b where a and b are constants.

Example 1
Find the nth term of the sequence 45, 42, 39, 36...
1. Find the difference between each term and the next. 45 42 39 36
. N A N AN A
2. Here, the terms decrease by 3 each time, so the _3 g -3
formula for the nth term must include the term ‘~3n". '
The complete formula for the nth term will be *-3n + &', nth term is —3n + a
where a is a number you need to find.
3. Use the first term of the sequence to find a. (B3x+a=45
Substitute # = 1 into —3n + a and put it equal to 45. a=45+3=48
Solve the equation to find a. So the nth term is —3n + 48.
4. Write down and check your formula. (Check: 2nd term is (-3 x 2) + 48 =42 V)
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Exercise 1

1

Find the formula for the nth term of each of the following sequences.
a) 7,13,19,25... b) 3,10, 17, 24... ¢) 4,8,12,16... d) 6, 16, 26, 36...
e) 5,10, 15, 20... f) 7,27,47,67.. g) 41, 81, 121, 161... h) 3,11, 19, 27...

Find the formula for the nth term of each of the following sequences.
a -1,1,3,5.. b) 2,1,4,7.. ¢) -9,-5,-1,3.. d) —45,-26,-7,12...
For each of the following sequences: (i) Find the formula for the nth term.
(ii) Find the value of the 70th term.
a) 10,8,6,4.. b) 40, 37, 34, 31... ¢) 70, 60, 50, 40... d) 78, 69, 60, 51...
e) 60,55, 50, 45... f) 100,92, 84, 76... g) 6,3,0,-3... h) -10, 25, -40, -55...

a) Find the nth term of sequence A, which starts 4, 7, 10, 13...

b) Find the nth term of sequence B, which starts 5, 8, 11, 14...

¢) (i) How does each term in sequence B compare with the corresponding term in sequence A?
(ii) What do you notice about the formulas giving the nth term for these two sequences?

a) Find the nth term of the sequence 13,9, 5, 1...
b) Use your answer to part a) to write down the nth term of the sequence 11,7, 3, —1...

In the sequences below, the horizontal and vertical lines between each pair of dots are 1 unit long,
For each of the following sequences, find (i) the number of dots in the nth pattern in the sequence.
(ii) the area of the nth pattern in the sequence.
(iii) the area and number of dots in the 23rd pattern in the sequence.

a) b)

- s

Example 2
A sequence has nth term 3n + 2. Is 37 a term in the sequence?
1. Make an equation by setting the formula for the nth term equal to 37. 3n+2=37
Then solve your equation to find . 3n=35
n=11.666...
2. Since n is not a whole number, 37 is not a term in the sequence. So 37 is not a term

in the sequence.

Exercise 2

1
2

Show that 80 is a term in the sequence with nth term equal to 3n — 1.

A sequence has nth term 21 —2n. Show that —1 is a term in this sequence,
and write down the corresponding value of n to show its position.

a) Find the nth term of the sequence whose first four terms are 12, 18, 24, 30...
b) Show whcther 34 is a term in this sequence. Ifit is, write down its position.

A sequence has nth term equal to 17 + 3n. Determine whether each of the following is a term in this sequence.
a) 52 b) 98 ¢) 105 d) 248 e) 996
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5 A sequence starts -5,
For those that are, state the corresponding values of #.

—1, 3, 7. Determine whether each of the following is a term in this sequence.

a) 43 b) 71 ¢) 138 d) 384 ¢) 879
Example 3
. 1 23 4
Find the nth term of the sequence 3 5 5 g
1 2 3 4
1. Find the nth term for the numerator and numerator: N\ _AN_AN_A
denominator of the fractions separately. o4
numerator of nth term =n
3 S 7 9
denominator;: = A\ _A_A
+2 2 2

2. Remember to work out a using
the first term in the sequence.

3. Combine the nth terms for the numerator and
denominator to find the nth term for the sequence.

denominator of nth term =2n + a
Whenn=1,2()+a=3,s0a=3-2=1
denominator of nth term =2n + 1

__n
nth term of the sequence S TES|

Exercise 3
1 Find the nth term of each of the following sequences.
1111 111 1 36178 1 4 7 10
) %68 b 362 ) >3 5 ) 35 15 13 20
432 58 11 14 16 36 56 176 1 -1 -3 -5
3321 Dop7 6~ 57 M3 0 50 60

Geometric Sequences

The nth term of a geometric sequence (or exponential sequence) is given by the formula ar" !
where a is the first value of the sequence and r is the number you multiply each term by to get the next.

Example 4
A sequence begins 2, 10, 50, 250. Find the nth term of the sequence.
The first term of the sequence is 2 and you a=2

multiply each term by 5 to get the next term. r=35

So the formula for the nth termis 2 x 5"~!

Exercise 4

1 For each of the following sequences, find:

(i) the next term

(ii) the nth term

a) 1,4,16,64.. b) 1,2,4,8,16.. ¢ 5,25,125,625... d) 3,9, 27,8l...
¢ 2,6,18,54.. f) /3,3,3v3,9.. g) 6,12,24,48.. h) 3,3/2,6,64/2,12..
; - . S 1545 135 2.4 8 16

e Find the nth term for each of the following sequences: a) 514 9% 686" b) 9 27 81 243
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Quadratic Sequences

The nth term of a quadratic sequence has the form an? + bn + ¢ where a, b and ¢ are constants and @ # 0.

Example 5

Find the nth term of the quadratic sequence 1, 8, 19, 34, 53...

1. Find the difference between each pair of terms.

2. Work out the difference bet.ween the differe.nces — L 7\;11 ' I‘T\_;I 9
you should get a constant difference. Here it’s +4. +4 +4 +4

3. Divide the constant difference by 2
to get the coefficient of the n? term.

4 +2 =2 so the rule contains a 2»n? term.

term: 1 8 19 34 53
2n?: 2 8 18 32 50
term—2n% -1 0 1 2 3

4. For each term in the sequence,
subtract the corresponding 2x? term.
This will leave a linear sequence.

The rule for the linear sequence is n — 2.
So the rule for the sequence is 2n? + n — 2.

5. Work out the rule for the remaining
linear sequence and add it to the 2»? term.

Exercise 5

1 For each of the following sequences, find:

a) 1,5,11, 19, 29..
d) 7,20, 39, 64, 95...

(i) the nth term
b) 5,12,21,32,45..
e) 6,24,52,90, 138...

(i) the 10th term
¢) 5,12,23,38,57..
f) 10,23, 44,73, 110...

Cubic Sequences

The nth term of a cubic sequence has the form an® + bn? + cn + d where a, b, ¢ and d are constants and a # 0.

Example 6
Find the nth term of the cubic sequence 2, 12, 34, 74, 138...

2 12 34 74 138

1. Find the difference between each pair of terms. N AN AN AN A
+10 +22 +40 +64
2. Work out the difference between the differences twice. }T; }1/8‘ }-224
You should be left with a constant difference. Here it’s +6.
+6 +6

3. Divide the constant difference by 6

to get the coefficient of the »? term. 6+ 6 =1 so the rule contains an ’ term.

4. For each term in the sequence, term: 2 12 34 74 138
subtract the corresponding »’ term. n: 1 8 27 64 125
This will leave a linear or quadratic sequence. term—n% 1 4 7 10 13

The rule for the remaining sequence is 3n — 2.
So the rule for the sequence is #> +3n — 2.

5. Work out the rule for the remaining sequence
and add it to the #® term.

Exercise 6

1 For each of the following sequences, find:
b) 8,21, 46, 89, 156...

a) 9,16,35,72,133...
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(i) the nth term

¢) 3,20, 63, 144,275...

(ii) the 8th term
d) 6,19, 48,99, 178...



Section 15 — Straight-Line Graphs

Horizontal and Vertical Lines

All horizontal lines have the equation y = a (where a is a number),
since every point on the same horizontal line has the same y-coordinate (a).

All vertical lines have the equation x = b (where b is a number), since every
point on the same vertical line has the same x-coordinate (b).

Example 1
YA B
Write down the equations of the lines marked 4 and B. 3 =
2
1. Every point on the line 1
marked A4 has y-coordinate 3. A4 isthe liney=-3 o T B B Y >
2. Every point on the line =
marked B has x-coordinate 2. Bisthelinex=2 A i =l
4
Exercise 1
1 Write down the equations of each of the lines labelled 4 to E on the right. I D
) [
2 a) Draw a set of coordinate axes and plot the graphs 4
with the following equations. | _ 3 C
@ y=3 (i) y=-6 (i) y=-1 I
(iv) x=2 (V) x=4 (vi) x=-6 6543 pa% g2 o4 "
-1
b) What is the y-coordinate of every point on the x-axis? Lo
: E
¢) Write down the equation of the x-axis. m T

3 Write down the equation of the y-axis.

4 Write down the equation of each of the following.
a) The line which is parallel to the x-axis, and which passes through the point (4, 8).
b) The line which is parallel to the y-axis, and which passes through the point (-2, —6).
¢) The line which is parallel to the line x = 4, and which passes through the point (1, 1).
d) The line which is parallel to the line y =—5, and which passes through the point (0, 6).

5 Write down the coordinates of the points where the following pairs of lines intersect.
a) x=8andy=-11 b) x=-5and y=-13 ¢) x=0.7andy=280 d)x=-T6Tandy=—500
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Other Straight-Line Graphs

The equation of a straight line which isn’t horizontal or vertical contains both x and >

There are a few different methods that can be used to draw straight-line graphs — one is shown below.

Example 2
a) Complete the table to show the value of
y=2x+ 1 for values of x from 0 to 5. X 01 [2]3]4 S |
Y
b) Draw the graph of y = 2x + | )
for values of x from 0 to 5. Sooriin
9 |y 0 1 2 3 4 5 b
y 2x0+1(2x1+1[2%x2+41(2x3+1]2x4+1|2x5+1 10
=1 =3 =5 =7 = =11 9
Coordinates ©, D) (1, 3) 2,5 | 3,7 “,9 | 61D

1. Use the equation y = 2x + | to find the y-value
corresponding to each value of x.

2. Use the numbers from the first and second rows to
fill in the third row.

3. Plot the coordinates from your table on a grid,
and join them up to draw the graph.

’»—-I\-)L'JALIIO’\\IOO

—  »
I 23435

Exercise 2
1 a) Copy and complete this table to show the A EE RS
value of y = 2x for values of x from -2 to 2. z =
Y
b) Draw a set of axes with x-values from —5 to 5 .
Coordinates

and y-values from —10 to 10.
Plot the coordinates from your table.

¢) Join up the points to draw the graph with equation y = 2x for values of x from —2 to 2.
d) Use aruler to extend your line to show the graph of y = 2x for values of x from —5 to 5.

€¢) Use your graph to fill in the missing coordinates of these points on the line:

ONCAID i 3, ] dii) (],-10

2 a) Copy and complete the table to show the

value of y = 8 — x for values of x from 0 to 4. X 0l11l2131]4
b) Draw a set of axes with x-values from -5 to 5 Y
and y-values from 0 to 13. Coordinates |

Plot the coordinates from your table

¢) Join up the points to draw the graph of y = 8 — x for values of x from 0 to 4.
Use a ruler to extend your line to show the graph of y = 8 — x for values of x from —5 to 5.
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3 For each of the following equations draw a graph for values of x from -5 to 5.
a) y=x-3 b) y=—4x 0 y=% d) y=2x+5

& y=4-x f) y=8-3x g y=-1-2x h) p=7+1

4 Draw a graph of the following equations for the given range of x-values.

a) y=xfor-4=<x=<4 b) y=x+7for-7<x<0 ¢) y=-2x+8for0=x<35
d) y=15xfor-5<x<5 € y=05x+2for2=<x=<4 f) y=-2-05x for-4=x<4
15.2 Gradients
The gradient of a straight line is a measure of how steep it is. y 1
To find the gradient of a line, divide the ‘vertical distance’ between two (65 1)

points on the line by the ‘horizontal distance’ between those points.

Vertical
i distance
i

(CT0 ) I Amm— i

—_ e

Gradient = -.Yertical distance — Y2~ i
Horizontal distance X — X

Horizontal distance

A line sloping upwards from left to right has a pesitive gradient. X
A line sloping downwards has a negative gradient.

Regardless of the type of graph, the gradient always means ‘p-axis units per x-axis units’.

Example 1
Find the gradient of the line that passes
through points P(=3, 1) and 04, 5).

1. Call the coordinates of P (x, y)),
and the coordinates of Q (x,, y,).

2. Use the formula for the gradient. Gradient = H
3. The line slopes upwards from left to right. _ _5-1
So you should get a positive answer. 4 —(-3)
-4
7
Exercise 1
1 Points P(x, y) and Q(x,, y,) are plotted on this graph. 4" L 6)
6 bl

a) Without doing any calculations, state whether the gradient
of the line containing P and Q is positive or negative,

b) Calculate the vertical distance y, — v, between P and Q.

¢) Calculate the horizontal distance x, - x, between P and Q.

d) Find the gradient of the line containing P and Q. 0T 5 »
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2 Use the points shown to find the gradient of each of the following lines.

a) [ b) ©) Va

y Ya
(-4, 6) 6 6 F4,6)
s ) \
3 N‘ 3)
16, 1)
‘ . E(-5,0)
0" 1 6 4 0 6 Zs 0 7T
3 For each line shown below: (i) Use the axes to find the coordinates of each of the marked points.
(ii) Find the gradient of each of the lines.
a) 4 b) Ya ©) Ya )
6 H 30 M 30 .
5 25 25
4 20 0 Line 1
3 15
2 10
1 d 5
0 T S 30 20 10 0 20 30
-1 -5
-2 +10
-3 —15
-4 , -20
-5 G 25 !
-6 =30
4 a) Plot the points U(-1, 2) and ¥{(2, 5) on a grid. 7 Find the gradients of lines A-D on the graph below.
b) Find the gradient of the line containing S . o _
points U and ¥, ik ‘ iz /fp_,']'w,i T_. .
5 a) Find the difference between the y-coordinates TRIET 5\{_ i i e o e i
of the points ¥(2, 0) and Z(—4, -3). 1T "‘\[ T 7
b) Find the difference between the it S A W i ~ i /‘r‘ L 4 .!.\-f.' .
x-coordinates of ¥ and Z. T -\:x( i g j"
¢) Hence find the gradient of the line JENIEIE il AL :“H'j: A [ !‘_
containing points Y and Z. i o i 9 : I
il 11 |
6 Tind the gradients of the lines '
containing the following points.

_ Line D).

a) A0,4), B2, 10) . i
b) C(1,3), DG, 11) I
¢) E-1,3), F5,7)
d) G-3,-2), H{1,-5)
e) IS5, 2), J1, 1)
f) K(—4,-3), L(-8,-6)
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15.3 Equations of Straight-Line Graphs

The equation of a straight line can be written in the form y = mx + c. Eg fory=3x+5m=3andc=>5.

When written in this form: ¢ m is the gradient of the line,

Example 1

Write down the gradient and coordinates of the y-intercept of y = 2x + 1.

The equation is already in the form y = mx + ¢, y /v(@ +@L\ gradient =2
so you just need to read the values for the lg-mtercept =(0,1)

gradient and y-intercept from the equation.

Example 2

Find the gradient and coordinates of the y-intercept of 2x + 3y = 12.

1. Rearrange the equation 2x+3y=12 S
into the form y = mx + c. Jy=—2x+ 12

2. Write down the values for the ;) x I@K
gradient and y-intercept.

m=

So the gl adient = —%, y-intercept = (0, 4)

Exercise 1

1

Write down the gradient and the coordinates of the y-intercept for each of the following graphs.
a) y= 2x 4 b) y=5x-11 ¢) y=-3x+7 d) y=4x
e) y=1x—1 f) y=—=x-1 g y=3-x h) y=3

Match the graphs to the correct equation from the box.

B A M B Ya C Ya
y=x+2 61 6 6
—ple 5 5 5
y =gl ~ 4 4
y:_X+6 3\ : :
B 2 2 2
y=3x 1 1 |
y=-ix+4 T 2335 6" P T23as56r O T23456
y=%x+2 E 2 7
D E X% F \Q
6 6
5 5 5
4 4 4
3 3 3
2 2 2
: “ |
W1 2345 6% o7 2345 6°F T 23 4 5 0
= l it t o -1 \
4 3 (5

r
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3 Find the gradient and the coordinates of the y-intercept for each of the following graphs.

a) y=4+42x b) 2y=2x+6 ¢) 3y=9-3x d)y y-5="7x

e) y+x=28 f) y—12=13x g) x=6+2y h) 3x+y=1

i) 3y—-6x=15 j) 4x=2y+5 k) 9=2x+3y ) 4x=5y-5
m) 6x-y=7 n & -2y=14 0) 11 =9x+2y p) Sx+4y=-73
q) y+2x-3=0 r) 6x—-3y=2 s) 9x=6-3y t) 4p—-6x+8=0
u) Sx—5y =2 V) 6x—-3y+1=0 W) Va=—4x -2y X) —5x = 6y
Example 3

Find the equation of the straight line that passes through the points 4(-3, -4) and B(-1, 2).

1. Write down the equation for a straight line. Y =mx+c, m= gradient and ¢ = y-intercept.

PR 2o(H) _6_,

X2 — X -1 — (—3) 2
So the equation of the line must be y = 3x + .

2. Find the gradient (m) of the line. gradient =

3. Substitute the value for the gradient and AtpointB, x=-1and y=2.
the x and y values for one of the points 2=3x(-1)+c
into y = mx + ¢, then solve to find c. 2="3+¢

c=5 So the equation of the line is y = 3x + 5.

Exercise 2

1 Find the equations of the following lines based on the information given.

a) gradient = 8, passes through (0, 2) b) gradient =—1, passes through (0, 7)
¢) gradient = 11, passes through (0, -5) d) gradient = —6, passes through (0, 1)
) gradient = 3, passes through (1, 10) f) gradient =, passes through (4, —5)
g) gradient =7, passes through (2, —4) h) gradient = 6, passes through (-1, 2)
i) gradient =5, passes through (-3, —7) ) gradient = -4, passes through (-3, 3)

2 Find the equations of the lines passing through the following points.

a) (3,7)and (5, 11) b) (1,4)and (3, 14) ¢) (5 Dand(2,-5) d) @4, 1)and (-3,-6)
¢) (2, )and(l,7) ) 2,8 and (-1,-1) g (3,2)and (-2, 5) h) (4, 5)and (-6, 0)
) (7,8 and (-1, 2) D @2,-)and 4,-9) k) (-1, 10) and (-3, 4) ) (3,4)and (-5,-8)
3 Find the equations of the lines 4 to L shown below. Write all your answers in the form y = mx + c.
Y, Y, Yy
| 5 5 10
N L T = Ji
AN, 4 9 L 4 H / 8
M3 ' = 43 6
2 T ! / 4
1™ LTS 3]
| 23 4 5 % -5 2= 2] tll /2 3 458 % g x_r{".,i-'a.:u'
-, / g
b A 2|, G /f 4
™, y P
Hhe -8
=75 [ 10
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4 Find the equations for the lines e 5
shown on the graph on the right.
Give your answers in the form
y=mx+c.

15.4 Parallel and Perpendicular Lines

Parallel Lines
Lines that are parallel have the same gradient.
Example 1

Which of the following lines is parallel to the line 2x +y = 57
a) y=3-2x b) x+y=5 c) y—2x=6

1. Rearrange the equation 2x+ty=5
into the form y =mx + ¢ y=5-2x
to find its gradient. y=-2x+5 So the gradient (m) = -2.

2. Rearrange the other 9 y=3-2x b) -t =45 by ZE0
equations in the same way. y=-2x+3 y=-x+5 y=2x+6

Any that have m = -2 will

be parallel to 2x + y = 5. m=-2 m=-1 m=2

So line a) is parallel to 2x +y = 5.

Example 2
Find the equation of line L, which passes through the point (5, 8) and is parallel to y = 3x+2.

1. Find the gradient of the line y= 3x+ 2. Equation of a Straight line: y=mx +c

The gradient of y = 3x + 2 is 3.

2. The lines are parallel, so line L So the equation of line L must be y = 3x +c.
will have the same gradient.

3. Substitute the values for x and y at point (5, 8) At(5,8),x=5andy=8:
into the equation. Solve to find ¢ and hence 8=3()+c
the equation of line L. 8=15+c

¢=-7 So the equation of line L isy=3x-17.
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Exercise 1

1 Write down the equations of three lines that are parallel to: a) y=5-1 b)yx+y=7

2 Work out which of the following are the equations of lines parallel to: (D y=2x-1 (i) 2x-3y=0

a) y—2x=4 b) 2y=2x+35 €) 2x—y=2
d) 2x+y+7=0 e) 2x+6=3y f) 3py+2x=2
g) y=1+2x h) 3y=3+2x i) 6x—9y=-2

3 Which of the lines listed below are parallel
to the line shown in the diagram?

a) y+3x=2 b) 3y=7-x
¢ y=4-3x d) x-3y=38

v 2 [ = " y
¢ y=3-1x f) 6y=-2x T3 210% 1234 %

4 For each of the following, find the equation of the line which is parallel to the given line
and passes through the given point. Give your answers in the form y=mx+ec.

a y=5x-7, (1,9 b) y=2x, (-1, 5) 9 y=1x+3, (67
d) y=4x-9, (7,13 e) y=8x—1, (=3,-5) f) y=x+17, (5,-7)
g) 2y=6x+3, (3,4 h) y=7-9x, (1,-11) i) x+y=4, @, 8)

P 2x+y=12, (4,0 k) 6x—2y=15,(1,-4) ) x+3y+1=0,(9,9)

Perpendicular Lines

If the gradient of a line is m, then the gradient of a perpendicular line is —%.

The product of the gradients of

1 _
two perpendicular lines is —1. mx =gy =1

Example 3
Find the equation of line B, which is perpendicular to y = 5x — 2 and passes through the point (10, 4).

I. Use the gradient of y = 5x — 2 The line y = 5x — 2 has gradient m = 5.

to find the gradient of line B, So the gradient of line B is _% =]

3
2. Substitute this gradient into the The equation of line Bis y = —%x +c.
equatlon for a straight line along At the point (10, 4), x = 10, y = 4
with the values for x and y at the 1
point given. =510 +c
. ; - 4=22+c¢
3. Solve this equation to find ¢ and
hence the equation of line B. c=6 |
So the equation of line B is p = —%x +6.
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Exercise 2

1 Find the gradient of a line which is perpendicular to a line with gradient:

a) 6 by -3 o % d) -1 9 & ) 12 g) =7 h 2
iy 2 Dl k) 1.5 I) 03 m) —4.5 n) 4% 0) 1.2 p) 3%
2 Write down the equation of any line which is perpendicular to:
a) y=2x+3 b) y=-3x+11 ¢) y=5-06x d) y=9x-1
e) 2y=5x+1 fy x+ty=2 g) 2x+3y=5 h) 5x—10y=4
3 Match the following equations into pairs of perpendicular lines.
a) y=3x-6 b) y=2x-3 ¢) 8-x=3y d) 4x-6v=3
e) y+3x=2 f) 2y-3x=6 g) x+2y=38 h) 4y +8x=06
i) 8y—4x=3 ) 3y-4—-x=0 k) 4x+6y—-3=0 1) 2y=8-3x
4 For each of the following, find the equation of the line which is perpendicular to the given line
and passes through the given point. Give your answers in the form y = mx + c.
a) y=-3x+1, (98) b) y=3x-5 (3.9 9 y=3x-7 (19
d) y=6x+11, (18, 1) e) y= %x +15,  (12,-1) f) y=8-2.5x, (15,2)
g x+ty=8 (0 h) 2y =6x—1, 6,1 i) y+8x=1 (§7)
D x+2y=6, (1,9 Kx-5-11=0, (-2,8) D x-y=7 (@21
15.5 Line Segments
Midpoint of a Line Segment
The midpoint of a line segment is halfway between the end points.
The midpoint’s x- and y-coordinates are the averages of the end points’ x- and y-coordinates.
y
“ B
Example 1 4 /
3
Find the midpoint of the line segment 45. /
|
4 ::-/—i f.ll 2 3 4
A -2
-3
_4
1.  Write down the coordinates of the end points 4 and B, A(=3,-2) and B(1, 4)
2. Find the average of the x-coordinates by adding <73 +1 -2+4 ) = (1, 1)
them together and dividing by 2. Find the average ik w0 a
of the y-coordinates in the same way. The midpoint has coordinates (=1, L).
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Exercise 1

1 Find the coordinates of the midpoint of the line segment 4B, where 4 and B have coordinates:

a) 4(8,0), B4, 6) b) 4G, 2), B3, 0) ©) A(-2,3), B, 5)

d) A(4s _7)a B(_2> 1) e) A(_35 O)a B(9, _2) f) A(h65 _2), B(_45 6)
g8 A(-1,3), B-1,-7) h) A(-2,-8), B(5,-8) i) 4(0.5,-4), B(-8,6)
) A3 4),B(,-3) K) A@2p, q), B(6p, 79) 1) A@p, 2q), B(2p, 149)

2 Find the midpoint of each side 3 Point 4 has the coordinates (1, 8). The midpoint,
of the following triangles. M, of the line segment 4B has the coordinates
a) y P M5, 3). Find the coordinates of B.

4
3 / 4 The coordinates of the endpoint, C, and midpoint,
2 M, of the line segment CD are C(6, —7) and
/{ M2, -1). Find the coordinates of point D.
* X
i _7/ : T h ot 3 \1 5 Use the diagram below to find the
A 2 C midpoints of the following line segments.
-3 a) AF b) AC ¢) DF
4 d) BE ) BF f) CE
b ] .
) 3 D) A s‘r f
4
C
! [ 15
F 3340 1] 33 e t D
_-I/ F 6543249 1 23 4 5
4 & S
4

Length of a Line Segment

Example 2

Calculate the length of the line segment AB. Give your answer to three significant figures.
1

4‘ oy 1

\ !

/
/|

Think of the line segment as the
hypotenusc of a right-angled triangle ABC.

/ | 2. Calculate the length of AC and BC. Length of AC=1~(-3)=4
i /_2’ 1o | 23 4" Length of BC=4-(-2)=6
A.(_____:ET B "|C 3. Calculate the length of 4B using B2 e e

: Pythagoras’ theorem,
W AB = /16
AB = /52 =1.21 (to 3 s.t)
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Exercise 2

In Questions 1-2, give all rounded answers to 3 significant figures.

1 Find the length of the line segments with the
following end point coordinates.

a) (5,9)and(l, 6)
¢) 5,4)and 4, 1)
e) (-1,9) and (9, -3)
g) (1,-2) and (8, 2)
D -1,-1),(59
k) (0,-1) and 4, 8)

b) (15, 3) and (11, 8)
d) (3,7)and (3, 14)
f) (9, -4)and (-1, 12)
h) (-3, 7)and (-2, -3)
i) (2,4 and (-1, -4)
) (2,-1)and (1, 8)

2 Find the length of each side of the shapes below.

4 4
Bp—3 FAS
2| TT—c / 2
/A’
1 / / 1 ‘\\
30 /2 3 &° 440 1w 3 4
1| -{) EL A N\
5 ~_ -2 NG
AV -3 3 /

Coordinates and Ratio

Example 3

Points 4, B and C lie on a straight line.

Point A has coordinates (-3, 4) and point B has coordinates (3, 1).
Point C lies on line segment AB such that AC: CB=1:2.

Find the coordinates of point C.

1. Find the difference between the

x- and y-coordinates of 4 and B.

2. Use the given ratio to see how
far along AB point C is.

3. Add the results to the
coordinates of 4 to get C.

Exercise 3

x difference: 3 - (-3)=6
y difference: 1 -4=-3

Cis & of the way along 4B, so x:

3

x-coordinate: -3 +2 =-1
y-coordinate: 4 + -1 =3

¥y
1

< A~
\“\&_3,4).‘
.\\(R

K-‘“\\B 3, 1)

— —_— y

=

1x6=2

i %X—3=—1

Point C lies at (-1, 3).

1

Point C lies on the line segment AB. Find the coordinates of C given that:

a) A(-6,-4) B(10,4) AC:CB=1:1 b) A(3,-3) B@6,6) AC:CB=1:2
0 A(3,5 BO, 1) AC:CB=13:1 d) A4(0,4) B(10,-1) AC:CB=2:3
e) A(20,1) B@,-13) AC:CB=3:4

Using the following points, find the specified ratios.

a) Find AB:BC given A(0, 0), B(2, 2) and C(6, 6).

b) Find DE:EF given D(1, 0), E(-3, 4) and F(-4, 5).

¢) Find GH: HI given G(-1,-2), H(5, 2) and (14, 8).

d) Find JK:KL given J(—6 -2), K(-2, 6) and L(1, 12).

e) Find MN:NO given M4, -7), N(1, —-8.5) and O(-5, -11.5).
f) Find PQ: QR given P(7, 4), Q(3.5, -1) and R(-7, —16).

Point T lies on the line segment SU. Find the coordinates of U given that:
a) S0,5) 713,98 ST:TU=3:1 b) S6,2) T(12,-4) ST:TU=3:2
¢ S(2,-4) T(18,11) ST:TU=5:4 d) 55,3 T73,-1) ST:TU=1:5
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Exercise 4 — Mixed Exercise

1 ABis aline segment joining A(2, 8) and B(10, 7).
a) Find the midpoint of line segment AB.  b) Calculate the length of line segment 4B.
A
2 For each of the line segments shown on the right:
a) Find the midpoint of the line segment. \ B

b) Calculate the length of the line segment.
Give your answer to one decimal place.

L I P e

% H T ll&z 34X
3 Find the length and midpoint of the line segments T e
with the following end points. Give your answers -2 T
to 3 significant figures where appropriate. %
4

a) (1,3)and (5, 7) b) (7, 11) and (4, 5)
¢ (-2,8)and (6, 1) d) @,-3)and (2,9)
& (7,-12)and (-5,-2)  f) (-8, l)and (-6,-7)

A(2,10) %
4 The diagram on the right shows lines 4B and CD.
Line CD intersects AB at the midpoint, M, of line 4B. LD (m, n)

a) Find the midpoint, M, of line 4B. L ="

b) Given that CM: MD = 2:1, find the length of the line segment CD. o i T
Give your answer to one decimal place. C(-6,-2)

. . B(6,-6)
e Line segment P is the graph of y =2x+ 3 for 2 < x < 6.

a) Find the midpoint of line segment P.

b) Calculate the length of line segment P.
Give your answer to three significant figures.

15.6 Straight-Line Graphs Problems

Exercise 1

1 Draw the following lines. 3 Match each of the equations with the graphs A-E.
a) py=—-2x+5 b) y=4x-7 y=2x y+x=0 y—x=0
¢) y=-3x+4 d) y=-5x+1 y=-0.5x y=x ]
e x+y=1 f) 2x+y=3 '
g) x=2y-5 h) x=6-3y

2 Find the gradient of the line joining
the following points.

a) (2,3)and @,7) b) (1,2)and 2, 6)
¢ (1,4)and (3,2) d) (1, 6)and (3, 5)
&) (3,1)and (5, 4) f) (6,4)and (7, 1)

g) (1,-2)and (2, -4) h) (4,-3)and (8, 1)
i) G, —4and(-5,-2)  j) (1,8 and (9, 1)
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11

a) The line through points 4(-1, 4) and B(2, a) has a gradient of 5. Find a.
b) Points C(2, 7) and D(b, -2) lie on a line with a gradient of -3. Find b.

Find the gradient and the coordinates of the y-intercept of the following lines.

a) y=5-9
e) Sx+y=12

b) y=Tx+3
f) 6=2x+3y

Match the equations below and the graphs shown on the right.

x+2y=6 x=-4y y=2x-6
y=4x-1) dx+y+4=0

Find the equations of the lines

through the following pairs of points.

a) (1,2)and (0, 6) b) (8, 7) and (0,-9)
¢) (@,5)and(6,6) d) (5,-8) and (-1, 10)
e) (2,-9)and (5,-15) f) (2,0)and (-6, -2)

¢) y=11-2x
g) x=4y-7

d) y=—8+3x
h) 2y+9=28x

Decide whether each of the following lines are parallel to the line y = %x + 8, perpendicular to it, or neither.

a) y=3-2x
e) dy+2x=38

b) 8y—4x=5
f) y=2x—-4)

¢) y—2x=4
g) y=x-17

d) 3x—-6y=1
h) y+2x=38

Jonah plots three points on the line segment AC at the following coordinates: A(=6,-2), B(p, q), CQ10,6).
a) Given that 4B:BC = 1:3, find the values of p and g.

b) Calculate the length of the line segment AB. Give your answer to one decimal place.

¢) Jonah draws another point, D, on the line segment AC such that AB:DC=4:1.

What is the length of the line segment DC?

Find the gradient, length and midpoint
of each side of the following shapes.
Give your answers to 3 s.f. where appropriate.

Find the total perimeter of the following shapes.
Give your answers to three significant figures.
. =

.

Zg 0 T 2 43 20 173 4
o— =

-3 -3

4 4

3

Write all equations in your answers to Questions 12-14
in the form y = mx +c.

12 Find the equations of
the lines shown on the
graph on the right.

13 Find the equation of the line parallel to the
given line that passes through the given point.
a) y=3x-11, (5,9 b) y=10-"7x (1, 11)
¢ y+2=9x, (2,-16) d)x+ty=5 (2,9
e) 3x+2y=23,(8,5) fy x—11=3y, (18,1)

14 Find the equation of the line perpendicular to the
given line and passing through the given point.
a) y=4x+1, (12,9 b) y=5-2x, (14,8)
¢ y+16=3x, (-6,-1) d) x+3y=17, (-4,2)
e) 3x+2y=28, (9,-1) f) x-3=5y, (2,2
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Section 16 — Other Types of Graph

16.1 Quadratic Graphs

Quadratic functions always have x? as the highest power of x.
The graphs of quadratic functions are always the same shape, called a parabola.

If the coefficient of x? is positive, the parabola is u-shaped.
If the coefficient of x? is negative, the parabola is n-shaped.

Example 1
Draw the graph of y = x2 — 3.

1. Use a table to find the coordinates of points on the graph.

X 4| 3| 2|-1|0|1|2|3]|4
G 16|91 4] 1[0]1|4|9]16
-3 |13]6|1|2|3|[=2|1]|6]13

2. Plot the coordinates and join the points with a smooth curve.

Exercise 1

1 Copy and complete each table and draw graphs for the following quadratic equations.

a) y=x x | 4|3 =2|-1]o|l1|2]3]4
x2 9 1
b) y=x*+2 x |43 =2|-1]0|1]|2]3]4
2 | 16 1 4
2+2| 18 3 6
¢ y=2x [ x 4] 3[2[alo]1]2131a4
x? 9
2x* 18 2
d) y=6-x [ (a3 [2]a]o 1203 ][4]
x2 4 1 9
6 —x* 2 5 =3
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2 Draw the graph of y = x? + 5 for values of x between —4 and 4.

a) Use your graph to find the value of y when: @i x=2.5 (ii) x=-0.5
b) Use your graph to find the values of x when: (i) y=6.5 (i) y=10

3 Draw the graph of y = 2x? — 7 for values of x between —4 and 4.
a) Use your graph to find the value of y when: (i) x=15 (ii) x=-3.5
b) Use your graph to find the values of x when: @G y=5 (i) y=20

4 Draw the graph of y = 4 — x? for values of x between —4 and 4.
Write down the values of x where the graph crosses the x-axis.

5 Draw the graph of y = 3x* — 11 for values of x between —4 and 4.
Write down the values of x where the graph crosses the x-axis.

Example 2
Draw the graph of y =x? + 3x - 2.
1. Add extra rows to the table to make it easier to work out the y-values. ‘ .. ]
X 4| 3| 2(1flo|1]2]3]4 ' - ‘
i 69|41 ]0]|1]4]9]16 ' T
+3x [-12]-9|-6|-3]0]|3|6]|9 |12 ‘
2 2| 2| =2|=2|=2|=2|-=2]|-=2|-=2 [
X+3x-2| 2| 2| 4|42 2 8 | 16 | 26 e

2. The table doesn’t tell you the lowest point on the curve, so you Hrs 8
need to find one more point before you can draw the graph.
Quadratic graphs are always symmetrical, so the x-coordinate of  RENURERL YA0P) RERL R 0 I
the lowest point curve is halfway between the two lowest points cod | 18
from the table (or any pair of points with the same y-coordinate). |

So the lowest point of the graph is halfway between x = -2 and
x=-1,whenx=—-1.5and y = (-1.5)* + (3 x -1.5) -2 = -4.25.

Exercise 2

1 Copy and complete each table and draw graphs for the following quadratic equations.

a) y=x*+2x+3 X 4| 3|=2|-1]0 1 2 13| 4
x? 4 9
+2x -4 6
+3 3 3
*+2x+3 3 18
b) y=x*—4x-1 x 41 -3|=2]-1]20 1 2 13| 4
x2 16 1
—4x 16 -4
-1 -1 -1
xX—dx-1] 31 —4
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) y=4+2x-x2 X 4|32 -11]0 1 2 13| 4
4 4 4
+2x -6 2
—x? -9 -1
44+ 2x —x2 -11 5
d) y=2x+3x-7 X 4| 3]1-2|-110 1 2 3| 4
2x? 18 18
+3x -9 9
=7 -7 -1
2x2+3x -7 2 20

2 Draw the graph of y = x? - 5x + 3 for values of x between —3 and 6.

a) Use your graph to find the value of y when: (i) x=-15 @) x=15

b) Use your graph to find the values of x when: @) y=8 (i) y=-2
3 Draw the graph of y = 11 — 2x? for values of x between —4 and 4.

a) Use your graph to find the value of y when: @) x=-25 (i) x=1.25

b) Use your graph to find the values of x when: @G y=0 (i) y=11

4 a) Expand and simplify (x + 3)(x — 2).
b) Use your answer from a) to draw the graph of y = (x + 3)(x — 2).
¢) Write down the coordinates of the points where the graph crosses the x-axis.
d) What is the connection between your answer to part ¢) and the equation x+3)x-2)=0?

16.2 Cubic Graphs

Cubic functions have x> as the highest power of x.

Cubic graphs all have the same basic shape of a curve with a ‘wiggle’ in the middle. The curve goes up from
the bottom left if the coefficient of x? is positive, and down from the top left if it’s negative.

Example 1
Draw the graph of y = x> + 3x2 + 1.

1. Add extra rows to the table to make it easier
to work out the y-values.

X -4 | 3] 214 0 1 2
x3 —-64 | 27| -8 | -1 0 1
+32 4827123 0| 3 |12]
+1 1 1 1 1 1 1 1 I5
¥X+32+1 15| 1 5 3 1 5 21 [
2. Plot the coordinates and join the points
with a smooth curve.
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Exercise 1

1 Copy and complete each table and draw graphs for the following cubic equations.

a) y=x°

b) y=x*+5

¢) y=x*-3x+7

d) y=x*-3x*—x+3

e y=2x"-2x*-3x+5

f) y=5-x

g) y=3>—-4x>+2x-8

x| 3|=2]-1]0 1 2 3
X3 -8 1
X 3| 2] -1 0 1 2 3
x| 27 8
xX*+5| 22 13
X 4 | 3| =21-1 0 1 2 3 4
55 —64 1
—3x 12 -3
+7 7 7
xX*=3x+7|-45 5
X 3 | 2 1 0 1 2 3 4
55 -8 27
—3x? -12 =27
—x 2 -3
+3 3 3
X¥-3x2-x+3 -15 0
X 3| 2| -1 0 1 2 3
2x* -2 54
—2x? —2 -18
—3x -9
+5 5
2x3 —2x*=3x+5 32
x -3 | 2 1 0 1 2 3
5 5 5
—x3 8 27
5-x° 13 -22
X 3| 2| -1 0 1 2 3
3x? —81 3
—4x? -36 -4
+2x —6 2
-8 -8 -8
3 —4x?+2x -8 | -131 —7
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2 Draw the graph of y = x> + 3 for values of x between -3 and 3.
Use your graph to estimate the value of y when x = -2.5.

3 Draw the graph of y = x> - 6x? + 12x — 5 for values of x between —1 and 5.
Write down the value(s) of x when the graph crosses the x-axis.

4 Draw the graph of y = x> — x? — 6x for values of x between —3 and 4.
Use your graph to estimate the value of x when: a) y = 10

16.3 Reciprocal Graphs

Reciprocal functions contain a L term (where f(x)

f(x)

is a function of x).

Reciprocal functions don’t have values for every x

— they’re said to be undefined when the
denominator of the L term is zero.
f(x)

Reciprocal graphs have asymptotes. An asymptote is
a line the graph gets very close to, but never touches.

The graph of y = % has asymptotes at x =0 and y = 0.

Example 1

b) y=-15

Find the equations of the asymptotes of the graph of y = % -2,

Use your answer to sketch the graph.

1. As the (positive or negative) size of x increases,

% gets closer to zero, so y gets closer to —2.

But % never actually equals zero, so y = -2 is

an asymptote.
2

2. The bottom of the fraction &

but can never equal zero.

So the vertical asymptote is at x = 0.

3. Draw a sketch with the same basic shape as y =
; 7 ;
When x is very small, < is very large and

. 2.
when x is large, T 18 very small.

Exercise 1

can get close to zero,

1
1

The graph of y = % — 2 has asymptotes at
y=-2andx=0.

Y4
| 72

RS X

1 Copy and complete each table and draw graphs for the following reciprocal functions.

Give any rounded numbers to 2 decimal places.

4

a) y=< -5 | -4

-3

-2

-1

-0.5

-0.1

0.1

0.5

-0.8

ib | R

-2
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s X 6| 5| -4|35[31|29{-25|=2|-1]0 ]2
b) x+3
x+3 -1 0.5 3
1
X 13 -1 2 0.33
_1
¢ y=x*3 x |-5|-4|3|=2|-1]-05-01{01]|0o5|1|2]|3|4]|5
1
0 -0.33 -2 0.5
+3 3 3 3
1
g 2.67 1 3.5
d) y= —% x 5|4 3=2|-11-05-01{01f05] 1 | 2 3 4 |5
1
— 0.25 1 ~0.33
e y=5 _% X 5| 4| 3[=2]-1]-05-01]01]05| 1 2|3 ]4]5
S 5 5 5
1
= 0.25 10 -0.2
1
5- N 5.25 15 4.8
2 a) For what value of x is the expression N 1 5 undefined?

b) What happens to the value of as x increases?

1
x—2
¢) Give the equations of the asymptotes of the graph y = ﬁ

3 Find the equations of the asymptotes of each of the following graphs.

a y=-2 by y=1 +4 9 y=1is
d) y=o - O y=z-+10 ny=8-=*>

16.4 More Reciprocal Graphs

1
xZ
but because square numbers are always positive,

1

e has only positive values.

The graph of y = = is similar to the graph of y = %

y=

The lines y = 0 and x = 0 are asymptotes of the
graph of y = %

b ——
2|1
EREl ILRDE |
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Example 1

Draw the graph of y = ﬁ, including asymptotes.

X 7| 6| 5| -4]-35|-25| 2| -1 0 1

(T}_T)z 0.06]0.11]025| 1 4 4 I 10.25]0.11 | 0.06

As the size of x increases, N gets closer to zero,
(x+ 3Y

s0 y = 0 is an asymptote.

{x—j_3—)2 is undefined when (x + 32 =0,
s0 x = -3 is an asymptote.

Exercise 1

1 Copy and complete each table and draw graphs for the following reciprocal functions.
Give any rounded numbers to 2 decimal places.

a) y= % x -4 3| 2|1 (-0505]| 1 2 3| 4
x2 9 0.25 1
% 0.22 8 2
_ 1
b) y= GT Iy x S| 4| 3 =245]|-05]| 0 1 2| 3
x+1 —4 0.5
x+12| 16 0.25
(Hl Iy | 0.06 4
0 y= (—xj—z) x 21110 1 |15]25] 3 4 5 6
x—2 -3
(x —2) 9 4
€ _1 27 0.11 0.25
_1
dy=-:-5 x | 4| 3|-2|-1]-05051[2]3]4
x? 16 1 16
L 006 1 0.06
55 | 494 4 494
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0 y=-L x |-4|3|=2|-1]05/05]|1]2]|3]4
x
x? 4 0.25 9
3 -0.25 —4 -0.11
N y=4-% x |-4|3]2]a]osjos] 1 ]2|3]34
x? 1 16
% 1 0.06
4-1 3 3.94
x
2 Write down the equations of the asymptotes of the following graphs.
Use your answers to help you sketch the graphs.
= dx S — =, 4
a) y 3 b) y (x — )3 ¢) v (x + 8y
1 1 N
= =t f) y=3—r——x
d) y (X T 1)2 e y 7 6 ) ¥ “‘

16.5 Exponential Graphs

Exponential functions have the form y = a*, where a > 0.

When a > 1, as x increases,
a* quickly gets very large.
As x gets more negative,

a* gets smaller and smaller
but never reaches 0, so the
x-axis is an asymptote.

Exercise 1

1 Copy and complete each table and draw graphs for the following exponential functions.

I

Give any rounded numbers to 2 decimal places.

When a < 1, as x increases,
a* gets smaller and smaller
but never reaches 0, so the

x-axis is an asymptote.

As x gets more negative,

a* quickly gets very large.

a) y=3' % Sl a]lalol1|2]3
3 0.11 27
by y =025 % Sl 2l alol 1] 213
0.25° 4 0.06
©) y=4+3 X a3l alo 1| 2]3
& 002 16
+3 3 3
413|302 19
d) y=2~ % 3] a2lalol1]2]3
2~ 4 1
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2 For each of the following graphs, write down the equation of the asymptote and the point where each graph
crosses the y-axis. Use your answers to help you sketch the graphs.

a y=5 b) y=2"-1 ¢) y=10-3"
d) y=0.1° e) y=05+3 f) y=10~

£100 is invested in a bank account that pays 5% interest per year.
The amount of money in the account (in pounds) after x years is equal to 100 x 1.05,

Draw a graph of y = 100 x 1.05* for values of x from 0 to 10, to show how
the amount of money in the account changes over 10 years.

The value of a car depreciates at a rate of 20% per year. When the car was new, it cost £6000.

The value of the car in pounds, ¥, is given by the formula ¥ = 6000 x 0.8', where ¢ is the car’s age in years.
a) Draw a graph of 7 to show how the value of the car decreases over 6 years.

b) Use your graph to estimate the value of the car after 3% years.

16.6 Circle Graphs

The equation of a circle with radius r and centre (a, b) is (x — a)? + (y — b)* = 1.

Example 1

Sketch the graphs of the following equations.

a) x*+)?=16
l. a=0and b =0, so the centre of the circle is (0, 0).
2. V16 =4, so the radius of the circle is 4.

b) (r—37+(y+27=9
l. a=3and b= -2, so the centre of the circle is (3, -2).
2. V9 =3, so the radius of the circle is 3.

Exercise 1

1 For each of the following equations, give the centre and radius of the circle.

a) x*+y*=25 b) ¥ +y?=1 O (x—1)+(y-22=4
d) (x—SP+(y-37=8l € (x+27+(y—1=9 f) (=20 +(y+2) =64
g) o+ 1P+ (y+372 =49 h) x2+y2=6.25 i) 2+ (y-5P=1225
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2 Write down the equation of each of the following circles.

PN [T
N R

R e

d | [ ] Tj;'__! 7 e) | ] ‘ Q
AN EEP
Hem
1:_4_"\_;{_,'&_/ 2 ‘ [ 2 '-‘4 2 | O

HT
A T

3 a) Draw the graph of (x =2 +(y - 1 =9
b) Use your graph to find: (i) the approximate values of y when x = 3,
(ii) the approximate values of x when y =-1.

4 On the same axes, draw the graphs of x> + (y +2)* =9 andy = 2x— L.
Use your graph to find the approximate coordinates of the points of intersection of the two graphs.

o a) Show that(x —1)*=x*-2x+1
b) Expand and simplify (y + 2)%.
¢) Use your answers to a) and b) to sketch the graph of xX2-2x+y*+4y=11

A circle with centre (3, 3) and radius 5 is drawn on the same axes as the graph of (x + 1> + (y + 2 = 4.
Draw the circles and find their approximate points of intersection.

16.7 Trigonometric Graphs

The trigonometric functions sine, cosine and tangent are periodic functions — they all have patterns that repeat.

Sine and cosine have similar wave-shaped graphs.
Each function takes values between —1 and 1, and they both repeat every 360°.

( YEsin |
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The graph of tangent has a period of 180°.
It has asymptotes at -90° and 90°, and it
repeats every 180°,

| skube] ]
|
pasan

- !;ma' /-"':"E’TP\

Exercise 1
In Questions 1-6, give all rounded numbers to 2 decimal places.

1 a) Copy and complete the table and draw the graph of y = cos x for values of x between 0° and 360°.

X 0° ] 30° ] 45° ] 60° | 90° |120°| 135° [ 150°| 180°| 210° | 225°|240°| 270°|300°| 315° | 330° 360°
cos x I -0.71 -0.5 0.87

b) Use your graph to find, to the nearest degree, the values of x between 0° and 360° when
(i) cosx=04 (i) cos x=-0.75

2 a) Copy and complete the table and draw the graph of y = 2sin x for values of x between 0° and 360°,

X 0° | 30° ] 45° | 60° | 90° | 120°| 135°| 150°| 180° | 210° | 225°|240°|270° | 300° | 315° [ 330° 360°
sin x 0.5 0.87 0 -0.71
2sin x 1 1.73 0 -1.41

b) Use your graph to find, to the nearest degree, the values of x between 0° and 360° when
(i) 2sinx=1.2 (ii) 2sinx=-0.8

3 Copy and complete the table and draw the graph of ¥ =2+ cos x for values of x between 0° and 360°.

x 0° | 30° | 45° | 60° | 90° | 120°| 135°| 150° [ 180° | 210°|225°|240°|270° | 300°| 315° 330°|360°
COS X 0.87 -0.5 -1 -0.5
2+cosx 2.87 1.5 1 1.5

4 Copy and complete the table and draw the graph of y =tan x for values of x between 0° and 360°,

x 0° | 30° | 45° | 60° | 80° | 85° | 95° [100°|120° | 150°
tan x 0.58 -1.73

—

x 180° | 210° [ 240°| 260° [ 265° | 275° | 280° | 300° | 330° | 360°
tan x 1.73 0

5 a) Copy and complete the table and draw the graph of y = sin 2x for values of x between 0° and 360°.

X 0° ] 30° | 45° | 60° | 90° [120° 135°| 150° | 180° | 210° | 225° | 240°| 270°| 300°] 315° | 330° 360°
2x 60° 180° 420° 600°
sin 2x 0.87 0 0.87 -0.87

b) Describe the connection between the graph of y = sin 2x and the graph of y = sin x.
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6 a) Copy and complete the table and draw the graph of y = cos (x — 90°) for values of x between 0° and 360°.

X 0° | 30° | 45° | 60° | 90° [120°] 135°|150° | 180°|210°|225°(240°|270° [300°| 315° |330°|360°
x-=90° |-90°|-60° 0° 60° 210°
cos (x—90°%| 0 | 05 1 0.5 -0.87

b) What do you notice about the graph of y = cos (x — 90°)?

16.8 Transforming Graphs

The graph of a function can be transformed to give a new graph that is
a translation, a stretch or a reflection of the original.

Translations

When a graph is translated, the shape of the graph stays the same but it moves on the coordinate grid.

If y = f(x) is the original graph, then y=f(x)+a is a translation 4 units up
y=f(x-a is a translation & units right
Example 1

The diagram shows the graph of y = x%.
Draw the graph of y = (x +4)> - 3.

1. y=(x+4)is atranslation
4 units left from y = x2.

2. y=(x+4)*—3isatranslation
3 units down from y = (x + 4)%.

—pi

Exercise 1
1 Describe each translation shown by the functions below.

a) y=1f(x)+3 b) y=1fx-1) ¢) y=tx+2) d) y=1fx)-6

e) y=~f(x-7) f) y=f(x-5)+6 g) y=fx+6)—4 h) y=f(x-3)+2
2 Each of these functions is a translation of the function y = x%

For each function, describe the translation and sketch the graph.
B) y=a+] b) y=a1+5 Q9 y=x-2 a) y= (-4

e y=(+1)y f) y=(+3p-2 g y=G-2-2 h) y=@x-57+3
Section 16 — Other Types of Graph -



3 Each of these functions is a translation of the function y = x°.
For each function, describe the translation and sketch the graph.

a) y=(x+1) b) y=x*+4 ) y=x-5 d) y=(x-3)°+2
e y=x-57>+4 f) y=(x+2)-3 g) y=(x-4>+6.5 h) y=(x+25)y-3

4 These graphs are translations of the graph y =x?. Find the equation ot each graph.
v

b) |—]h e

5§ Each of the following functions is a translation of »
the function y = sin x. For each one, describe the
translation and sketch the graph for 0° < x < 360°,

a) y=(sinx)+1 b) y=(sinx)-2
©) y=sin (x + 60°) d) y=sin (x — 90°) 0
€) y=sin (x + 180°) f) y=sin (x —360°)

g) y=sin(x—30°+1  h) y=sin(x+90%+2

° For each of the following, give another equation that produces the same graph.
a) y=tanx b) y=cos (x + 180°) ¢) y=sin(x +45°)
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Reflections

Graphs of functions can be reflected in the x- or y-axis.

Exercise 2

1

3

If y = f(x) is the original graph, then y=—f(x) is a reflection in the x-axis.
= f(—x) is a reflection in the y-axis.
Example 2

The diagram shows the graph of y = sin (x — 45°)
for —180° < x < 180°.

Draw the following graphs.
a) y=sin (—x —45°)
y =sin (—x — 45°) is a reflection in the y-axis.

f@ﬁj}%’TM

| 1_Lasl T 90 1357 sn
1]

b) y=-sin (x —45°)
y =-—sin (x — 45°) is a reflection in the x-axis.

: —4---
/_ .. I|

|
I.
Hm

The graph on the right shows the function y = f(x). The graphs
of the following functions are reflections of the graph of y = f(x).
In each case, describe the reflection and sketch the graph.

a) y=1fx)
b) y =—1(x)

Sketch the graphs of cach of the following pairs of functions. Use a single set of axes for each pair of graphs.
0 y=x, y=-x
f) y=25, y=27

a) y=sinx, y=-sinx
Q) y=1,

b) y=cosx, y=—cosx

y=~% € y=x-2, y=-x-2

Sketch the graphs of y =x*, y=-x*> and y = (—x)’. Explain why two of the graphs are the same.

Exercise 3 — Mixed Exercise

1

The graph of y = (—x — 2)? is obtained by applying a translation then a reflection to the graph of y = X2
a) Sketch the graph of y = x2.

b) Apply a translation to the graph of y = x? to give the graph of y = (x — 2)*.

¢) Apply a reflection to your graph from part b) to give the graph of y = (—x — 2)*.
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2 For the following pairs of functions, describe the transformations that transform the graph of
the first function to the graph of the second. Sketch each pair of graphs on a single set of axes.
a) y=x%, y=—(x-1y b) y=x’, y=(=x-3)
©) y=cosx, y=—cos (x +90° d) y=sinx, y=sin(-=x)+1

0 On each of the following graphs, the curve marked y = f(x) has been obtained by applying the
transformations described. In each case, use the equation of the original curve to find f(x).
a) y = 1f(x) is obtained by applying a translation b) y =1(x) is obtained by applying a translation
then another translation to y = x2 then a reflection in the x-axis to y = (x — 2)* + 5
: $t] [.‘.l.‘ S ]'

) iEsi 120 )y B e sl |

16.9 Graphs Problems

Exercise 1

1 Match each of these equations to one of the graphs below.

() y=x (i) y= xl (i) y=2x (V) y=x+1
™) y=3 - i) y=1 (vii) y=2°—1 (viii) 2 +2=1
X

-

gl
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2 Graphs A-F below are transformations of the graph y = x>. Match cach graph to its equation.
i y=x*-3 (i) y=x2+2 (i) y=(x - 1)?
(iv) y=(=y+1 W) y== (vi) y=(x+17°-2

"

! m-

it

S !
[EH]

|
!
ix

3 The graph of y = x? has a minimum point at (0, 0).

a) (i) The graph of y =x? is transformed to give the graph of y = x* + 3.
Describe what this transformation does to the coordinates of each
point on the original graph.

(ii) What are the coordinates of the minimum
point of the graph of y = x? + 3?

b) Write down the coordinates of the minimum point of:
@) y=0&-17 (i) y=(x+3y-2

4 A turning point is a place where the gradient of a graph changes e
from positive to negative, or from negative to positive.
The graph of y = f(x) shown on the right has two turning points,
(0, 4) and (2, 0).
Use the graph of f(x) to sketch the graphs of the following
functions. On each graph, mark the coordinates of the two
turning points.

]
a) f()+2 b) f(x—3) '
¢ -1 d) f(x+2) i
¢) f(-x) f) —f(x) j:
g) fix+1)-2 h) f(xr—2)-3 i
i) —fa+1) D -1

5 a) Plotthe graph of y =x%—x — 1 for values of x between —2 and 3.
b) Use your graph to find the values of x for which:

M y=0 (i) y=3
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6 Even functions are functions with graphs that have the y-axis A _ )

as a line of symmetry. y = x? is an example of an even function. y=x g 7
0dd functions are functions with graphs that have rotational A
symmetry of order 2 about the origin. y =x’ is an example of Dt E—"
an odd function. /

Sketch the following graphs and say whether the functions are . e |/

even, odd or neither, 0 ¥

a) y=x*+5 b) y=-x* €) y=sinx d) y=(x-3)?

€ y=cosx f) y=x-4 g) y=tanx h)y=%

7 a) Draw the graph of y = cos x for values of x between —360° and 360°.
b) Use your graph to find the values of x between —360° and 360° for which:

(i) cosx=10.25 (ii) cos x =-0.25
¢} If cos 50° = 0.643, use your graph to write down all the values of x between —360° and 360° for which:
(i) cosx=0.643 (ii) cos x=-0.643
8 Susan uses a credit card to buy a computer that costs £500. ;;' . @‘_
The credit card company charges 3% interest per month. If she pays nothing back, the ;%

amount in pounds Susan will owe after # months is given by the formula 5 = 500 x (1.03)".
a) Explain what the numbers 500 and 1.03 represent in the formula.

b) Draw a graph to show how this debt will increase during one year if Susan doesn’t repay any money.
¢) Use your graph to estimate how long the interest on the credit card will take to reach £100.

9 A stone is dropped from the top of a 55 m-high tower. The distance in metres, /4, between
the stone and the ground after ¢ seconds is given by the formula 4 = 55 — 57,

a) Draw a graph of the height of the stone for values of # between 0 and 5 seconds.
b) Use your graph to estimate, to 3 significant figures, how long it takes the stone to hit the ground.

10 Point P has coordinates (3, 4).
a) Use Pythagoras’ theorem to find the distance of P from the origin.
b) Use your answer to a) to write the equation of the circle with centre (0, 0) that passes through point P.
¢) A second circle has centre (5, 4) and also passes through 2. Write down the equation of this circle.

11 a) Expand and simplify (x + 4)* + (y — [)>.
b) Use your answer to sketch the graph of x* + 8x + y* — 2y =—13.

@ Mozzarellium-278 is a radioactive element that has a half-life of approximately 30 minutes. This means
that every 30 minutes the amount of mozzarellium-278 in a sample halves. Starting with a 100 g sample of
mozzarellinm-278, the formula m = 100 x (0.5)* gives the mass in grams remaining after # hours.

a) Use the formula to find the mass of mozzarellium-278 left in the sample, to the nearest gram, after:
(i) 1 hour (i) 3 hours
b) Draw a graph to show the radioactive decay of the sample of mozzarellium-278.
¢) Use your graph to find how long it takes until only 10% of the mozzarellium-278 remains in the sample.
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Section 17 — Using Graphs

You can use graphs to describe real-life situations.

Example 1 * ‘ ik I i ‘ i A il
The graph shows the temperature 223 | e i Tl /,J,__Ak
of an oven as it heats up. 20011 e e ¢ i
= B
a) Describe how the temperature of o 175 i —1+ //" ‘ _ i
the oven changes during the first < 150t 12¢] 32 . tlbe ] pe ity < Ly
10 minutes shown on the graph. E 34 ‘// NG ‘ | ‘ !
b) What is the temperature of the g I 15 IR L1 1 T8t
oven after 7 minutes? £ ko0 / ‘ NI 1] i ‘
¢) How long does it take for the L (T ‘ ‘ T
temperature to reach 190 °C? SO T T T ‘ T |
25 ‘ T |
0 1 2 3 4 56 78 9 10
time (minutes)
The curve is very steep at first, then begins a) The temperature rises quickly at first, but
to level out as the temperature increases. then rises more slowly as the oven heats up.
b) 205°C ¢) 5 minutes
Exercise 1 RN ‘ T ‘ 7
Use the graph on the right to answer Questions 1-3. oL ‘ i ' | it i i :
1 a) Convert 38 km/h into miles per hour, to the nearest 1 mph. & ' /?’f '
b) (i) Convert 25 mph into km/h. 2 40 I [T
(i) Use your answer to convert = | 1Ll
75 mph into km/h. g 30 | g7l ‘ |
2 The speed limit on a particular road is 30 mph. é« 2 ‘ .// | | | | l
A driver travels at 52 km/h. By how many miles é 20 | [y <] I
per hour is the driver breaking the speed limit? 151 x/ T
A 1 . | 1
3 The maximum speed limit in the UK is 70 mph. 10 / [ |
The maximum speed limit in Spain is 120 km/h. 5t/ | ‘ ‘ | |
| | |

. - o )
Which country has the greater speed limit, and by how much? 0 10 20 30 40 50 60 70 80

kilometres per hour (km/h)

Kt 2 Lt . 4 Each statement below describes one of the graphs on the left.
i / 7T Match each statement to the correct graph.
Wb a) The temperature rose quickly, and then fell again gradually.
g—————FTime A== Time b) The number of people who needed hospital treatment
Ma N A stayed at the same level all year.
/ ¢) The cost of gold went up more and more quickly.
/_,,-‘/ f—— d) The temperature fell overnight, but then climbed quickly
| Time 5 Time again the next morning.
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5 The graph on the left shows the temperature
in two ovens as they warm up.

200 {—— i “ TR T

| a) Which oven reaches 100 °C more quickly?

150

i ¢} How long does it take Oven 2 to reach its maximum

100 | temperature?

temperature (°C)

/ ; P ' ‘ I b) Which oven reaches a higher maximum temperature?
dendos £ 2 1 ra X3 — — —
/ |

, | d) Calculate the ratc at which the temperature of Oven 1
! |_ LTI changes in the first 3 minutes after being switched on.
i ‘ g g

|

e) (i) After how many seconds are the two
il ovens at the same temperature?

0 3 ) 10 ) 15 20 (ii) What temperature do they both reach at this time?
time (minutes)

6 The graph shows the depth of water in a harbour between 08:00 and 20:00.

a) Describe how the depth of water A ! 5
changed over this time period. 7 ' i ‘ :
b) At approximately what time was 6 TR
the depth of water the greatest? PGy EEsdis i . =T
¢) What was the minimum depth § 4= fos NG i
of water during this period? B 3 : ‘ ‘
8 gLy Lol I8 Ll g
d) At approximately what times ,
)| 120 A e 8L HE R
was the water 3 m deep? FEELHEE Y
dodibd | =R AENE S e | i = i b
e) Mike’s boat floats when the depth ! Il 114 ‘ i :
of the water is 1.6 m or over. 0 ' : >

Estimate the amount of time that his 08:00 10:00 12:00 14:00 16:00 18:00 20:00

boat was not floating during this period. i
7 A vase that is 30 cm tall is filled using a tap flowing
at a steady rate. The graph on the right shows how 304 SRRaEER T ;
the depth of water varies in the vase over time. oLy (EEARASEE1RA /
a) Describe how the depth of water A '
in the vase changes over time. 20 TR i

b) How long did it take for the water 15 =t / ------ i HAEE
depth to be half the height of the vase? '

¢) Which of the diagrams A-D shown / [ i
below best matches the shape of the vase? S AT [3L]

0 5 10 15 20 25 30
time (seconds)
A B C D

U188  Section 17— Using Graphs
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17.2 Drawing Real-Life Graphs

You could be asked to sketch or draw a graph representing a real-life situation.

Example 1

A plumber charges customers a standard fee of £40, plus £30 per hour for all work carried out.
a) Draw a graph to show how the plumber’s fee varies with the amount of time the job takes.
b) Use the graph to estimate the amount of time a job costing £250 would have taken.

1. Make a table showing the fee for %) [ Time (hours)y | 1 | 2 | 3 | 4 | 5
different numbers of hours.
A 1-hour job will cost £40 + £30 = £70. =0 70 | 1001fj130 ] 169 ] 190
A 2-hour job will cost £40 + (2 x £30) = £100 etc. - | ‘ |

A

2. Plot the values on a sheet of graph paper 300 R // i
and join the points to draw the graph. 250 IR il - ‘ i
For each extra hour, the fee increases by o 200 ‘ it i
£30, so this is a straight-line graph. % 150 b—pe—h /"r/ SR EEL

8 | /. b |

0 1 2 3 4 5 6 7 8
time (hours)

3. Follow the grid across from £250, then read b) 7 hours
downwards to find the correct time.

Exercise 1
1 The instructions for cooking different weights of chicken are as follows:
‘Cook for 35 mins per kg, plus an extra 25 minutes.’
a) Copy and complete the table below to show the cooking times for different weights of chicken.

Weight (kg) 1l2(3]4]5

Time (minutes)

b) Use the values from your table to draw a graph
showing the cooking times for different weights of chicken.

¢) A chicken cooks in 110 minutes. What is the weight of the chicken?

2 Alfred sells high-tech ‘stealth fabric’ on his market stall.
The cost of the fabric is £80 per metre for the first 3 metres, then £50 per metre after that.

a) Draw a graph showing how the cost of the stealth fabric varies with the amount purchased.
b) Use your graph to find how much it would cost to buy 6.5 metres of stealth fabric.
¢) Bruce bought some fabric to make a stealth cape. If he was charged £480, how much fabric did he buy?
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3 A farm allows people to pick their own Brussels sprouts.
They charge 60p per kilogram of sprouts picked, plus an admin fee of £2.40 per customer.

a) Draw a graph showing how the total cost per customer varies with the mass of sprouts picked.
b) Use your graph to find the cost of picking 4.5 kg of sprouts.
¢) What mass of sprouts did a customer pick if she was charged £6.60?

4 This table shows how the fuel efficiency of a car in miles per gallon
(mpg) varies with the speed of the car in miles per hour (mph).

Speed (mph) 55 | 60 | 65 | 70 | 75 | 80
Fuel Efficiency (mpg) 323|307 | 289270249 | 227

a) Plot the points from the table on a graph and join them up with a smooth curve.
b) Use your graph to predict the fuel efficiency of the car when it is travelling at 73 mph.

5 Helena is a baby girl. A health visitor records the weight of Helena every two months.
The measurements are shown in the table below.

Age (months) 0 2 4 6 8 10 12 14 16
Weight (kg) 32 | 46 | 59 | 70 | 79 | 87 | 93 | 98 | 10.2

a) Draw a graph to show this information.
Join your points with a smooth curve.

b) Keira is 9 months old and has a weight of 9.1 kg.
Use your graph to estimate how much heavier Keira is than Helena was at the same age.

6 A caris driven along a straight track to test its acceleration.
The distance in metres, d, that the car has travelled after ¢ seconds is given by d =28+ 1.

a) Draw a graph of d against ¢ for 0 < ¢ < 3,
b) Use your graph to find the distance the car will have travelled after 3.5 seconds.

7 The empty conical flask shown is filled from a steadily
running tap. Sketch a graph to show the depth of water
in the flask 7 seconds after it has started to be filled.

8 The number of cells, N, in a sample after d days is N = 5000 x 1.2¢.

a) Copy and complete the table to show the number of
cells in the sample for the values of 4 given.

d 0 1 2 3 4
N

b) Draw a graph to show this information.

¢) Use your graph to estimate how many days it takes for there to be 9000 cells in the sample.

9 Five years ago, two crows were put onto a deserted island. The number of crows on the island (C) is given
by the equation C = 2*', where x is the number of years since the crows were first put onto the island.

a) Draw a graph to show how the number of crows on the island has changed in the past 5 years.
b) Estimate how many years it took for there to be 30 crows on the island.
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17.3 Solving Simultaneous Equations Graphically

Any point where two graphs intersect is a solution to the equations of both graphs.

You can solve simultaneous equations by plotting the graphs of both

equations and finding the point(s) where they intersect.

Example 1

a) Plot the graphsx +y=28and y =2x+2.

b)

I. Both equations are straight
lines — they can be written
in the form y = mx + c.

Find three pairs of x- and
y-values for each graph and
plot them.

2. Find the x- and y-values of the

point where the graphs intersect.

Exercise 1
1 The diagram on the right shows the
graphs y = %x +4 andy= —%x +7.

Use the diagram to find the solution to
the simultaneous equations y = %x +4

and y =—%x+ 7.

Draw the graphs in Questions 2—4 for
8<x<8and-8 =<y <8

2 a) Draw the graphof x +y=73.

a) x+ty=38
X 0| 4
y 8 4
y=2x+2
o] 1]
0| 2

Use your graphs to solve the simultaneous equations x + y =8 andy=2x+ 2.

g

)

2 I \x =8
| >
: Nl

_3/' 0 2 4 6 X

b) The graphs cross at (2, 6),
so the solution isx=2 and y =6.

b) On the same axes, draw the graph of y =x — 3.

o

¢) Use your graphs to solve the simultaneous equations x +y =35 andy=x-3.

3 Solve the following simultaneous equations by drawing graphs.

a) xty=T7andy=x-3

d) x+y=landy=2x-7
g) x+%y=»4andy=2x

i) y=%xandx+2y=3
m)y=2x+8and2x+3y=4

4 a) Draw the graphsof y=x+3 andy=x-2.

b) x+y=8andy=x

e) 2x+y=2andy=x+35
h) y=2x+3andy=4x+2
k)y=%xandx+2y=6
n) y=xand4x—-2y=135

¢) x+y=9andy=2x
f) 2x+y=-Tandy=x+2
i) y=2x—Sand2x+y=1
) y=2x—landy=4x
0) y=2xandy=4x+3

b) Explain how this shows that the simultaneous equations y =x + 3 and y = x — 2 have no solutions.
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Example 2
a) Draw the graphs of y = %x -1

andy=x"-5x-4for2<x<7.

b) Solve the simultaneous equations y = %x —landy=x?-5x—4.

8) y=gx-1 =
}u | T i i i)
x [2]0 . 15 o
y |24 S A
y=x*-5x-4 - i | i
2t]of1]2]3]a]s5]6]7 o A
y [10] 2| -4[-8]-10]-10]-8] 4210 7 i A 0 2
T i e e |
The points where the graphs  b) The graphs intersect at il LE o B0 2 i BLULL L ]
cross are the solutions to (6, 2) and (0.5, —1.25). i . 0
the simultaneous eq}latlons. Shve i A4S I T 5
There are two crossing — = \ gED i
ihteh adh i x=6andy=2,and 4 ]
points, SO' €r¢ are =—-0.5 and vy = -1.25. AL S \\ il eV, s i
two solutions. L——"2anCy=-L25 e D . /{’ i
il N] 1730 O
0 A1 S S S S ! —x‘-—_ulxri_
it i 1
Exercise 2
1 Each of the following diagrams shows the graphs of two simultaneous equations.
Use the graphs to find the solutions to each pair of simultaneous equations.
a) y b) )
\ Rl* e “T ¥ / RT W
) 6 6 / 0
/’/ / /./_/
4 =+ ; 4 . g
2 /, 2 2
i1 i | A !
RN RN ] I R 2 | ]
2 For each of the following (i) Draw the graphs for the x-value range given.
(i) Use these graphs to solve the pair of simultaneous equations.
Give your answers correct to 1 decimal place.
a) y=x—landy=x>-3 4 =<x<4 b) 2x+y=8andy=x2 4 <x<4
© y=x+2andy=x*+x+1 4<x<4 d) x+ty=3andy=x%-3x 3<x<5
e) x+ty=landy=x>-1 4 <x<4 N y=%xandy=x2—3x—2 B3 <x<5
g y=x+6andy—x*+5x+1 —-6=xx<3 h) y—%x+1andy=%x2—5 -6=<x<6
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17.4 Solving Quadratic Equations Graphically

You can solve quadratic equations by plotting their graphs.

Example 1
The graph on the right shows
y=x2+2x-3 for-5 < x <3,

a) Use the graph to solve

() @+2x-3=0 (i) *+2x-11=0

b) Explain how the graph shows that the
equation x? + 2x + 3 = 0 has no solutions.

1. For points on the curve, x* +2x -3 =01s
the same as y=0. So the solutions to the
equation will be the x-values where the
graph x? + 2x — 3 cuts y = 0 (the x-axis).
The graph cuts the x-axis twice, so there
are two solutions.

2. For x2 + 2x — 11 = 0, rearrange the equation to get

the equation of the graph on the left-hand side.

3. Draw a line at y = 8. The solutions are
the x-values where the graphs cross.

Exercise 1

1 a) Draw the graph of y =x? + 2x for -5 < x <3.
b) Use your graph to solve the following equations.
(i) x*+2x=0

2 a) Draw the graph of y=x?—-3x + 1 for -2 < x =5.
b) Use your graph to solve the following equations.
) ¥*-3x+1=0

3 a)
) ¥*+4x-7=3
b) Draw the graph of y =x? + 4x — 7 for -7 < x <3.

(ii) x> +2x=10

(i) ¥ —3x+1=3

If
[

s ivcaseas

a) (1) x=-3andx=1

(i) x2+2x-11=0
xX2+2x-3=8
x=2.5andx=-4.5(to 1dp)

b) x*+2x+3=0is equivalent to x* + 2x -3 =—6.

The line y = —6 does not cross the graph of
y = x>+ 2x — 3, so the equation has no solutions.

(iii) x> +2x=7

(iif) 22— 3x+1=-0.5

Rearrange the following equations into the form x* +4x +a =0.
(i) x* +4x—7=—4

(iii) x> +4x-7=-9

¢) Use your answers to a) and b) to solve the following equations.

(i) ¥ +4x-7=0 (i) x> +4x—10=0

4 a) Draw the graph of y =6 +x —x* for—4 < x <5.
b) Use the graph to solve the following equations.
i 5+x—-x*=0 (i) 16+x—x*=0
5 a) Draw the graphof y =2x*-3x—1for-2 =x = 4.
b) Use the graph to solve the following equations.
@i 2x*-3x-1=0 (i) 2x*-3x-5=0

(iii) > +4x—-3=0 (iv) ¥ +4x+2=0

(i) 3+x-x=0 (iv) 10 +x—x2=0

(i) 2¢> ~3x—10=0  (iv) 2x*~3x=0
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Example 2

The equation y = x? + 5x is plotted on the graph on
the right. By drawing a suitable straight line, use
the graph to find the solutions to x2 + 6x + 5 = 0.

1. Rearrange ¥+6x+5=0
X1 6x 1 5=0s0it
has x? + 5x on one side.

X+5x=—x-5

2. Ploty=—x—5 ==

3. The solutions to
x2+6x+ 5=0 are the

x-coordinates of the So the solutions to

points where y=—x-5 324 6x+5=0 are

and y = x? + 5x cross. x=-landx=-5
Exercise 2

1 For each of the following:
(i) Draw graphs of y = f(x) and y = g(x) on the same axis.
(if) Combine the equations by writing f(x) = g(x), then rearrange your
new equation into the form ax? + bx + ¢ = 0, where a, b and ¢ are integers.
(iii) Show that the x-coordinates of the intersection points of the graphs drawn in part (i)
are the solutions to the equation you’ve written in part (i).

a) f)=x+1and gx)=x+3x, for 5 <x < 2. b) fx)=x—-landg(x)=x>-3x+1,for-2<x<S5.
©) f(x)=—x+4and gx)=6x—x? for-2 < x < 8. d) fx)=—=x+2andg(x)=x>+2x—3, for-5 < x < 3.
e) f)=2x—6andg()=x*-5x—4,for 2 <x<7. ) fy=x+4and g(x)=x>+4x—-6,for-7 <x < 3.
g) f(x)=%x—3 andgx)=4+x—-x%for-4<x<5.  h) fix)=2x+1and gx) =2x?+x -4, for-3 < x < 3.
) f)=2x"-3x—2andgx)=5-x for-2 <x < 4. D fx)=x+3andg(x)=4-2x—2x% for-4 <x <3,

2 a) Draw the graph of y=x>—2x for 3 < x < 5,
b) Rearrange x* —4x — 1 = 0 into the form x> — 2x = mx + c.

¢) By drawing a suitable straight line, use your graph to
find the solutions to the quadratic equation x2 — 4x — 1 = 0,

e a) Draw the graph of y =x*+3x -7 for—6 < x < 3.
b) By drawing a suitable straight line, use your graph to find
the solutions to the quadratic equation x2 — 1 = 0,

a a) Draw the graph of y=x?+4x—9 for-7 < x < 3.
b) Use your graph to find the solutions to the quadratic equation x2 + 5x — 11 = 0,

e a) Draw the graph of y=x>+2x+ 1 for -5 < x < 3.
b) Use your graph to find the solutions to the quadratic equation x* + 3x + 1 =0,

e a) Draw the graph of y=4x —x*for 2 < x < 5.
b) Use your graph to find the solutions to the quadratic equation 5x - x> — 5 = 0.
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17.5 Sketching Quadratic Graphs

A sketch doesn’t have to be completely accurate. Just draw the graph in roughly the correct
position and label the important points — e.g. turning points, y-intercepts and x-intercepts.

Sketching Quadratics using Factorising

Example 1
Sketch the graph of y =x*+ x — 6.
Label the turning point and x-intercepts with their coordinates.

1. Factorise the equation x> + x — 6 = 0 to find the x-intercepts.
X*+x—-6=0
x+3)(x—2)=0
x =-3 and x = 2 so the x-intercepts are (-3, 0) and (2, 0).

2. Use symmetry to find the turning point — the x-coordinate X
is halfway between the x-intercepts. Find the y-coordinate (-3,0) (2,0)
by substituting the x-coordinate into the equation.

x-coordinate = (2 +-3) +2=-0.5
y-coordinate = (-0.5)* + (-0.5) - 6 =—6.25 (-0.5,-6.25) R

So the turning point has coordinates (-0.5, —6.25).

3. Use this information to sketch the graph — the x? term is positive so the graph is U-shaped.

Exercise 1
1 For each of the following equations, find the coordinates of: (i) the x-intercepts (ii) the turning point
a) y=(-Dx+1 b) y=G+NDx+1) ©) y=(x+10)(x+6)
2 Sketch the graphs of these equations. Label the turning points and x-intercepts with their coordinates.
a) y=x'-4 b) y=x*—4x-12 ¢) y=x*+12x+32
d) y=x"+x-20 e y=—x*—2x+3 f) y=—x>—14x-49
g) y=2x*+4x-16 h) y=>5x*-6x-8 i) y=-2x"-x+6

Sketching Quadratics by Completing the Square

Example 2

Sketch the graph of y = x2 + 8x — 5. Label the x-intercepts, y-intercept and turning point.
1. Complete the square, then set y = 0 and solve to find the two x-intercepts.
The completed square form is y = (x + 4)* — 21.
Solve (x +4)?—21=0 — x=-4—/2T andx=—-4+ /21
So the x-intercepts are (—4 — v/21, 0) and (—4 + v21, 0).

V&

2. Find the y-intercept by substituting in x = 0.
y =02+ (8 x 0) — 5= -5 so the y-intercept is (0, =5).

(-4-v21,0) | [(-4+/21,0)
X

3. The turning point occurs when the brackets '40, -5)
of the completed square are equal to 0.
(xt+4)=0sox=—4andy=-21

4. Sketch and label the graph.

(-4, -21)
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Exercise 2

1

For each of the following equations, find the coordinates of:
(i) the x-intercepts (ii) the y-intercept (iii) the turning point
a) y=(x+5y-9 b) y=x-3)*-30 ) y=(x—-4y2-13

By completing the square, sketch the graphs of the following equations.
Label the x-intercepts, y-intercepts and turning points where appropriate.

a) y=x>—6x-5 b) y=x*—4x+2 © y=x’+8x-6
d) y=x>+2x+38 e) y=x’—x+10 f) y=—2+10x-6

17.6 Gradients of Curves

You can measure the gradient at a point on a curve by drawing a tangent to the curve at that point.
The gradient of the tangent is equal to the gradient of the curve.

"
Example 1 : wr T
The graph of y = 2x? — 5x — | is shown on the right, \ HE i ‘ i ‘ | "
Find the gradient of the curve at x = 2. 4_ i ‘__ ’
| | /
Draw a tangent to the curve N '\2 _ _‘_ '
at x =2 and find the gradient Gradient = X2 — X ¢ - o
of this line. Ly L Wl ST A e
i _____2_\ ALl 1 A1 )
‘ LeY— .;{_:______.__ |
Exercise 1
1 a) Draw the graph of y=x2for-5 < x < 5.
b) Draw tangents to find the gradient at: @) x=4 (i) x=—4
¢) What do you notice about the gradients at these two points?
2 a) Draw the graph of y = 6x —x? for-2 < x <8,
b) Write down the gradient of the curve at x = 3.
3 a) Draw the graph y=x*+4x for-6 < x < 2,
Find the gradient of the graph at: @ x=0 @ii) x=-5
b) Draw the graph y=x?+3x -2 for -6 < x < 2.
Find the gradient of the graph at: @i x=1 (i) x=—4
¢) Draw the graphy=x?+4x+ 5 for—6 <x < 2,
Find the gradient of the graph at: @) x=-3 (ii) x=0.5
d) Draw the graph y=2x>+3x—-2 for—4 < x < 4,
Find the gradient of the graph at: @i x=0 (i) x=1 (iii) x=-2.5
4 a) Copy and complete the table on the right for y = %

x 0102051 L5 2

b) Draw the graph of y = %
)/|

¢) Find the gradient of the graph at:
i x=2 (i) x=0.2 (iii) x=10.6
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1

2

o

a) Copy and complete the table on the right for y = ﬁ—l
1

x+ 1

¢) Find the gradient of the graph at:

(i) x=-04 (i) x=0.5.

b) Draw the graph of y =

o a) Draw the graph of y =x* —2x? — 8x for -4 < x < 3.

b) Find the gradient of the graph at the points where:

a) Draw the graph of y =x> + x*— 6x for -4 < x < 3.

b) Find the gradient of the graph at: G x=-1

—09(-08|-05| 0 |05 1 2

(i) x=-3 (i) x=2

(i) x=2

¢) Use your graph to estimate the x-values at which the gradient of the graph is zero.

Tangents to a Circle

Example 2

The graph of x2 + y* = 25 is shown on the right.
Find the equation of the tangent at the point (-3, 4).

1. Find the gradient of the radius of the circle at (-3, 4).

4-0 _ 4

Gradient of radius = S0~ 3

2. A tangent and a radius meet at 90° so they
are perpendicular — if the gradient of the radius
is m, the gradient of the tangent is —%.

|
N
Lh'}.
/
B
12

3.

4
|
L+

Gradient of tangent = — % = %
(-3)
3. Find the equation of the tangent by substituting (-3, 4) into y = I* +c.
] % )(9_3 +2CS 3..25
c=4+ i Equation of the tangent: y = 7x + =

Exercise 2

a) Sketch the graph of x ++ y* = 100.

b) Find the equations of the tangents to the graph at these points:

@ 6,9 (i) 8,6) (iii) (-8,-6)
a) Sketch the graph of x + y* = 625.

b) Find the equations of the tangents to the graph at these points:

(i) (15,20) (i) (7, 24) (iii) (~15,-20)

@iv) (-6, 8)

(iv) (24,-7)

Find the equation of the tangent to x? + »* = 16 at the point (<242, 2v/2).

b) Find the equation of the tangent to x* + y* = 16 at the point (2vZ,-242).
¢) What do you notice about the two tangents from parts a) and b)?

Two tangents are drawn to the circle with equation x* +y* = 25.

The two tangents touch the circle at (4, 3) and (-4, 3).
Find the coordinates where the two tangents intersect.
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Section 18 — Functions

18.1 Functions

A function is a rule that turns one number (the input) into another number (the output).

For example, the function f(x) = x + 3 is a rule that adds 3 to the input value x.
This function could also be written as f: x — x + 3.

Example 1

For the function f(x) = 30 — 2x, find:

a) @),

To find f(4), substitute x = 4 into 30 — 2x2.

Substitute x =2 into 30 — 2x2

Exercise 1

1 a) fixy=x-5
b) f(x)=4x
¢) fx)=3x+4
d) gx)=5x-7
e) fx)=-—x
f) ix—>11-2x

2 a) gln=x
b) f(x)=x%—4x
€) gix— 20— 3x?
d) h(x)=2x>-x+4
¢) (1) = (41— 3y

3 ) gw=-20

b) gx)=v2x—1
18
X +2

D =355

¢ gx—>

9 8= 2

D b= /55

g fo)=8-1

h) f(h=2"+5¢

Work out:
Work out:
Find:

Calculate:

Write down:

Work out:

Calculate:
Work out:
Work out:
Calculate:
Calculate:

Work out:

Work out:

Work out:

Work out:

Work out:

Work out:

Work out:

Work out:
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@ fan
(i) f(0)
(@) f(0)
@ g0
@ f2)
@ f3)

® g©
® f(7)
® g@
@ he)
@ f)

@ g(10)
@ gO)
@ g0
(@) (0)
® g3
(i) h(0)
@ f(0)
M f(1)

b) f(-2)

a) fd)=30-2x4

=30-2x16
=30-32=22

=30-2x4
=30-8=22

(i) f(36)
(i) £(7)
@) (1)
(i) g(6)
(i) f(17)
(i) £(5.5)

(i) g(-6)
(i) 1(-3)
(i) g(3)
(ii) h(-2)
(i) £(0)
(ii) g(1.25)
(ii) g(13)
(i) g2
(i) (1)
(i) g(24)
(ii) h(1)
(ii) f(%)
(i) f(-3)

b) f(-2) =30-2 x (-2)?

(iii) f(@)
(i) £(1.5)
(i) (-2
(iii) g-1)
(i) £(~9)
(i) f(-5)

) o}

(iii) £(1.5)
(iii) g(-1)
(iii) h(8)
(iii) £(0.75)
(i) g(-0.5)
G (3)
(iii) g(-4)
(iii) f(-3)
(iii) g(1.56)
(i) h(16)
(i) f(—2)
(iii) 3



Example 2
For the function f(x) = 30 — 2x?, find an expression for f(27).

To find f(21), replace x with 2¢ and expand. f(2f) =30 -2 x 21y
=30-2x4¢
=30-87

4 a) fix>2x+1

Find expressions for: @ fk) @ii) f2m) (iii) fGw-1)
b) f(x)=2x*+3x

Find expressions for: i) fw (ii) f(3a) (iii) ()

_4x—1

9 f=37

Find expressions for: i (i) f(—x) (iii) f(2x)
d) f(x)=v5x -1

Find expressions for: i) fw) (i) f(3x) (iii) f(1 —2x)
€ f(x)=4x>-5x+1

Find expressions for: i) fh (ii) f(—2x) (iii) f(%)

Domain and Range

f(x) = 2x

The domain of a function is the set of all the values that can be put into it.
The range of a function is the collection of values that ‘come out of” the function.
Each value in the domain maps onto a value in the range.

Mapping diagrams show how values in the range correspond to values in the domain.
E.g. Here, the domain of the function f(x) = 2x is {1, 2, 3, 4} and the range is {2, 4, 6, 8}.

Domain Range
Example 3
The domain of the function f(x) =2+ 1 is {~1, 0, 1, 2}. Find the range of f(x). foy=x+1
Find all the possible outputs of the function. f-1)=(1)y+1=2
f0)=02+1=1 -
f(l)i(1)2+1i2 ‘
fQ)=Qy+1=5
So the range is {1, 2, 5}. Domain Range
Exercise 2
1 Find the range of each of the following functions.
a) fx)=x+4 Domain: {1, 2, 3, 4, 5} b) f(x)=3x Domain: {-2,-1,0, 1, 2}
¢) fix>2x+5 Domain: {0, 1, 2,3, 4,5} d) fxy=6x+1 Domain: {0, 1, 2, 3}
e) gx)=20-3x Domain: {-1,0, 1, 2, 3} f) f(x)=x? Domain: {-2,-1,0, 1, 2}
g) g = % Domain: {1,2,3,4,5, 6} h) f()=2£-3¢ Domain: {0, 1, 2, 3, 4}
i) gx— 2x+1? Domain:{-1,0,1,2} p = 30 Domain: {0, 2, 4}

x+1
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Example 4

The domain of the function f(x) =3x— 2 is 1 <x < 4. Find the range of f(x).

For a continuous domain, ¥ / The range of f(x) is 1 < f(x) < 10.
sketching the graph of the | L I B /
function can help you find the
range. .
[
Sketch the graph of y = 3x — 2. * :{=:
The marked section of the x-axis 4%
represents the domain. -
The corresponding part of the /] Domain [T
y-axis is the range. 0 / 1 [ 2134 5%

In Questions 2-3, find the range of each function.

2 a) fx)=x+2 Domain: 0 <x <3 b) fx)=x-1 Domain: 3 <x <4
¢) f(x)=2x Domain: 0 <x <2 d) f(x)= % Domain: 4 <x<8§
e fx)=3x+4 Domain: -1 < x <2 f) fx)=2x+5 Domain: 0<x <5
g) fx>4x-3 Domain: 1 €x<4 h) f(x)=5x-2 Domain: -2 <x <3
i) f=2x+7 Domain: 0 <x<6 D gx)=10-x Domain: 1 <x<7

k) gx)=12-x Domain: -2<x<35

3 a) f(x)=2x2 Domain: 2<x<5 b) fix— Vx Domain: 9 < x <64
¢) fy=x*-1 Domain: -2 <x<3 d) f(x)=2x2+5 Domain: -3<x<3
Example 5
a) What values must be excluded from the domain of the function fx) = i E 3 i
1. You can’t divide by zero, so the denominator can’t equal zero.  xisexcludedifx—3 =0
2. This is the only restriction on the domain. The domain must exclude x = 3.
b) What values must be excluded from the domain of gx)=v2x-17?
Square roots of negative numbers are not x must be excluded from the domain if
allowed, so x is excluded when the expression 2x—-1<0
inside the square root is less than zero.
2x<1
x<0.5

The domain of g(x) must exclude x < 0.5.

Exercise 3
1 Find the values which must be excluded from the domain of each of the following functions.
-1 -1 s 3x—1 -_3
a) f(x 2 b) f(x) T ¢) fix—> S TA d) fx) s
e gi)=+x H gx—o/x—1 2 g)=+v3—4x h) g(x)= 3+ 10x
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2 State which, if any, values must be excluded from the domain of each of the following functions.

b) ()= v5x — 10
D -ty

2 =12

e) gx— /6 —2x

¢ f(x)=2x2 d fir—- %
g gw=.,/7+3 h) g =% 9

e Find the largest possible domain and range of each of the following functions.
b) g(x)=10-x*

a) ()= z—

5x+3

18.2 Composite Functions

If f(x) and g(x) are two functions, then gf(x) is a composite function.

¢) fix—> v3x—-15

d) =1 +2

gf(x) means ‘put x into function f, then put the answer into function g’.

gf(x) is also sometimes written g(f(x)).

Example 1

If f(x)=3x—2 and g(x)=x*+ 1, then:

Calculate the value of f(3),
then use it as the input in g to find gf(3).

Replace x with g(x) in the expression for f(x).

Exercise 1

1

2

3

fry=x+3, gx)=x—1

f(x) = 2x, g)=x+2

a) fx)=x-5, g(x) =4x

b) f(x)=2x-1, gx)y=3x+1
¢) fix)=x+35, g(x) = %

d) f(x)=9—x, g(x)=3x

e) fx)=5x-4, g(x) = %‘i—

f) fix)=2x, g)=1-3x
g) fx)=4x+3, gx) =>5x

h) f{x=2x+1, gx)=11-x
i) £ =1, g() =3x—7

a) Find g4)
¢) Find f(5)

a) Find g(1)

¢) Find {(3)
Find:
Find:
Find:
Find:
Find:
Find:
Find:
Find:
Find:

a) Calculate gf(3)
gf® =gBx3-2)

=g()=T+1
- 50

b) Find fg(x)
fgl) =16+ 1)

=3x2+1)-2
=3x2+3-2
=3x*+1

b) Use your answer to a) to find fg(4)
d) Use your answer to c) to find gf(5)

b) Use your answer to a) to find fg(1)
d) Use your answer to c) to find gf(3)

fe(7) (i) gf(®) (i) gf(x)
gf(0) (i) fz(2) (i) fg(x)
fe(8) @) gft-D (ii)) gf(x)
fg(-2) (i) ef5) (i) fg()
fg@) @) gf4) (i) gf(x)
fg2) (i) gf=3) (i) fg(x)
fg(3) (i) ff(2) (iii) gflx)
gf3) (i) gg@) @) fg()
16 (i) fg(x) (i) gf(x)
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4 a) f)=10-x, g =x Find: (i) gf(8) (i) ffQ) (i) gf(x)

b) f(x)= vx, gx)=2x+1 Find: (i) ff(16) (i) fg40) (iii) gf(x)
¢) fx)=x2+5, gx)=3x-4 Find: (i) gf(-1) (ii) gf(x) (iii) gg(x)
d) f{x)=6-=x, gxy=2x2-1 Find: (i) fg(4) (i) fgi) (iii) ff(x)
e f)=+v3x+1, glx)=12-2x Find: (i) gf(8) (ii) ggl» (iii) fg(x)
Example 2
If fx) =x* and g(x) =7 - 2x, find fgf(x).
Find gf(x) first, then use that as the input for f. fgf(x) = fg(x?)
=1(7-2x?%
=(7 - 2x%?

5 a) fix)= ﬁ, g =2x-5, h(x)=x? Find: (i) hgf(-1) (ii) fg(x) (iii) hf(x)
b) f(x) =’ gx) =6—ux, h(x) =10 -2x Find: () fgh@) (ii) gh(x) (iii) fh(x)
¢ fx)=2x+4, gkx)= '5—1_]4_I h(x) = vx Find: (i) fh(25) (i) fg(0.5)  (iii) hgf(x)
d) fy=x*+x, gx)= T]{—_" Find: (i) ff(3) (i) gf(-1) (iii) gf(x)

18.3 Inverse Functions

An inverse function reverses the effect of a function. “The inverse of f(x)’ is written f'(x).

Example 1

Find the inverse of the function g(x) = B—;—l

1. Write g(x) out as a function machine.

o Tx 4 Loy 8 .2 Tx + |
- ' np__= 2
2. Reverse each step in turn to get the inverse.
N 27 e 2x~1 O 2x %1 1
S = Ee— —
So g'l(x) = ——2“"7— 1

Exercise 1

In Questions 1-3, find the inverse of each function.

1 a) fxy=x+4 b) f{x)=x-3 ¢) f(x)=x-7 d) fy=x+1
e) f{x)=28x f) gl =2x g) g = % h) fx) =%
2 a) f(x)=dr+3 b) f(5)=2-9 ¢ gv)=3x-5 d) £00)=8x+ 11
O f)=%-7 0 go= % +1 g) ) =153 W by = 213
3 a) fo)= 23‘—5*—6 b) ()= 3%—1 O fr)=x2—3 d) g() = (2x+ 7y
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Example 2

Find the inverse of the function f(x) = * 4x3— L
1. Write the equation y = f(x). If y = f(x), then y = ¥ 4"3_ 1
2. Swap round the x’s and y’s. Letx= —'43_1
3. Rearrange to make y the subject. 3x= /4y -1

Ix2=4y-1

92+ 1 =4y

2
y= 9x 4—|— 1

4. This is the inverse of f(x). flix) = #

In Questions 4-8, find the inverse of each function.

4 ) f)=%-8 b) fo =250 0 o=l d) o) =25 -7
5 a) f5)=7-3x b) g() =11 —4x 9 foy= 2715 d) hey = 156
N 5 L (1 =2xy
6 a) fx)=x*-5 b) g(x)=4x2+1 ¢) gx)=0Cx-1) d) hix) = —s
7 a) fx)=+x -8 b) fx)=6vx +1 ¢) gx)=+19—-2x d) f(x)=25-4/x
-_8 _4 . 2 N 2
8 a) h(x)= P b) fx)=+ -7 ¢) gx)=8- 7 d) f(x) —
. . 1 —2x . . _1-2
9 The inverse of the function g(x) = I T 5 can be found by rearranging the equation x T
o 1 =2y _
a) Show that, if x = %5 then 3xy + 2y =1 - 5x.
b) Factorise the expression 3xy + 2y, and hence find g'(x).
10 Find the inverse of each of the following functions:
- 24+3x _4x+1 _ &
a) foy=213 b) g() = 2t 9 1) =52
18.4 Functions Problems
Example 1
Let f(x) =4x — 7 and g(x) = ﬁ Solve the equation fg(x) = 1.
e B K3 1l Y_7-_4 _
1. First find fg(x). fg(x) = f(3x " 2) 4(3x — 2) (T
— 4 _
2. Now let fg(x) = 1 and solve for x. e 7=1
4 _
el -
83x+2)=4
24x+16 =4
24x =-12
=-0.5
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Exercise 1

1 fx)y=5x—T7andg(x)=2x+5 7 fx)=2x—3 and g(x) = 18 — 3x
a) Calculate f(8). a) Solve f(x) = g(x).
b) Calculate fg(1). b) Work out gf(x).
¢) Solve f(x) = g(x). ¢) Calculate g™'(x).

d) Find g'(x).
8 f)=1-5andg()= L
a) Calculate g(-3).

b) Wark out fg(x).
How are functions f and g related?

2 fx)=4x+landgx)=2x+5
a) Solve f(x) =25
b) Find fg(x)
¢) Work out f(x)

9 )=tz andgl)=2/%

3 f(x)=6x+5andg(x)=xJ2“3 15
a) Work out g(11). a) What value of x must be excluded
b) Find gf(x). from the domain of {?
¢) Work out g‘l(x) b) Solve f(x) =0.2.
¢) Work out fg(x). What values must be
4 The function f(x) = 4x — 1 has domain 0 <x < 6. excluded from the domain of fg(x)?
a) Write down the range of function f.
b) Solve f(x) =13 10 f{x)=2x>+5and g(x) =3x - 1
a) The domains of functions fand g
5 f(x)=+vx+ 1 andg() = 4x. are the set of all real numbers.
a) What values must be excluded What are the corresponding ranges?
from the domain of £? b) Work out gg(4).
b) Calculate gf(x). ¢) Work out g"'(x) and solve fg~'(x) = 55.

¢) Work out f'(x). oy i
11 fx) = and g(x) =x* +3

x—3
6 f(x)=2x-3 a) Calculate {(5).
a) Solve f(x) = 5. b) Work out f'(x).
b) Find f'(x). ¢) Find fg(x).

¢) Solve the equation f(x) = f'(x)
d) Work out ff(x)

12 An object is dropped off the top of a tower.
The distance, s metres, the object has travelled ¢ seconds
after being released is given by the formula s = f(¢), where {(#) = 5£.
a) Calculate f(4).
b) Solve the equation f(#) = 12.8.

13 The function f(¥) = % + 32 can be used to convert a temperature from degrees Celsius to degrees Fahrenheit.
a) Find £(20).
b) Solve the equation f{¥) = 60.8.
¢) Work out £'(¢).
d) Explain what your answers to parts a)—c) represent.

14 Jill uses the following formula to estimate the temperature T (in degrees Fahrenheit) at
height 4 (in thousands of feet) above sea level: T = (k) where f(h) = 60 — %h.
a) Calculate f(4).
b) Find the temperature at a height of 7000 feet above sea level.
©) Work out f(32). Explain what this answer tells you in the context of this question.
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Section 19 — Differentiation

19.1 Differentiating Powers of x

The result of differentiating y = x", where n is any number, is dy_ nx-1

% is also called the derivative of y.

Example 1
Differentiate each of the following.
a) y=x
Multiply by 3, and subtract 1 from the index. % =3xx-1=3x2
b) y=2x*
Differentiate x*, and multiply by 2. % =2 x4 x x4 1=8x
c) y=x*-6x+5
1. Rewrite the equation as powers of x using x =x' and 1 = x°. y=x*—6x!+5x°
2. Differentiate each term separately. % =2 1—6x1x' "1+ 5x0x"!
3. The derivative of x is 1, and the derivative of a constant is 0. =2x'—6x°+0
=2x-6
Exercise 1
1 Find % for each of the following.
a) y=x° b) y=x" 0 y=ux* d) y=x°
€ y=x+x+2 f) y=xt—x"+x* g) y=x'+x2+2 h) y=3x*
iy y=8x° ) y=6x° k) y="Tx 1) y=4xs
m) y =3x2+2x +4 n y=5-8x*+3x+1 o) py=7+4x—2x p) y=2x*+11x*-5
q)y=%x3—x+9 1) y=%x5—%x2+6x s) y=%x6+%x“—8x3 1) y=3Tx4_%3+x2
Example 2
a) Differentiate y = % = % +2
1. Rewrite the fractions using negative indices. y=3x7-4x1+2
2. Differentiate each term separately. % =@ x2x2 N)-@x-Ix"'"1)+0
=—6x7+4x72
--5.4
b) Differentiate s = 4Tt5 —g ==
The variables are s and ¢, so the derivative is a not 4~ dy % = % x 5371 - % x 3g3-1
=4¢ — %t’
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Find the derivative of each of the following equations.

2 a) y:% b) y:%-l—%—xz ©) y—%+%—4
) y-5-5 9 y=%-sye ) y-6-2

3 a) y=x(x+5) b) y=3x(x-4) ¢) y=x'2x-3)
d) y=2x(@x+1) e y=@x+4H(x+2) ) y=x-5x+3)
g y=@x-4Hx+4 h) y=Q2x+ D +3) ) y=0Cx-22x+1)
D y=(c-2y K) y=(2x+ 17 D y=56+3)
m)y=x<%—1) n) =%(3x+1) o) y=(L+3)25)

4 a) a=15-8b-2b? b) y=6t+5-5¢ ©) x=5f+4r -2
d) x=%u3+%u2—u+4 e) y=%z4—%23+%22 f) m=£—2‘£ﬂ
g) r=8%s2 h) S:t2+4 i) x=t3_2l‘8t2

The gradient of a curve constantly changes — and the gradient at any point Y f(x)

on a curve equals the gradient of a tangent to the curve at that point.
At the point (@, b) on the graph of y = {(x), the gradient is the value of the
derivative ¥ when x =
erivative == when x =a. (a, b)
For this reason, the derivative is sometimes called the gradient function.

Example 1

A curve has the equation y = 3x? — 5x + 4.

a) Find the gradient of the curve at the point (2, 6).

. " . dy dy _
1. Differentiate to find o i 6x—5
2. Findthevalueof—gi) when x — 2. thnx=2,d—y=6x2—5=l
b) Find the coordinates of the point on the curve where the gradient is —2.
1. Solve L —2 to find x when the gradient is 2. vl -2 when 6x-5=-2
dx dx
6x=3
x=05
2. Putx = 0.5 into the original y=3-5x+4
equation to find the y-coordinate. =3(0.5-5%x05+4
=075-25+4
=225

The gradient of the curve is -2 at the point (0.5, 2.25).
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Example 2
16

A curve has equation y =x* — =~

a) Find the gradient of the tangent to the curve at the point (4, 12).

1. Differentiate to find % y=x2—16x"
b5 L E 16
=20 - 16 x—lr?=2x+ 3
] dy ! _ . dy 16 _
o) F1ndthevalueofawhenx—4. Whenx—4,a—2><4+ﬁ 9

b) Find the x-coordinate of the point on the curve where the tangent is horizontal.

If the tangent is horizontal,

the gradient must be zero, so solve % =0. o 0 when 2x+ 16 _

dx x*
2x*+16=0
x=-
x=-2

Exercise 1
1 Find the gradient of the graph of:
a) y=x’ where @i x=5 (i) x=-2
b) y=6-3x where i x=0 (i) x=2
¢) y=x*-2x where i x=1 Gii) x=-1
d) y=2x2-5x+1 where (i) x=3 @ii) x=0.5
& y=6- %xz where (i) x=4 (i) x=-3
f) y=12+x-3x where (i) x=-3 (ii) xf%
g) y=20°—42-3x+1  where (i) x=-1 (i) x= %
h) y=dx— % where @ x=1 (i) x=-2
i) y= %x3 . %xz +x where () x=1 i) x=-2
) y=2x-3Hx+4 where (i x=-1 (i) x= —%
2 Find the gradient of the tangent to the graph of:
a) y=3P-Tx—5 at @ (0,-5) i) ©2,-7)
b) y=6—x—4x at i 1,3 @) (2,-12)
©) y=x4-x) at D 40 (i) (0,0
d) y=x-2)x+3) at i 6,24 (i) (-1,-6)
¢ y=x-4% at () 1,3 @) 2,0

3 a) Find the gradient of the curve y =x? + 7x + 3 at x = -3.
b) Find the x-coordinate of the point on this curve where the gradient is 15.

4 a) Find the gradient of the curve y =x?+2x -7 atx =4.
b) Find the x-coordinate of the point on the curve where the gradient is 0.
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5 a) Find the gradient of the curve y =5+ 3x —x? at x = 0.
b) Find the x-coordinate of the point on this curve where the gradient is 7.

6 a) Find the gradient of the curve y =x* + 2x at x = %
b) Find the x-coordinates of the points on this curve where the gradient is 5.

7 a) Find the gradient of the curve y = x* —4x2—3x + 1 atx = 4.
b) Find the x-coordinates of the points on this curve where the gradient is 0.

8 a) Find the x-coordinates of the points on the curve y = %x3 - %xz + 5x where the gradient is 2.

b) Find the x-coordinates of the points on this curve where the gradient is 1.

9 Find the coordinates of the points on the curve y =8 — % where the gradient is 4.

10 Find the coordinates of the points on the curve y = %x3 + x? — 8x where the tangent is horizontal.
A curve has equation y = x> - 3x + 1.
a) Find the y-coordinate of the point on the curve where x = 2.
b) Find the gradient of the curve at the point where x = 2.
¢) Show that the equation of the tangent at the point where x =2 is y = x — 3.

The equation of a curve is y = 6 + 5x — x3.
Find the equation of the tangent to the curve at the point with coordinates (1, 10).

19.3 Maximum and Minimum Points

The gradient of a curve is zero at turning points. A turning point can be either a maximum or a minimum.

At a maximum point, Zero gradient At a minimum point, .
; e . Negative
the gradient changes 5 the gradient changes pradient .
from positive to _ 3\ from negative to POS:;We
zero to negative: PDS(';.“'et zero to positive: gracient
gradien
Negative
gradient
/ \\ /
—_—
Zero gradient
dy _

To find the turning points of the graph of y = f(x), solve the equation ax 0.

Example 1

The graph of the equation y = x* — 8x + 3 has one turning point.
Find the coordinates of the turning point.

. - ., dy dy ;
1. Differentiate to find I ot 2x-8
dy . : . dy -
2. Solve —= = 0 to get the x-coordinate of the turning point. =0 when 2x-8=0
dx dx
2x =38
x=4
3. Use the original equation to find y when x = 4. So y=42-8x4+3
y=16-32+3
y=-13

The turning point of y = x* — 8x + 3 is at (4, =13).
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Exercise 1

1 Find the coordinates of the minimum point of the graphs of each of the following equations.

a) y=x'—-6x+11 b) y=x2-2x+5 ¢) y=2x"+4x+1
d) y=(x-3)x+59) € y=2x>—12x+5 f) y=3x2+6

g) y=3x*+48x-2 h) y=%x2—7x+7 i) y=5x*+15x-3

2 Find the coordinates of the maximum point of the graphs of each of the following equations.
a) y=11+8x-2x b) y=5+3x—x? ) y=(T-xx-2)
d) y=G-x)x+8) e) y=9—8x—2x? f) y=12+ 5x— 5x°
g) y=4+24x 357 h) y=1-16x—4x* i) y=-1+2x-2x
Example 2

The curve y = 2x* — 3x? — 36x + 15 has turning points at (3, —66) and (-2, 59).
Identify whether each of these points is a maximum or a minimum.

. ) . dy Yo
1. Differentiate to find I I 6x2 — 6x — 36
2. Find the gradients to the left and right of (3, —66). When x =2.5,

d
3. You can use the gradients to sketch ~ ¥=23,  x=35, Y- 6x (2.5?2-6x%25-36=-13.5

] dx
negative  positive
the graph near (3, —66). To the left, gradient  gradiont  When x — 3.5,

at x = 2.5, the graph is decreasing. d
To the right, at x = 3.5, it’s increasing. \ / Ey =6x (3.5 -6%x35-36=16.5

So (3, —66) is a minimum.

o So (3, —66) is a minimum.
N
(3, -66)
4. Do the same for (-2, 59). (-2, 59) When x =-2.5,
Here the curve’s increasing before s d_y =6 x (2.5 —6%x-2.5-36=16.5
the turning point and decreasing dx
after it, so it’s a maximum. When x =-1.5,

x=-25, x=-15, % =6 x (-1.57 -6 x—1.5-36=-13.5

positive  negative

gradient  gradient  Sg (-2, 59) is a maximum.

3 a) Find% ==z

b) Show that the graph of y = x* — 3x? + 7 has turning points at (0, 7) and (2, 3).
¢) For each of the following values of x, find the gradient of the graph of y = x* —3x* + 7

and describe the shape of the graph at that point.

i) x=-05 (i) x=0.5 (iii) x=1.5 (iv) x=25
d) Using your answers to part (), explain whether each turning point of

the graph of y =x* — 3x? + 7 is a maximum or a minimum.

4 Find the coordinates of the turning points of each of the following curves,
and identify whether each turning point is a maximum or a minimum.

a) y=13-2x—x2 b) y=x>—x+3 ¢) y=3x(x—4) d) y=3x*-8x+2
5 Find the coordinates of the turning point on the curve y = % + 12x and identify the type of turning point.
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o Find the coordinates of the turning points of each of the following curves.
Determine the nature of each turning point.

a) y=06x>—x*-10 b) y=x}-6x*—15x+7

€) y=9x2—x*24x d) y=x*-3x2-9x+4

e) y=24x-2x*-17 f) y=%x3+x2+%

g) v=120x +3x? - 2x° h) y=2x3+18x? +48x - 10

o Find the coordinates of the turning points on the curve y = % - % and determine their nature.

19.4 Using Differentiation

The derivative % gives the rate of change of y with respect to x, or ‘how fast y is changing compared to x’.

Example 1

A water tank used by a garden centre is filled by the rain and emptied as the water is used to water plants.
The volume of water in the tank over a particular week is modelled by the equation v = 30 + 6¢ — 2]
for 0 <+ <7, where v is the volume in litres, and ¢ is the time in days from the start of the week.

a) Find the rate, in litres per day, at which the volume of water is increasing after 2 days.
dv

1. Differentiate to find a the rate of change of v. B 6-—2t
2. Calculate ‘3 when £ =2. When 7=2, gv 6 -2 x 2 =2 1/day
b) Find the maximum volume of water in the tank during the week.
1. Solve g‘; 0 to find ¢ at the maximum. When ?1;}
6-2t=0,s0¢t=3
2. Find v when ¢ = 3. Sov=30+6x3-3
= 39 litres

Exercise 1

1 The value of shares in a company is modelled by the equation v =57 + 30¢ + 40, where v is the value in
pence of one share and ¢ is the time in years after the shares were first traded.

a) Find v when ¢ = 0. v

b) (i) Solve the equation -5+ 30:+ 40 =, g:;f | e
(ii) What does the positive solution to : | : il
—52+ 30t + 40 = 0 represent? 80— ‘ THIENE ‘ =
(iif) Explain why the nggative solution to | 70 TG ) ‘
=5+ 30t + 40 = 0 doesn’t mean anything. 60| pesie Il ) : ‘ |
¢) The rate of change of the share value is given by ﬂ‘ aol—| | ! | |
Differentiate to find an expression for d“ 40 ‘ - | ‘ ' |
d) Find ¢ when g:: 0. 301 —— ! : | i !
What was happening to the share value at this point? 20 | _
¢) Copy the axes shown on the right onto graph paper 101 74 i | _
and draw the graph of v =—5¢£+ 30¢ + 40. o] i jlg 45 6 7 8 9 10 !
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2 An object is thrown up into the air.
Its height (s metres) above the ground after ¢ seconds is given by s = 2+ 458,
a) Work out %
b) Find the maximum height the object reaches.

3 The mass, y kg, of a child aged x years old is given by the formula y = X5+ 10x+33for0<x<3.
a) Work out %
b) Find the rate, in kg per year, at which the child’s mass is increasing when the child is one year old.

4 The temperature, y °C, of a mug of coffee t minutes after it is made
is given by the equation y = 0.05£ -4t + 93 for0 <t < 30.

a) Write down the temperature of the coffee when it is made.

b) At what rate is the temperature decreasing after 10 minutes?

Velocity and Acceleration

Velocity and acceleration are both examples of rates of change.

The velocity, v, of an object at time ¢ is _ds The acceleration, a, of an object at time ¢ o dv
the rate of change of its displacement, s: dr is the rate of change of its velocity: dr
Example 2

An object travels along a straight line. Its displacement from its starting position
after time ¢ seconds (7 = 0) is s metres. s is given by the formula s = 57 + 8¢ — 2.

a) Find the velocity of the object after 5 seconds.

. v= % so differentiate the expression for s. v= %ﬁt =10t + 8 — 3¢
2. Substitute =5 to find the velocity after 5 seconds. Sowhent=35,
3. The time is in seconds and the distance in metres, y=10%x5+8-3 x5
so the velocity is measured in m/s. =-17 m/s
b) Find the acceleration of the object after 3 seconds.
. a= %‘ti so differentiate the expression for v from part a). a= % =10-6¢
2. Substitute =3 to find the velocity after 3 seconds. So when ¢ =3,
3. The time is in seconds and the velocity in m/s, a=10-6x3=-8 m/s?
so the acceleration is measured in m/s.
Exercise 2
1 The displacement (s metres) of a moving object 2 The displacement (s metres) of a moving object
from its starting point at time ¢ seconds is given by from its starting point at time ¢ seconds is given by
the equation s = 10z — # for ¢ = 0. the equation s = 8¢+ 32— £ for t = 0.
a) Work out ds a) Find the displacement at time = 1.
dr’ by Work out 45
b) Find the velocity at time 7 = 2. de”
¢) Find the time when the velocity is zero. ¢) Find the velocity at time 7= 2.
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3

An object travels in a straight line.

Its displacement (s metres) from its starting point at time ¢ seconds is givenbys=62-Ffor0<r<6.
a) Find an expression for the velocity of the object at time .

b) Show that the object is moving faster at time ¢ = 2.5 than at time ¢ = 3.

¢) Find the time when the object is at its maximum displacement from the starting point.

The displacement (s metres) of an object from a fixed point after ¢ seconds (¢ = 0) is given by s = 6 + 7t — 222,
a) Find an expression for the velocity of the object at time .

b) Find the velocity of the object at time ¢ = 1.

¢) Find the velocity of the object at ¢ = 4 seconds.

d) Find an expression for the acceleration of the object at time .

Exercise 3 — Mixed Exercise

1

An object is travelling along a straight line.
Its velocity (v m/s) at time ¢ seconds (¢ > 0) is given by the formula v = 4 + 3¢ — £,
a) Find the velocity of the object at time ¢ = 1.

dv
b) Work out ar

¢) Find the acceleration of the object at time ¢ = 1. Is it speeding up or slowing down at this time?

An object is travelling along a straight line.
Its velocity (v m/s) at time ¢ seconds (¢ = 0) is given by the formula v = 8¢ — 52.
a) Find the velocity of the object at time ¢ = 0.4.

dv
b) Work out a

¢) Find the time when the acceleration of the object is zero.
The mass, y kg, of grain harvested from a field when x kg of fertilizer is applied
is given by the equation y =— 4x2 +75x + 8000 for 0 < x < 200.

a) Work out %
b) Calculate how much fertilizer should be used in order to harvest the largest possible amount of grain.
The velocity (v m/s) of an object moving in a straight line at time ¢ seconds (t=0)is givenby v=4£—6¢+ 5.
a) Find an expression for the acceleration of the object at time ¢.

b) Find the time when the object has its minimum velocity.

An object is dropped off the top of a cliff. Its height (s metres) above
the ground after ¢ seconds (¢ = 0) is given by the equation s = 45 — 522,
a) Write down the height of the cliff, ﬁ
b) Work out how long it takes for the object to hit the ground.

ds /’
¢) Work out ar . M ‘

d) Find the velocity of the object when it hits the ground. L

An object moves in a straight line. Its velocity (v m/s) after ¢ seconds is given by v=2¢+ & 8 - forz > 1.

a) Find the velocity of the object after 4 seconds.
b) Find an expression for the acceleration of the object at time .

0 An ice cream seller estimates that the profit £P that he makes per day if he sells

ice creams at £x each is P =—-100x> + 150x% + 600x — 200 for 0 < x < 4.

a) Work out % b) Calculate the selling price which will give maximum profit.

c The arca, 4 m?, of weed on the surfuce of 4 pond at time ¢ months is given by 4 =132 — 3 0 fore> 1,

a) Find the area of pond covered by weed after 2 months.
b) Find the rate at which the area of weed is increasing after 3 months.
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Section 20 — Matrices

An m % n matrix has m rows and » columns. 12 123 123
m % n is the order of the matrix. A=(23 B= <2 5 7) C=12512
34 38 4

A zero matrix is a matrix where all the entries are 0.

. ) 3 x 2 matrix 2 x3matrix 3 X 3 matrix
An identity matrix is a square matrix where the leading

diagonal (from top left to bottom right) is filled with 1s, and all 000 100

the other entries are 0. Identity matrices are usually labelled L. D={000 I=({010

You can add or subtract matrices that have the same number of 000 001

rows and columns as each other. 3 x 3 zero matrix 3 x 3 identity matrix
Example 1

6 3 2 8
Find[2 9|+{11 3
7 -1 116

Add the numbers in the same place 6 3 2 8 6+2 348 8§ 11
in each matrix. The result goes in 2 9)+(11 3]=(2+11 9+3 j=[13 12

that position in the answer. 7 -1 116 7+1 —1+16 8 15

Exercise 1

In Questions 1-2, find the resultant matrix for each expression.
43 32 59 63 7 12 8 10
19 (1 2>+<8 6> b <2 0>_<3 5) 9 <13 19>+<12 3)
10.8 11.3 00 14 26 10 6 —4 -8 -2
9 (12.6 13.5>+<0 0) © (32 11>+<0 1> L <10 7 >+< 5 1)
) 25 22\ (-1518 h) 49 32 0 14 12 i) 31 28) (28 26
8117 20 -9 16 40 52 23 17 37 36 17 19
4 7 3 8
: -2 8 14 7-3 8
o o ) ( 3 o (2590075
s ) 8 9 -1 0 6 4 -4
6 17 9 4 13 4
c) (II -8 I(})+(—l —6 IS) d) <f1 3)%—(; z>+<_53 g)
-2 14 7 18 3 -2
3 Find the value of each of the letters in the following equations.
4 a b 7 15 2
9 (8 12>+<3 —6)_ (11 6>
18 —15 10 % 8 3 28 16 ab 16 32
2 (j 13>—<5 6>_<12 m> 9 (19 23>+<c d)_<24 38)
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12 1-13 11 42
4 A=(O 8 B= (g *12 _03> C={6 4 2) D={0 19 E=<:61 _513 j36)
72 0-8-1 210
Work out the following.

a) A+D b) B+E ¢ D-A d) B-E
e) E-B f) C+I g) I-C h) A+A+D

20.2 Matrix Multiplication

Muitiplying by a Scalar

To multiply a matrix by a scalar (number), multiply each entry in the matrix by that number.

Example 1
. 0 -14
F1nd3<1 5 5)
Multiply each number 0 -14Y_(3x0 3x-1 3x4 _ ({0 -3 12
in the matrix by 3. 1 -25 3x1 3x-2 3x5 3615
Exercise 1
In Questions 1-3, find the resultant matrix for each expression.
31 75 6 -1 9
2 y
19 "(1 o) k) 8(12 4.2) © ?( 3 3)
-9 15 15 30 -9 32
=) i
9 11<~13 18) ® ‘(—19 29) 0 ( 13 5|)
39 4 0 60
2 a) %(0 6 b) %(‘éo jlgz 24> 0 --ﬁ 16 -8 44)
12 0 210 0
21 12 21 —48 ¢
3 a) a<_81> b) —b< 0 -2 51) ) 5(12 -2 22 -36)

4  Find the value of each of the letters in the following equations.

~19\  [-114
44\ (12 18 B 13 8 f\ _ [65h 35
2 3<b c>*<27 ~6) K m(_1;9)_( . ) ) e( 0 21 g>_<0 i 70>

n

5 Find the resultant matrix for each of the following expressions.

4 — 1
40 31
0o +(3 ) ) () o ;)
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{0 -2 -3 {1 =20 =30
6 A_<2 1 0) B’(s 11 0>
Work out the following,.
a) —12A b) A+2B
d) 2C-4A e) 11A+3B

Multiplying Matrices

45 26 3
C_<22 0 —6)
¢) 3A-B
f)y C-2B

You can multiply two matrices together if the number of columns in the first matrix is equal to the number
of rows in the second matrix. Multiplying an m X n matrix by an n X p matrix gives anm X p matrix.

Multiply matrices using the following method: (

Example 2

23 ) 3
A=101 ,B=<5 _1>. Find C=AB.
45

1.

Combine the first row of A with the
first column of B to get the entry in the
first row and first column of C.

Combine the first row of A with the
second column of B to get the entry in
the first row and second column of C.

Continue in this way until you have
multiplied every row of A by every
column of B.

se 2

Exerci

ax+by+cz>

u x
abc i _ fau+bv+cew
de [ wi) " \dutevtfw deteytfz

‘—’)(Q N e
a0)~

C=AB=((0><2)+(1 x 5)
(4x2)+(5%x5)

19
5
33

((2><2)+(3><5)

(19 (2 x3)+(3 x —1))

19 3

(0 x3)+(1 x—l))
(4x3)+(5x-1)

1 TIn each of the following, copy the calculation and fill in the blanks to complete the matrix multiplication.

o |
b)(

24)(4 5)__((2><4)|(4><D)

01 (1x4)+(dx0)

(1 x 3)+ (0 x 0J)

10
2 5)(3 (1) *;>=((D x 3)+ (0 x 2)
41 B (4x0O)+(Ox0)

2x0O)+@4x1) >:<
(1 xO)+(@Ox0)

(1x D)+ x0)
2xO)+(5x0)
(4x 1)+ (@@ x0)

In Questions 2-4, find the resultant matrix for each expression.

23)(

AR d

12

i) v

8 [
H
(O x 1)+ (0 x —2))

2x-1)+(5x0)
(4 x )+ @O x 0O)

11 13\/w x
9 o2 21)\y 2
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12\/2 4 “1 9\/11 14 3112\ 1 -4
39 (3 0><6 7) 2 (13 4><~6 o> 9 <22 7)(—16 -1)
12 17\/0 0 ~5 2\(1 0 1 0\/-9 8

< (99 26)(0 o) ° < 4 1)(0 1) D <o 1)( 5 4>

) (1L 7)(~10 -2 w (% ~15 34 p (31 1819 48

& 136/l -8 —4 30 ~11 ~20 —55 Yo\2 —a0f\es 47
2 10 5 6

4 a) (5 4)(41 g g) b) (0 21) = 3100> 0 <160 1; _132>(7 sh
6 3/\ —4 —5 a 31
17 12

“1107 13 4 .

d) (20 6 5)(..39 _1”) €) < 12) (15 -9) f) (-10 7 ﬁ}(;lj)

19 —27 41
g [-52 36 61
24 —11 16

S O =

0 3 -3 4 0 6\/5 -3 -1
h) —5310 I 2 |8 -211)|1 4 8
01~1[}-2I -3 1 5/\0 4 9
5 For each of the following, find the order of the resultant matrix (you do not have to multiply the matrices).
0 6 21
1 1\l 4 14— 41 2 6
2 (3 o><3 5> L) (6 1 —2>(172 ?) 9 (3 ?)(—1 3 o>

d) (; é)(‘l‘ i 3) ) (;)0 3) (-1 0 2)(2)

1 -2 0 4 -2 16 4 -7 1
g A_<5 3> B <1 —6> ¢ (3 2) D <—6 3 —2)
a) Showthat: ()BI=B (i) AB=C (iii) AC # CA
b) Find A? (where A? = AA).
¢) (i) Find BC. (ii) Find CA. (iii) Hence show that (BC)A = B(CA).
d) Find CAB.
¢) Explain why you can’t work out DA.
f) D is multiplied by another matrix, E, of order 3 x 5. The result is matrix F. What is the order of F?

Example 3
ofa b\1 20 75 6
. ¢ |
Find the values of a, b, ¢ and d if <c d><2 ) 2) (0 3 2)
L. Multiply the matrices to find an il 2 0 a+2b 2a+b 2b
expression for the resultant. e 12 c+2d 2e+d 2d
2. Put this equal to the result given a+2b 2a+b 2b 75 6
in the question. c+2d 2c+d 2d) ~ \0 3 -2
3. Put corresponding entries equal 2b=6,50b=3
to each other and solve to find 2d=-2,s0d=-]
the unknowns. at2b=T7s0a=7-2b=7-(2x3)=1

c+2d=0,s0c=-2d=-2x-]1=
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o Find the value of each of the letters in the following equations.

<
4 a\ll 2 411
2 <5 b)(O 3>:<5 4> by 1 -3 10)(_‘12):(_49)
1 —4 2 —1 25 —20 11
-3 x 4 (=35 y I 69\
) <W -12 8)( 3? :]1)_(—14 —64> & (5 6)(—5 m 7> _(20 18 87)

3 -9 75 =90 n

Find the values of a, b, ¢ and d in each of the following.
a)ab10_0—3 b)ab80=—139 c)ab413_12713
cdN\23/ \10 9 c d/\l 3 -3 -9 c d/\0 22 4 1113
20.3 Inverse Matrices and Determinants

The Determinant

The determinant, |A|, of the 2 x 2 matrix A = <: Z) is givenby: |A| =ad-bc

Example 1
Find the determinant of the matrix A = (2 —41>
ab 8 -1 - -
If = , thena = 8§, |A|=(@8 x4)— (-1 x5)=32-(=5)
cd 5 4
=37
b=-1,c=5andd=4.
Exercise 1
1 Find the determinant of each of the following matrices.
21 10 02 7 -4
2 (3 5) b) (0 1) 9 (3 0) D <6 12>
-15 7 -21 -12 35 -1 -23 -41
? < 8 4> D ( 9 5 ) &) <_13 3 ) ") (—13 —15)
o (1D o [—2 —13 k m p —1
D (5 a> ) 4 p) k) (n l> h <—1 p)
c 12 —f —g 2w x s —t
m) <c 5) ) <14 —4> o <3y w) P (—2 2.5')
2 By first calculating the resultant matrix for each expression, find the determinant of each of the following.
1112 7 -3 21 —32 17 -12 12 5
2 (o —2>+<o 2> b) (43 —41>_(—11 13) ° 5(10 —4)
1[4 24 (13 8 _(-11 =20
9 2(12 8) 9 2(7 -2 D3 s

e’

58
1 -2\(-12 2 7 —3\(-2 —4 L (81 2
&) (0 4 )( 5 —7) b (3 40)(—11 10) ; (4 0 ~11>(';2 7])
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Inverse Matrices
The inverse, A, of the matrix A is the matrix that satisfies AA'=A'A=1.

The inverse of the 2 x 2 matrix A = (a b> is given by: Al= 1 d —-b
cd (ad — bc)\—c a

A only has an inverse if its determinant is non-zero — i.c. if ad — bc # 0.
If its determinant is equal to zero, then a matrix is said to be singular.

Example 2

Find the inverse of the matrix A = N

26
Find the determinant. [A| =@ %x6)-(2x8)=24-16=8§

2. Use the formula to find the inverse — a_1{6 -8
e . Al= 2
simplify your answer if necessary. 8\—2 4

3. You can check your answer by 1/3 -4
checking that AA'=1. = Z(—l 2 )

Exercise 2

1 Show that each of the following matrices is singular.
48 1 -2 25 -5 -6 —28
2 (2 4) b) (3 6) 9 <—15 3) D <3 —14)

2 Verify that (> ) is the inverse of [ > >
erity tha 3 2 IS the mnverse o (3 g/

. 1 9 -8, . 10 8
3 Verify that 6(12 10>1sthe inverse of(12 o)

4 Find the inverse of each of the following matrices where possible, or show that the matrix is singular.

56 58 310 73
2 (35) (3 5) @[3 5) o (13)
67 63 12 9
@ ($7) 0 (53 o (33 v
(3 =2 {4 -2 412 113
D (2 1) ) <—8 4) k) < 5 15) D <2 4)
12 -3 ~14 21 8 21 3
'")(22 4 2 (—8 |3) o (—7 ) )

—18
5 For each of the following: (i) Find the values of x that make the matrix singular.
(ii) Find the inverse, assuming the matrix is not singular.

x 12 x 3 x —11 2x 1
v (3 > (13 o) e (k)
6 By first calculating the resultant matrix for each expression, find the inverse of each of the following.

21 15 4 —2\(—1 —2 0 —1\/-21 3
%) 6<12 —4) b) (3 4)(6 8) © <—6 5)( 6 —4)
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7 a) Find X~ ifX=(26 31).

-5 6
b) Hence show that XX = XX,

8 Given the matrix Y = <_538 fi
-7 11

9 iven th trices P =
Given the matrices (_3 4

Using Inverse Matrices

>. show that (Y)!1=Y.

) and Q = <; _04>, show that (PQ)* = Q1P

You can use the fact that AA™* = I to solve equations that involve matrices.

If AB=X then B=A"'X and A=XB"

Example 3

2 1 =9

FindBifA=(3 _4> andAB=<_10 -

1. Use the fact that if AB = X then

B = A~'X to form an equation for B.

2. Find the inverse of A.

3. Multiply to find B.

Exercise 3

1 a) Using the fact that if AB = X then B=A"'X, find Nif M =
—12 —13>

411

b) FininfP=<1 6)andPQ=<

-3

12
3

0

_{-10 -12
-3 3

3 —4\" 110 —12
fenglueling
o L B 14\ 1/1 4
T3S (®)\ -2 3/ 11\-23

1 4\(-10 —12\_ 1{-22 0
N\-23\-3 3 ) T\11 33

-56 ({3 -3
(_2 1)andMN—(4 _11>.

2 a) Using the fact that if AB =X then A =XB7, find Eif F = ) .

—7 -6

b) Find Kif L = (‘3 _2> and KL = <29 .

73 50

)

o a) Use the fact that A~'A =1 to show that if AB = X then B = A7X.
b) Use the fact that BB~' = I to show that if AB = X then A = XB~".
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Section 21 — Sets

A set is a specific group of items or numbers. The items in a set are called elements of the set.

Set Notation

A={.} A is the set of ...

xe A x is an element of A

ye A y is not an element of A

n(A) the number of elements in A

Dor {} the empty set (a set containing no elements)

Exercise 1

1 List the elements of the following sets.

a) A = {months of the year with fewer than 31 days}
b) B = {months of the year with fewer than 4 letters in their name}
©) C= {months of the year with the letter a in their name}

2 List the elements of the following sets.

a) A = {even numbers between 11 and 25}
b) B = {prime numbers less than 30}

¢) C= {square numbers less than 200}

d) D = {factors of 30}

e) E = {multiples of 7 between 30 and 60}

Some sets are defined using an algebraic expression.
E.g. A= {x:x+2 <5} isread as ‘A is the set of numbers x, such that x + 2 is less than 5’.

To be able to list the elements of a set like this, you need to know the universal set.
The universal set for a particular set A is a list of possible elements of A.
The symbol for a universal set is &.

Example 1

a) List the members of A = {x : x <15} if & = {x : x is a square number}

A is the set of numbers x, such that x is less than 15.
But elements of A must be in the universal set,
so here A = {square numbers less than 15} A={1,4,9}

b) List the members of A = {x : x <15} if € = {x : x is a prime number}

The definition of A is the same as in part a), but & is different.

A = {prime numbers less than 15} A=1{2,3,57, 1113}
¢) List the members of A = {x : x <15} if§ = {x : x > 15}

A = {numbers that are both greater than 15 and less than 15}
No elements of & fit the definition of an element of A, so A is empty. A=Q
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Exercise 2

1 a) If&={x:xisapositive integer, x < 10}, list all the elements of:
(i) A={x:xisodd}
(i) B= {x:xis a factor of 16}
(iii) C = {x: x is a square number}
(iv) D = {x:xis a factor of 30}
b) If& = {x:xisan integer, 20 < x < 30}, list all the elements of:
(i) A={x:xisodd}
(i) B={x:xiscven}
(iii) C = {x : x is prime}
(iv) D = {x:xis a multiple of 3}

2 For all the sets in this question, & = {x : x is a positive integer, x < 30}

A = {prime numbers} B = {square numbers} C = {cube numbers} D = {multiples of 4}
a) List the members of A, B, C and D.
b) Find @) n(A) (ii) n(B) (iii) n(C) @iv) n(D)

¢) Find (i) n(E) where E = {x : x € both A and B}
(ii) n(F) where F = {x : x € both B and D}
(iii) n(G) where G = {x : x € B but not D}
(iv) n(H) where H={x:x ¢ A,x¢ B,x ¢ C,x ¢ D}

3 List the members of A = {x : 10 <x <40} for cach of the following universal sets.
a) &= {x:xisasquare number}
b) &= {x:xisaprime numbers}
¢) &= {x:xisamultiple of both 3 and 5}
d) &= {x:xis atriangle number}
¢) &= {x:xisaninteger <15}

Q- -0234 B=1{0,2,4)

a) List the elements of the following sets.
(i) C= {x:xe either A or B or both}
(i) D= {x:xe AbutnotB}
(iii) E={x:x=a-b,aec A,be B,x<1}

b) Each element of the following sets is a pair of coordinates. List the elements of each set.
) F={@b:acAbeB,atb<5}
(i) G={(a,b):ac A,be B,axb>6}

21.2 Venn Diagrams

Venn diagrams are used to display sets and to show when they overlap.

The whole diagram
represents all the
elements of §

A B

Elements in set A
but not in set B

__[._ Elements in set B
but not in set A

Elements in both
set A andset B []

-
[~ Elements in & but
not in set A or sct B
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Example 1

Given that § = {positive integers less than or equal to 12}, draw a Venn diagram for the sets
A = {x:x is a multiple of 3} B = {x : x is a factor of 30}

1. Write out sets A and B: A={3,6,9 12}
B={1,2,3,5,6, 10} A B
2. 3 and 6 are in both sets, so they go in the overlap
between the circles. The other elements of each set 7

go in the circles for A and B, but not in the overlap.

3. The elements of £ that aren’t in either set go outside 11
the circles.

Exercise 1

1 Draw Venn diagrams to show the following sets, where & = {x: x is a positive integer, x < 103.

a) A={1,3,5) B=1{1,3,7)

b) A={2,3,4,5) B=1{1,3,5,7,09)
9 A=1{2,6,10} B={l,3,6,9
d) A=1{2,3,4,5,6) B={1,3,7}

e A=1{2,4,6,8, 10} B=1{1,3,5,7,9

2 a) Draw Venn diagrams to show the following sets, where € = {x : x is a positive integer, x < 10}.

(i) A={x:xisodd} B = {x: xis prime}
(i) A= {x:xisasquare number} B={x:xisacube number}
(iii) A= {x:xiseven} B = {x : x is a multiple of 3}

b) Draw Venn diagrams to show the following sets, where €= {x:xisaninteger,20 < x < 30}

i A={x:xisodd}
(i) A= {x:xisamultiple of 3}
(iii) A= {x:xiseven}

B = {x : x is a multiple of 5}
B = {x : x is a multiple of 4}
B = {x : x is a factor of 100}

3 The Venn diagram on the right represents sets A, B and C.
a) List the elements of set A.
b) Which elements are in both set A and set C?
¢) What is the value of n(B)?
d) List the elements which are in both set A and set B, but not in set C.
e) Which elements of set C are not also in set B?
f) List the elements which are neither in set A nor set B.

4 Draw Venn diagrams to show the following sets, where €= {x: x is a positive integer, x < 10}.

a) A={l1,2,3,5,6}
b) A=1{2,3,4,5,6)
0 A={1,23,10}
d) A={4,5,6,8)

B=1{56,7,8,9
B=1{2,3,6,7 8
B=1{2,4,5,10)

B={l,2,3)

C={l1,4,5,9
C=1{2,3,5,8,9)
C=1{3,5,6, 10}
C=1{3,4,7,9

5 Draw Venn diagrams to show the following sets, where & = {x : x is an integer, 1 < x < 16}

a) A= {x:xisamultiple of 2}
b) A= {x:xisa square number}
¢) A= {x:xisprime}

B={3,6, 10, 11, 12}
B = {x : x is a multiple of 4}
B = {x :xis odd}

d) A= {x:xisa factor of 32}

e A={x

: x is odd}
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B={x
B={x

: x is a multiple of 4}
: x is a multiple of 3}

C=1{4,8,9,10, 11, 12, 15}
C={x:x>8}
C—{x:x<10}

C = {x: is a square number}
C= {x: x is a multiple of 5}



Solving Problems with Venn Diagrams

Venn diagrams can be labelled with the number of elements belonging in each area.
This type of Venn diagram can be used to solve problems involving the numbers of elements in sets.

Example 2
A and B are sets. n(A) =24, n(B) = 16 and n(§) = 32. 4 elements of & are neither in A nor B.

a) Draw a Venn diagram to show sets A and B. Label each part of the diagram with
a number or expression representing the number of elements in that part.

b)

Call the number of elements in both A and B x.

Then the number of elements in A only is n(A) —x =24 —x,
and the number of elements in B only is n(B) —x = 16 —x.

Fill in the diagram with the number of elements in each part.

Find the number of elements that are in both set A and set B.

Use n(€) = 32 to write and solve an equation for x.

Exercise 2

1

a)

©)

In the Venn diagram,
n(&) =40. Find:

o x
(ii) n(A).

A B |S

If the number of
elements in A or B
or both is 40, find:

@ x
(i) n(A),
(iii) n(&).

ja

In each of the following, A and B are sets.
In each case, draw a Venn diagram to represent the situation, and use it to answer the questions.

a)

)

Set A contains 26 elements in total.

18 of the elements of set A are not in set B.
10 of the elements of set B are not in set A.
12 clements of & are neither in A nor B.

Find: (i) n(B), (ii) n(&).

3 elements are in both set A and set B.
15 elements of & are not in A.

n(B) = 7 and n(§) = 25.

Find the total number of elements in:
(i) &, butnotin A or B,

(ii) A butnot B,

(iii) set A.

b) Ifn(€) = 30, find:

d) Inthe Venn diagram,

n€)=0Q24-x)+x+(16 -x) +4=32
44 - x =132

x=12

So 12 elements arc in both A and B.

=
o]
JE

®H =x
(i) n(A), 4
(iii) n(not B).

>
@
o

n(A) = 50 and n(B) = 40.
Find:
(i) xandy,

(i) n(®), 4
(iii) n(A or B or both).

b) 9 of the elements of set A are not in set B.

17 of the elements of set B are not in set A.
4 elements are in both set A and set B.
n(&) =40

Find the number of elements of § that are:
(i) notin A, (ii) notin B.

37 of the elements of set B are not in set A.

If the number of elements that are in both set A
and set B is x, n(A) =34 + x.

4 elements of & are neither in A nor B.

n(&) = 88

Find the total number of clements in:

(i) both A and B, (i) B.
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Example 3

In a class of 30 students, 5 study both geography and history,
15 study history but not geography and 6 study neither subject.

a) Draw a Venn diagram to show this information.

The universal set is the whole class. Geography  History g

Call the number who study geography only x, and complete
the Venn diagram with the information from the question.

b) Find how many students in total study geography.

n(€) =30
30=6+5+15+x
x=30-26=4

4 students study geography but not history.
So 4 + 5 = 9 students in total study geography.

Exercise 3
For each of Questions 1-8, draw a Venn diagram to represent the situation and use it to answer the question.

1 Inaclass of pupils, 6 play the guitar and piano, 8 play the guitar only, 4 play the piano only
and 12 play neither instrument. How many pupils are in the class?

2 50 people at a bus stop were asked whether they liked tea or coffee.
16 liked tea only, 18 liked coffee only and two liked neither drink. _
How many liked both tea and coffee? i

3 36 children were asked about their pets.
8 owned geese only, 12 owned ducks only and 12 owned ducks and geese.
How many owned neither geese nor ducks?

4  Of the 60 members at a sports club, 30 play both hockey and netball,
6 play hockey but not netball and 14 play neither.
How many play netball but not hockey?

5 Ina group of friends, 8 like horror movies and 12 like comedies.
These numbers include 6 pcople who like both genres.
3 like neither type of film. How many are in the group?

6 A company produces 120 different products.
32 of the products are made using grommets but not widgets.
20 of the products are made using widgets but not grommets.
46 of the products require neither widgets nor grommets.
How many products are made using widgets?

7 Of'the 55 pupils in a school’s year 11, everybody passed at least one of English and maths.
Including those who passed both subjects, 44 passed maths and 50 passed English.
How many passed exactly one of English and maths?

8 100 people are auditioning for a TV talent show. 22 of them can sing, but can’t dance.
15 of them can dance but can’t sing. The number who can neither dance nor sing is
1 more than the number of people who can both dance and sing.
How many of the auditionees can neither dance nor sing?
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21.3 Unions and Intersections

ANnB AUB
the intersection of A and B the union of A and B
= the set of elements that are in both A and B = the set of elements that are in A or B or both

B

Example 1 £
A B
For the sets represented on the Venn diagram on the right, 12
list the elements of: a AnB b) AUB
6 -3

A N B means “everything that’s in both A and B” — its elements

are in the part of the diagram where the circles overlap. a AnB={0,8, 19}

A U B means “everything that’s in A or B or both” by AuB={7,0,15,8,15, 19}
Exercise 1
1 For each of the following, list the elements of (i) A N B and (ii) A U B.

a) b) [o B|© d A B

2 Describe each of the following.

a) A N B when A = {blue cars} and B = {four-wheel-drive cars}

b) A U B when A = {boys’ names} and B = {girls’ names}

¢) A N B when A = {towns in France} and B = {seaside towns}

d) A U B when A = {countries in Europe} and B = {countries not in Europe}
¢) A N B when A = {right-handed people} and B = {people with fair hair}

3 For each of the following sets of numbers, list the elements of (i) A B and (ii) A W B.

a) A = {even numbers} B = {positive integers less than 20}

b) A = {positive even numbers less than 20} B = {positive odd numbers less than 20}
¢) A = {square numbers less than 70) B = {cube numbers less than 70}

d) A = {prime numbers less than 10} B = {multiples of 3 less than 10}

4 Find A N B for each of the following, where the universal set is the set of all real numbers.

a) A={x:0<x<50} B={x:30<x<100} b) A={x:20<x<30} B={x:30<x<100}
¢) A={x:x<100} B={x:x<50} d) A={x:x<50} B={x:x>060}
e) A={x:x>20} B={x:x <150}
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Example 2

Shade, on separate copies of the Venn diagram
on the right, the regions representing:
a) (AnB)uC by An(BuUCQO)

a) (AN B)u C means ‘in both A and B, or in
It’s represented by A N B combined with C.

ANB: \ C) C E

C’

\__,/

b) An (B L C) means ‘in A, and in either B or C or both’.
It’s represented by the area where A and B U C overlap.

Exercise 2

1 On separate copies of the Venn diagram below,
shade each of the following regions.

A B a) AnBncC
b) AUBUC
¢) AuB)nC
d AuBnNCO)

C

3 For the sets A, B and C shown on the right, find:
a) AnC
b) AnB
¢ AnBnC
d BNnC
&) ANC)UBNO)

4 For the sets L, M and N shown on the right, find:
a LM
b) LUN
¢) MnN
d) LnN
e LNM)UN
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2 On separate copies of the Venn diagram below,

Am(BuC)'

A

H

shade each of the following regions.

A

B

a) AnByuC
b) AuUBUC

¢) AuBNC
d) AuBNC)

C




5 Ona day in winter, members of a class arrived at school wearing hats (H), scarves (S) and gloves (G).
a) Describe what each of the shaded areas represents.

(@ @) |H

S (iii)

G

b) Draw diagrams to show the following groups of students.
(i) Those wearing scarves only.
(i) All those wearing gloves.
(iii) Those wearing exactly two of hat, scarf and gloves.

6 The Venn diagram on the right is labelled with
the number of elements in each region. Find:
a) n(A)
b) n(A N B)
¢) n(Bu()
d) n(AuB)nC)
e) nAu(BnNC)

7 a) On separate copies of the Venn diagram on the right, shade the following regions. [z B
i AuCNnB @ii) AnB)UBNC)
b) What do your diagrams show about (A U C) " B and (A " B) w (B n C)?
¢) Use diagrams to show that AU (BN C)=(AuB) n(AuCC).

a) Assuming neither A nor B are empty, draw diagrams to show the following:
i) AnB=0O (ii) AnB=A (iii) AUB=B
b) What can you say about A and Bif A~ B=A U B?

21.4 Complement of a Set

A
the complement of A
= the set of elements of the universal set that are not in set A

Example 1 ¢
For the sets represented on the Venn diagram on the right,

list the elements of: a) A b) (AU BY)

A' means “everything that’s not in A”. a) A'={3,1,6,12,15}

(A U B) means “everything that’s not in A U B”. b) (AUB)=1{3,6,12}
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Exercise 1

1 For each of the following, describe or list the elements of A, the complement of set A.

a) &= {polygons with fewer than 5 sides} A = {quadrilaterals}

b) & = {months of the year with fewer than 30 days} A = {February}

¢) &= {factors of 18} A = {multiples of 2}

d) &= {books in a library} A = {paperback books}

e) &= {cars} A = {cars with an automatic gearbox}

2 For each of the following, list the elements of B', the complement of set B.

a) £=1{1,2,3,4,5,6,7,8,9, 10} B = {even numbers}
b) &= {prime numbers} B = {odd numbers}

¢) &= {x:xisaneven number, 0 <x <30} B = {factors of 100}
d) &= {factors of 120} B={x:x<20}

3 A= {multiples of 3} and B = {multiples of 4}, where the universal set is § = {x : x is an integer, 1 <x < 20}
a) List the elements of A U B. b) List the elements of (A L B).

4 a) Draw diagrams to show the following sets. (i) (A N B)' (ii) AnB' (iii) AUB'
b) Name the sets shaded in each of the following diagrams.

@ | A BIE Gfa B & i) A B &

5 A group of people were asked to try two new biscuits. If J is the set of people who liked the Chocolate
Jamborees and F is the set of people who liked the Apricot Fringits, what do the following sets represent?

a) P’ b) JUFy ¢ FUF

6 For the Venn diagram shown on the right,
list the members of the following sets.
a) AnB
b) AuBUCY
¢) AuBnC
d) AnB'nC
e) Bul)

7 Name the sets shaded in each of the following diagrams.

a) b)
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8 On copies of the diagram shown, shade the following regions.
a) ANB' A > ~B
by (AUBY ( (—) )
0 (ANBYUC \< >/
d) AuB)NnC ;.
¢) AnBYU (A NDB) | G

~B |6 10

Given that n(B") = 20, find: Given that n(A N B)' = 15 and n(A) = 12, find:
a) x b) n(A U B") a) x b) y ¢) n(A'UB)

Draw Venn diagrams to help solve Questions 11-14.
11 Given thatn(P' " Q) =11, n(P v Q) =7,n(Q") = 10 and n(&) =25, find:

a) n(Q) b) n(P’) ¢) n(PNQ) d) n(PLQ)
12 Given that n(L N M) = 12, n(L U M)' = 8, n(L') = 10 and n(M") = 14, find:
a) n(L) b) n(€) ¢ n(LM) d) n(LuM)

@ €= {x:xisan integer, [1 <x <24} is the universal set for the sets A = {11, 14, 16, 20, 21, 24},
B = {11, 13, 16, 19, 22, 24} and C = {13, 14, 15, 16, 21, 22, 23, 24). List the elements of each of the following.
a) AnB b) AnB'nC ¢) Bn@Aa'ul) d AnBYuC

If A = {multiples of 2}, B = {multiples of 5} and C = {multiples of 3},
where & = {x : x is an integer, 1 < x < 30}, list the elements of:

a) ANC)UB' b) ANB' AC ¢ ANCYUB

LcM M
L is a subset of M = all of the elements of set L are also in set M N
LcM
L is a proper subset of M = L is a subset of M, but is not equal to M
NeM L
N is not a proper subset of M = some elements of N are not in M
For all sets: 1. The empty set is a subset of any set, i.e. for any set A, & C A.

2. Every set is a subset of itself, i.e. for any set A, A C A.
3. For any two sets A and B, if A c Band B c A, then A=B.

Example 1
a) List the subsets of A = {x, y}
Remember to include the empty set and set A itself in the list. D, {x}, {¥}, %, }

b) List the proper subsets of B = {1, 2, 3}
Proper subsets of B include the empty set, but not set B itself. @, {1}, {2}, {3} {1, 2}, {1, 3}, {2, 3}
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Exercise 1

1 Copy the following placing ¢, & or < between the sets to make a correct statement.
a) {cats} __ {fish}
b) {Monday} __ {days of the week}
¢) {spring, summer, autumn, winter} ___ {seasons of the year}
d) {Fred, George} __ {boys’ names}
e) {red, yellow, brown} ___ {colours in a rainbow?}
f) {tennis, squash, football} __ {racquet sports}

2 Pair together the following sets and subsets writing a correct statement for each pair,e.g. HC A,

A = {days of the week} G = {ball sports}

B = {Steven, Philip} H = {Monday, Wednesday}
C = {rugby, football} I={13, 17, 53}

D={2, 6,30} J = {motorcycle, car, train}
E = {factors of 30} K = {boys’ names}

F = {prime numbers} L = {modes of transport}

3 Fortheset A={l,2,3, 4}
a) How many subsets are there which contain only 1 element?
b) List the subsets of A with: (i) two elements (ii) three elements

¢) How many subsets does A have in total?

4 List all the subsets of the following sets.
a) M={a, b, c} b) N=4{2,3,5,7} ¢ O={9,8S, dormouse, spoon}

5 The diagram shows the relationship between four sets A, B, C and D.
Each area of the diagram contains at least one element. N B

a) State whether each of the following statements is true or false.

A

D

(i) CcA (i) Dz B' (iii) (A NB)cB j
(ivy AnB)cC () B cC (vi) Cz (A UB) )
\\_

(vii) Bz D' (viii) (CUD)c A

b) Copy the following statements and complete them by placing

either € or ¢ in each of the gaps. =
i A__ (AnB) @i BnC)__(AnCQ) (iii) A'__ B’
ivC  AuU0O v)B__D i) A__D
6 Draw Venn diagrams to show the following situations.
a) Sets P and Q where i) QcP ()P cQ
b) Sets W, X and Y where
HWcYandYcX (i)WeX, YcXandWnNnY=0 (i) W (XnY)

7 IfA={x:0=<x<18},B={y:yisamultiple of 3} and C = {z : z is a factor of 15},
state whether each of the following is true or false.

a) BcA b) AcC ¢) CcB d) CcA
e) {6} B f) 6cB g) BNQO)cA h) BUC)cA
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21.6 Sets Problems

Exercise 1

1 For the sets shown in the diagram:

a) State whether each of the following is true or false.
For those that are false, change the right hand side
of the expression to make a correct statement.

(i) n(A)=7 (ii) n(A " B)=4
(i) n(B") =12 (iv) 2eC
() 20€ B' (vi) CAB'={9,10, 11}

(vii) BUC)NA=1{4,5,6,7,8  (vii) (A UB) N A= {9, 10, 11}

b) List the members of each of the following sets.
i AnC @ii) AnB (iii) AnBNC @iv) BN C)
¥ ANnCuBNC) (vi) AnC (vii) (A U BY (viii) AN C)u (B'NC)

2 For each of the following, draw a Venn diagram to show the sets and use it to help answer the questions.

a) &= {positive integers less than 20} T = {multiples of 2} F = {multiples of 5}
Find: i) (TN F) (i) (T U F)'

b) &= {positive integers less than 20} T = {multiples of 2} S = {square numbers}
Find: i TnS (ii) n(T"

3 &= {polygons}, Q= {quadrilaterals}, T = {triangles}, S = {shapes with sides of equal length}
Describe each of the following: a) TnS b) TnQ

4 &= {positive integers less than or equal to 20},
X={x:10<x<20}, Y= {prime numbers}, Z = {multiples of 3}

Find: a) XY b) X'nZ ¢) YNZ d X'nZ e) (Y nX)

5 Draw a diagram to show two sets A and B such that B c A. Add sets C and D to your diagram such that:
(i) C is a subset of A but not of B,andC "B # &, and (il DcBand DN C= (.

6 Name the sets corresponding to the shaded area in each of the following diagrams.

d
D[ a Bl P|la— B|9[a B| V| a B
7 On separate copies of the Venn diagram on the right, A B
shade the areas corresponding to the following sets:
a) AuB
b) (AuUB)
¢) AnB

Section 21 — Sets -



8 Name the sets corresponding to the shaded area in each of the following diagrams.

a) [A B b) [A B 9 [A B d) [A B

C C & &

9 On separate copies of the Venn diagram on the right,
shade the areas corresponding to the following sets:

a) ANBNC'
b) ANB'
9 ANB)UANCQ)

C

10 50 families were asked about the children they had. 30 of those asked said they had girls
in the family while 38 said they had boys. 23 families had both boys and girls.

a) Draw a Venn diagram to represent this.
b) How many families had no children?

11 Ina class of 36 students, 28 are taking GCSE Advanced Knitting and
18 are taking GCSE Motorcycle Maintenance. 13 take both subjects.

a) Represent this information on a Venn diagram.
b) How many in the class take neither subject?

12 A = {x: x is an even number} B={y:4<y<27)} C = {z: zis a multiple of 4}

If § = {positive integers less than or equal to 30}, state whether each of the following is true or false.
a) AcC by CcA ¢) CcB d) BcC e) Cc(AuB)
fy Cc(AnB) g) BNnCO)cA b BuCcA ) AnC)cB D ANnCcC

13 A group of 100 people were asked whether they had in their pockets any of three items.
72 had all three of keys, crayons and a magic ring.

Including those with all three items, 74 had both keys and crayons,
80 had both keys and a magic ring and 78 had both crayons and a magic ring.

Of those with exactly one item, 3 had just keys, 5 just crayons and 3 just a magic ring.

a) Show the results of this survey on a Venn diagram.
b) Of those asked, how many had (i) none of the items, (ii) exactly two of the items?

14 100 members of a health spa were asked whether they used the gym, pool or sauna.
The replies were as follows:

A total of 52 used the gym, 30 used the pool and 65 used the sauna.
17 used the gym and the pool, 18 used the pool and the sauna, 30 used the gym and the sauna.
15 used all three.
a) Draw a Venn diagram showing this information.
b) Find how many people: (i) don’t use the gym, the pool or the sauna,
(ii) use only one of the gym, pool and sauna,
(iii) use at least two out of the gym, pool and sauna.
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Section 22 — Angles and 2D Shapes

Angles at a point on a Angles around a point
straight line add up to 180°, b add up to 360°.

a by
at+b+c=180° . a+b+c+d=360° b@od

Example 1 L
Find the size of angle b.
2b 40°
80°
1. Angles around a point add up to 360°. b+2b + 80° + 40° + 90° = 360°

Use this to form an equation in terms of . 33 4+ 210° = 360°
2. Simplify and solve your equation to find b. 33 = 360° _ 210° = 150°

b =350°

Exercise 1

1 Find the missing angles marked with letters. (The angles aren’t drawn accurately.)

99° a 1230 H90 41° 161° T3 35°
p 4 557 4
44° : =
R h
S / : ; 3g 2h
57° < f g 2%

o o m+27°
k+50% l+20/%1+700
l

2 Explain why the line AOB on the right cannot be a straight line. ,\ 59%’4%
A O B

3 Given that x = 40°, find the value of m.

2n+10°

n—40°

x+30°

x—10°
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Vertically Opposite and Alternate Angles

When two straight lines intersect, two pairs of vertically
opposite angles (sometimes just called opposite angles)
are formed. Vertically opposite angles are equal.

pd
a When a straight line crosses two parallel lines, it forms
b b two pairs of alternate angles (in a sort of Z-shape).
a Alternate angles are equal.
i 7
Example 2 /{ d
Find the values of a, b, ¢ and d in the diagram. al\ £
b
\43°
37
1. aand 43° are alternate angles, so they are equal. a=43°
2. b and the angle marked 43° lie on a straight line, 43°+ b = 180°
so they add up to 180°. b=180°—-43°=137°
3. cand b are alternate angles, so they are equal. c=b=137°
4. aand d are vertically opposite angles, so they are equal. d=a=43°

Exercise 2

In Questions 1-4, the angles aren’t drawn accurately, so don’t try to measure them.

82° h
798 NE i+ 15°
f

1 Find the missing angles marked by letters.

a
75°
b

2 Find the missing angles marked by letters.

- C
50°
(7] = 8/10
b 70°  50° 470/

3 The diagram on the right shows two isosceles triangles.
Find the missing angles marked by letters.

4 Find the missing angles
marked by letters.
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Corresponding Angles and Allied Angles

Corresponding angles formed ANa

by parallel lines are equal. 7~

Corresponding angles / ﬂa

form a sort of F-shape. /

h When a straight line crosses two parallel lines
= to make a kind of C-shape, the interior angles

/ are known as allied angles and add up to 180°,
Example 3 620 7
Find the values of @, b and ¢ I
shown in the diagram. a
—

a and 62° are corresponding angles, so they are equal.

2. b and the angle marked 62° lie on a straight line,
so they add up to 180°. (Or you could say a and b are
allied angles, so they add up to 180°)

3. cand b are corresponding angles, so they’re equal.

Exercise 3

a=62°

62° + b =180°
b=180°-62°=118°

c=b=118°

In Questions 1-3, the angles aren’t drawn accurately, so don’t try to measure them.

1 Find the missing angles marked by letters.

2 Two wooden posts stand vertically on sloped ground.
The first post makes an angle of 99° with the downward
slope, as shown. Find the angle that the second post makes
with the upward slope, labelled y on the diagram.

3 Find the missing angles marked by letters.

B

78°

k w

g X 6_f

j 51 u fa

3s + 907

99°

[ e
=
<\

114°

Y
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Exercise 4 — Mixed Exercise

In Questions 1-2, the angles aren’t drawn accurately, so don’t try to measure them.

1 Find the missing angles marked by letters. In cach case, give a reason for your answer.

d (”—“ 37°
Wi 7 i
/ i
ef,—X{'
< g ' L

\
L
Sy

2 The diagram on the right shows some scaffolding.
The triangle formed between the
two horizontal bars is isosceles.

Find the size of angles w, x, y and z, giving
a reason for your answer in each case.

22.2 Triangles

An isosceles triangle An equilateral
has 2 equal sides and triangle has 3

2 equal angles. equal sides and
/ 60° angles.

A right-angled triangle An acute-angled ' An obtuse-angled triangle
has 1 right angle. triangle has 3 has 1 obtuse angle.
acute angles.

The sides and angles
of a scalene triangle
are all different.

The angles in any triangle add up to 180°.
b a+b+c=180°

_\a c

Example 1

Find the value of x in the triangle shown.

1. Form an equation in x. x+2x +3x=180°
2. Solve your equation to find x. 6x = 180°

x=180°+ 6 =30°

- Section 22 — Angles and 2D Shapes



Exercise 1
In Questions 1-8, the angles aren’t drawn accurately, so don’t try to measure them.

1 TFind the missing angles marked with letters.

‘ <‘ X \“\j
2\ 2\ ™ = <

2 Find the missing angles marked with letters.

3 Find the values of the letters shown in the following diagrams.
2a a y 60° c—16° d+10°
120° Rl
c+16°
2b d d—10°

4 Find the values of the letters shown in these diagrams of isosceles triangles.

d
- b
A 1 -
30° a

5 a) Find the value of x. 7 Find the values of 720
b) Find the value of y. angles a, b and c. %
U6 A .
6 a) Find the value of p. g e Use the properties of
b) Find the value of g. parallel lines to prove b
25 that the angles inside a
L 55° triangle equal 180°,
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22.3 Quadrilaterals

A quadrilateral is a 4-sided shape. The angles in a quadrilateral add up to 360°.

Example 1

Find the missing angle x in this quadrilateral.

1. The angles in a quadrilateral add up to 360°. 79° + 73° 4+ 119° + x = 360°
Use this to write an equation involving x. 271° + x = 360°
2. Then solve your equation to find the value of x. x=360°—-271° = 89°

Exercise 1

1 Find the values of the letters in the following quadrilaterals.
(They’re not drawn accurately, so don’t try to measure them.)

Squares, Rectangles, Parallelograms and Rhombuses

A square is a quadrilateral with 4 ' 1 U ]
equal sides and 4 angles of 90°,

A rectangle is a quadrilateral with 4 angles of

90° and opposite sides of the same length. A : 0 H O
A parallelogram is a quadrilateral with 2 pairs of { T f
equal, parallel sides. A rhombus is a parallelogram —b 8 b =
where all the sides are the same length.
Opposite angles of both shapes are equal. b > b
Neighbouring angles add up to 180°. a+b=180° M I ¥ |
Example 2
Find the size of the angles marked with letters in this rhombus.
Opposite angles in a rhombus are equal, so x = 60°.
2. Neighbouring angles in a rhombus add up to 180°. x=60°
Use this fact to find angle y. 60° + y = 180°
3. Opposite angles in a rhombns are equal, ! ¥ =180° - 60°=120°
so z is the same size as y. 7=120°

- Section 22 — Angles and 2D Shapes



2 Calculate the values of the letters in these quadrilaterals.
(They’re not drawn accurately, so don’t try to measure them.)

) /
I 5 a4 72°
4 | 1227 c 108

MO 1g+42
Kites and Trapeziums
A Kite is a quadrilateral with a
2 pairs of equal sides and 1 pair of
equal angles in opposite corners. a
a+b=180° c¢+d=180° a+b=180°
b ¢ b b K
a d a ) a
A trapezium is a quadrilateral An isosceles trapezium is a trapezium
with 1 pair of parallel sides. with 2 pairs of equal angles, and 2 sides of

the same length.

Example 3

Find the size of the angles marked with letters
in this isosceles trapezium.

1. This is an isosceles trapezium, so a must equal 58°. a=58°

¢ +58°=180°

2. Angle ¢ and the angle of 58° must add up to 180°. ¢ = 180° — 58° = 122°

3. It’s an isosceles trapezium, so b must equal c. b=122°

3 Find the size of the angles marked by letters in these kites.
(They’re not drawn accurately, so don’t try to measure them.)

v D
a f
Td,
1130 ‘ 1240

4 Find the size of the angles marked by letters in these trapeziums. (Don’t measure them.)

124°

120° b

4
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Exercise 2 — Mixed Exercise

1 Write down all the different types of quadrilaterals which satisfy each of the following properties.

a) 4 equal sides b) 4 angles of 90°
¢) 2 pairs of equal sides d) 2 pairs of parallel sides
e) atleast 1 pair of parallel sides f) exactly 1 pair of parallel sides

2 Find the size of the angles marked by letters in these diagrams. (Don’t measure them.)

52°

3 A quadrilateral has 40°, 83° and 99° angles. 5 Anisosceles trapezium has two angles of 53°.
Find the size of the fourth angle. Find the size of the other two angles.

4 A parallelogram has two angles of 100° each. 6 A kite has exactly one angle of 50°
Find the size of the other two angles. and exactly one angle of 90°.

Find the size of the other two angles.

22.4 Polygons

A polygon is a shape whose sides are all straight.

A regular polygon has sides of equal pentagon= 5 sides octagon = 8 sides

length and angles that are all equal. hexagon = 6 sides nonagon — 9 sidcs

Polygons have special names depending (ﬁ__{;“—” heptagon= 7 sides decagon = 10 sides
on the number of sides they have.

Interior Angles

The interior angles of a polygon are the angles inside each vertex {corner).

The sum of a polygon’s interior angles (S) and
its number of sides (1) are related by this formula. §=(n-2)x180°

(This formula comes from being able to split up a polygon into triangles.)
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Example 1
A pentagon has four interior angles of 100°. Find the size of the fifth angle.

1. A pentagon has 5 sides, so

. ; ] S=(n—-2) % 180° = (5 — 2) x 180° = 540°
substitute » = 5 into the equation.

) . ! 100° + 100° + 100° + 100° + x = 540°
2. Write an equation for the size of
the missing angle, x. 400° + x = 540°

3. Solve your equation to find x. = 540° — 400° = 140°

Exercise 1
1 Find the sum of the interior angles of a polygon with:
a) 6 sides b) 10 sides ¢) 12 sides d) 20 sides

2 For each of the following shapes: (i) Find the sum of the interior angles.

(ii) Find the size of the missing angle.

3 Find the size of each of the interior angles in the following shapes.

a) Regular octagon b) Regular nonagon ¢) Regular decagon

4 a) Four angles of a pentagon are 110°. Find the size of the fifth angle.
b) Is this a regular pentagon? Give a reason for your answer.

5 Find the number of sides of a regular polygon with interior angles of: a) 60°  b) 150°

e Draw a pentagon. By dividing it into triangles, show that the sum of the interior angles of the pentagon is 540°.

Exterior Angles

The exterior angles of a polygon are the angles between a side
and a line that extends out from one of the neighbouring sides.

The sum of the exterior angles of any polygon is 360°. a+tb+c+d+e=360° il

You can use the exterior angle to find the Interior _ ;o000 _ Exterior
corresponding interior angle using this formula: angle angle
In a regular n-sided polygon, all the : _ 360°
exterior angles are equal and their size is given by: Exterior angle = =
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Example 2

Find the size of each of the exterior angles of a regular hexagon.

1. A hexagon has 6 sides.
360° + 6 =60°

2. The hexagon is regular so put n =6 / d A ; s
0 each exterior angie 1s 60°.

into the exterior angle formula.

Exercise 2

1 Find the size of each of the exterior angles of the following polygons.
a) regular octagon b) regular nonagon ¢) regular heptagon

2 Find the size of the angles marked by letters in these diagrams.

71°
98¢ /’/ c
106°
135¢ h 151°
[ tf

3 Find the size of the unknown exterior angle in a shape whose other exterior angles are:

a) 100°, 68°, 84° and 55° b) 30°, 68°, 45°, 52°, 75° and 50°
¢) 42°,51°, 60°, 49°, 88° and 35° d) 19°,36°,28°, 57°, 101°, 57° and 22°
Example 3

A regular polygon has exterior angles of 30°.

How many sides does the polygon have?

It’s a regular polygon so just put 30° 300 = 300°

into the exterior angle formula. n
n=360°+30°=12

So the regular polygon has 12 sides.

4 A regular polygon has exterior angles of 45°,
a) How many sides does the polygon have? What is the name of this kind of polygon?
b) Sketch the polygon.
¢) What is the size of each of the polygon’s interior angles?
d) What is the sum of the polygon’s interior angles?

5 The exterior angles of some regular polygons are given below. For cach exterior angle, find:
(i) the number of sides the polygon has,
(ii) the size of each of the polygon’s interior angles,
(iii) the sum of the polygon’s interior angles.
a) 40° b) 120° ¢ 10° d) 9° e) 6°
f) 5° g) 4° h) 3° i) 4.8°
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e Find the values of the letters in the following diagrams.

3
\—\(m Ty A 3
), T3v
55¢

Tv+5°

Su

x — 207

3 >\ " +6°
2x N/ s
2x + 10° 2x

y—20°]

o Prove that the sum of the exterior angles of this polygon is 360°.

_—c
b d

22.5 Symmetry

A line of symmetry on a shape is a mirror line.
Each side of the line of symmetry is a reflection of the other.

The order of rotational symmetry of a shape is the number of positions
you can rotate (turn) the shape into so that it looks exactly the same.

Exercise 1
1 For each of the shapes below, state: (i) the number of lines of symmetry,
(ii) the order of rotational symmetry.
a) 4 cm ©) d) A
: s
e S5cm l j:(g‘_ :l \/ /
N
o 5 .
S5 cm G5 A
[£]
LB
e g S 9 f) \\,\_ g) an isosceles h) aregular
N e trapezium decagon
) <
TN N\,
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2 Copy the diagram below, then shade two more
squares to make a pattern with no lines of
symmetry and rotational symmetry of order 2.

EEENE

3 Copy the diagram below, then shade four
more squares to make a pattern with 4 lines of
symmetry and rotational symmetry of order 4.

22.6 Angles and 2D Shapes Problems

Exercise 1

For Questions 1-3, find the value of each letter. (The pictures aren’t drawn accurately, so don’t measure them.)

1

117 - 3° 33°

@ 4q+5°

125°

4 Copy and complete the table. = =
equilateral triangle

parallelogram | isosceles trapezium | regular nonagon

No. of sides

Lines of symmetry

Order of rotational syinmeffy

Sum of interior angles
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5 TFind the size of the exterior angles
of a regular polygon with:

a) 10 sides b) 12 sides
¢) 15 sides d) 25 sides

6 Are the lines AB and CD parallel
to each other? Explain your answer.

A Jsp B

126°
(6 D

7 a) Calculate the sum of the
internal angles of a pentagon.

b) Use your answer to find
the size of angle w.

9 Findx, yandz.

10 The diagram below shows a kite and a square.

a) Write down the value of a.

b) Use your answer
to find the size of
angles b and c.

@ Prove that x = 60° —a in

11 a) Find x in the diagram below.

b) Use your answer to find y.

X

7

LX

y
/

Find x and y in the diagram below.

13 The shape below is made up of a regular polygon

and a parallelogram. Calculate angle x.

(s

@ Kendra wants to draw a star
with 12 equal length sides. M
She calculates that each of
i

the acute interior angles
needs to be 40°.
Calculate the size of each
reflex interior angle.

the diagram on the right.

@ Use the angle properties of parallel lines to prove

that the interior angles of any trapezium add to 360°.
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Section 23 — Circle Geometry

. . . . eumlerey,
Circumference: the distance around the outside of a circle. c:\;__,__x{
@5 ™

Radius: a line from the centre of a circle to the edge.
The circle’s centre is the same distance from all points on the edge.

“ .
%"r o
e
0 g R . A
Diameter: a line from one side of a circle to the other through the centre. STy

The diameter is twice the radius: ¢ =2p x____/-‘-_"’;/
e
Tangent: a straight line that just &/ , T Sector: an area of a circle
touches the circle. ,@?‘?" % \ like a “slice of pie”.
Arec: a part of the circumference. _ Segment: an area of
Chord: a line between two —__chord Bigiicls betyrentan
. - = arc and a chord.
points on the circle.
23.1 Circle Theorems 1
| Rule 1 ] The angle in a semicircle is Rule 2 s
aright angle. .
A tangent to a circle
makes a right angle
with the radius
at that point. _ B
Example 1
A
a) Find the missing angle x. f‘- B b) Find the missing angle y.
By the ‘angles in a semicircle’ Tangent and radius
rule, ZABC = 90°. make an angle of 90°,
So using angles in a triangle, soy=90-49=41°
x=180-90-52=38° N
@

Exercise 1
In Questions 1-8, find the value in degrees of each letter used in the diagrams.

1 3 4 (i)

i 705
m 43°

- Section 23 — Circle Geometry



'Rule3|

A triangle formed by
two radii is isosceles.

Example 2
a) Find the missing angle £.

Two sides of the

triangle are radii,

so it must be isosceles.

So both angles at the edge

of the circle are the same size.

So k= "(180 — 98) = 41°

Exercise 2

In Questions 1-4, find the missing angles marked with letters.

A 2

5 Which of triangles A-E can
you be certain are isosceles?

Explain your answer. /
/ B3

Rule 4

A diameter bisects a f
chord at right angles. o chord

So any chord which is a
perpendicular bisector of
another chord must be a diameter.

b) BD =DE.

3 [ 4

6 Which of angles a-i
must be right angles?
Explain your answet.

B

Find the missing angle /. 617

A
. . DH
AC is a perpendicular 1
bisector of the chord BE,
so it must be a diameter.

So using angles in a semicircle, =
ZABC =90° and £DBC =90 — 61 =29°.
ZBDC =90°,s0 /=180 -90-29 = 61°.
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23.2 Circle Theorems 2

Rule 5 |

The angle subtended at the centre of a
circle is double the angle subtended at
the circumference by the same arc. |'I

An angle subtended by an arc is an angle made where
two lines from the ends of the arc meet. The subtended
angle is inside the shape formed by the arc and the lines.

N Example 1

Find the missing angles a and b.
3

Angles at a point sum to 360°, so a = 360 — 250 = 110°.
Angle at the centre is double the angle at the edge, so b = % = % =1552

¢

Exercise 1

In Questions 1-8, calculate the missing angles marked with letters.

1 2 3 ) 4
Y,

S, N
5 /N 6 7g
- /§4>\

£

)
&»

° Show that ZAQOD = 64°, @ Find angle m, then use your @ Find the size of angle x.
B answer to work out angle . <~
,‘ A
A=y =c
D
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Example 2
Rule 6 |

Find the missing angles a, b and c.

a =180 - 86— 39 =55°,
a and b are angles in the same
segment, so a = b = 55°,

Angles subtended by
an arc in the same
segment are equal.

Similarly, ¢ is in the same segment
as ZPSQ, so ¢ = ZPSQ = 39°.

Exercise 2

In Questions 1-8, calculate the missing angles marked with letters.

o Find the size of @ Find the size of
angles x, y and z. ) angles » and s.

68°

Example 3

Find the missing angles x and y.

7 It’s a cyclic quadrilateral, so
opposite angles add up to 180°.

Rule 7

Opposite angles in a
cyclic quadrilateral
sum to 180°.

a+c=180°=—=1 =180 — 84 = 96°
e
A cyclic quadrilateral is any & _

quadrilateral which can be drawn \‘4
with all four vertices touching a circle.
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Exercise 3

Calculate the missing angles marked with letters.

1 2 e 3 4 u
\\
102°
"3
i
\V

(6 ] (7] = O (‘
"’ 121° y
o oty

23.3 Circle Theorems 3

ule 8

J

Two tangents to a circle drawn from a single point outside the circle
are the same length, and create congruent right-angled triangles.

Two triangles are congruent if both are
the same size and have the same angles.

Example 1

Find the size of the missing angle x.

The two longer edges can be extended to
form tangents. A tangent meets a radius
at a right angle, so the two unmarked
angles are right angles.

The shape shown is a quadrilateral, so the angles sum to 360°.
So x =360 —-90 — 90— 50 = 130°.

Exercise 1

In Questions 1-6, calculate the missing angles marked with letters.

3 —
-
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Rule 9 | The Alternate Segment Theorem:

The angle between a tangent and a chord
A is equal to the angle subtended from the

ends of the chord in the alternate segment.
u / alternate
The alternate segment to an angle between | segment to b)
\ a tangent and a chord is the segment on the k

b other side of the chord.

NN S

Example 2
Find: a)anglex b)angley
a) xis in the alternate segment to the 46° angle, so x = 46°.

b) ZACB is in the alternate segment to y, so using angles
on a straight line, y = ZACB = 180 — 114 = 66°.

Exercise 2

In questions 2-9, find the angles marked with letters,
1 According to the alternate

segment theorem, which
angle in the diagram on
the right is

a) equal to angle a?

b) equal to angle ¢?

4 & 5 4135° 6
a '
\ ]
- [ 1 =
o ] 9 J
|
30° q P
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Rule 10 B0
Iftwo chords PQ and RS cross at point T, T
then PT x QT =RT x ST. 2
This is true whether T is inside R
or outside of the circle.
Example 3
a) Inthe diagram below, AZ =3 cm, BZ =5 cm and CZ = 6 cm. Find the length of DZ.
A AZxCZ=BZxDZ
B 3x6=5%xDZ
D 7 DZ=18+5=3.6 cm
C
b) IfEF=gm,FY =2gm, GH=4 mand HY =9 m, find the value of g.
EY x FY=GY xHY
(g+2g)x22=(4+9x9
3gx2g=13x9
6g? =117
g=195
g=442(to2dp)
Exercise 3
In Questions 1-8, give your answers to 3 significant figures where necessary. B
1 Findaif: I d 5 Findcif
IX=9mm AT =2ccm A
JX=3mm K BT=7cm
KX =7mm CT=ccm C
LX=amm DT =4 cm
I D
2 fimcdit X , 6 Findbif.
ZU:Z.Sm EF=6mm E
YU=dm W FS=4mm
WU_= 2.5m GH=bhmm
3 WM=5cm . )
WN =12 cm M. 3y Find e if:
w [LR=6cm
WP = 3 cm P !
WO = cm KL=¢+10cm
a) Find NR =12 cm
: =e+
b) Find PO. 0 e oo
@]
4 Find A if; 0 Find fif:
QR=Am  Q R v OP=2cm :
RV=Tm PQ=4cm S
ST=9m T RQ=fcm
TV=65m SR =5 mm R
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23.4 Circle Geometry Problems

Exercise 1

In Questions 1-7, calculate the value of each letter. Explain your reasoning in each case.

0 Show that ZNMO = 30°.

)
/

0 AB a) What is the size of ZBDE?

b) How does the answer to part a) prove
that AD is not a diameter of the circle?

Joel wants to prove that N is not the
centre of the circle shown on the right.
Answer the questions below, explaining
your answer in each case.

a) IfN were the centre of the circle, what would the sizes of ZKLN and ZMLN be?

b) (i) IfN were the centre of the circle, why would MN = LN?
(i) If MN = LN, what would the sizes of ZLMN and ZMNL be?

¢) (i) IfN were the centre of the circle, why would that mean triangles KIN and KLN were congruent?
(i) If triangles KIN and KLN were congruent, what would the size of ZJNL be?

Joel says that N can’t be the centre of the circle, because if it is, then ZJKL is not 45°.
d) If N were the centre of the circle, what would the size of ZJKL be?
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Section 24 — Units, Measuring
and Estimating

241

To convert between units, multiply or
divide by the correct conversion factor.,

Example 1

Converting Metric Units — Length, Mass and Volume

Length
I cm =10 mm
1 m =100 cm
1 km = 1000 m

Mass Volume
1 g=1000 mg 1 litre (I) = 1000 ml
1 kg=1000 g 1 ml=1cm?

1 tonne = 1000 kg

Find the total of 0.2 tonnes, 31.8 kg and 1700 g. Give your answer in kg.

1. Convert all the masses to kilograms.

2. Add the masses together.

Exercise 1

1

Convert each measurement into the units given.

a) 3000 kg into tonnes b) 400 mginto g

¢) 123 ml into litres d) 51.16 ginto kg

e) 12.6 kg into tonnes f) 271.65 cm into m
g) 150 cm? into litres h) 1532 g into tonnes
i) 1005 cm into km j) 3023 mginto kg

Jack buys 1.2 kg of flour. How many pizzas can he
make if each pizza needs 300 g of flour?

Hafsa is having a party for 32 guests.

Her glasses have a capacity of 400 ml each.

If she wants everyone to have a glass of juice,
how many 2 litre bottles of juice should she buy?

A go-kart has a 5 litre petrol tank.
It uses 10 ml of petrol per lap of a 400 m track.

a) If James fills up the tank,
how many laps of the track can he do?

b) How many km can James travel
on each full tank of petrol?

Sharon, Leuan and Elsie get into a cable car while
skiing. Sharon weighs 55.2 kg, Leuan weighs

78.1 kg and Elsie weighs 65.9 kg. Their skis weigh
10 000 g a pair. The cable car is unsafe when
carrying a mass of over half a tonne. Will Sharon,
Leuan and Elsie be safe?
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0.2 tonnes = 0.2 x 1000 =200 kg
1700 g = 1700 + 1000 = 1.7 kg

200 kg + 31.8 kg + 1.7 kg = 233.5 kg

6 Milly runs a 1500 m fun run, a 50 m

sprint and a 13.2 km race.
How many km has she run in total?

Find the difference in the amounts of liquid held
by the two containers shown below.
Give your answer in cm®,

A reservoir contains 600 000 litres of water.
During a period of heavy rain, the volume of

water in the reservoir increases by 750 000 ml
every day. The reservoir can only hold

800 000 litres of water. At this rate, how many days
will it take for the reservoir to start overflowing?

A lasagne recipe requires 0.7 kg of minced beef,
400 g of tomato sauce, 300 g of cheese sauce, 0.2 kg
of lasagne sheets and 2500 mg of herbs and spices.

a) How many kg do these ingredients weigh?

b) 0.2 kg ot ingredients are needed to
feed one person. How many people
can be fed with this recipe?



24.2 Converting Metric Units — Area and Volume

Area is measured in units squared (e.g. m?, cm?, mm?).
To convert between different units of area, multiply or divide by the square of the ‘length’ conversion factor.

Volume is measured in units cubed (e.g. m?, cm?, mm’).
To convert between different units of volume, multiply or divide by the cube of the ‘length’ conversion factor.

Example 1
a) Convert an area of 0.06 m* to cm?,
Work out the conversion factor from cm? to m% 1 m = 100 cm, so 1 m2 =100 x 100 = 10 000 cm?

2. Multiply by the conversion factor. 0.06 m? = 0.06 x 10 000 = 600 cm?

b) Convert a volume of 382 000 cm’ to m?3.
Find and divide by 1 m = 100 cm, so 1 m* = 100° cm® = 1 000 000 cm’

the conversion factor. So 382 000 cm® = 382 000 + 1 000 000 = 0.382 m*

Exercise 1

1

Convert each of these measurements into the units given.

a) 84 mm? into cm? b) 1750 cm? into m? ¢) 29 000 mm? into cm’
d) 0.001 km? into m? ¢) 15 cm?into mm® f) 0.2 m?®into cm?

g) 3 150 000 m? into km? h) 8500 mm? into cm? i) 1700 cm? into m*

i) 0.435 km?® into m’ k) 6.7 km? into m’ ) 0.000045 cm® into mm’

Sandeesh wants to carpet two rectangular rooms. One of the rooms measures 1.7 m by 3 m,
while the other is 670 cm by 420 cm. How many square metres of carpet will she need?

A 1 litre bottle of squash says to dilute 25 cm® of squash with 0.5 litres of water to make one glass.
a) How many glasses of squash can you get from this bottle?
b) What is the total volume of one glass of squash in cm??

A swimming pool measures 3 m deep and has a base with area 375 m?.
a) Find the volume of the pool in cm’.
b) How many litres of water can the pool hold?

A brand of coffec powder is sold in cuboid packets with dimensions 20.7 cm by 25.5 cm by 10 cm.

a) A volume of 0.003 m? of coffee powder has already been used.
What volume (in m?) of coffee powder is left?

b) Find the total surface area of the packet of coffee powder.
Give your answer in mm?

Convert each of these measurements into the units given.

a) 1.2 m? into mm? p) 0.001 km? into cm? ¢) 50 million mm? into m?
d) 673 000 000 cm? into km? ¢) 0.000005 km? into mm? f) 60 500 mm? into m?

g) 3 million mm’ into km’ h) 0.0006 m* into mm® i) 999 cm? into km’

i) 17 440 mm? into m’ k) 19 cm’ into m? ) 0.00345 km® into mm’
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24.3 Metric and Imperial Units

To convert between metric and imperial units, multiply or divide by the conversion factors below.
The symbol ‘=’ means ‘approximately equal to’.

Length Mass Volume
1 inch = 2.5 cm 1 ounce = 28 g 1 pint = 0.57 litres
1 foot = 12 inches = 30 cm 1 pound = 16 ounces = 450 g 1 gallon = 8 pints = 4.5 litres
1 yard = 3 feet = 90 ¢cm 1 stone = 14 pounds = 6400 g
1 mile = 1.6 km 1 kg = 2.2 pounds
Example 1

Convert 6 pounds and 2 ounces into kilograms. Give your answer to two significant figures.

1. Write the whole mass using the same unit. 1 pound = 16 ounces,

. - s0 6 pounds and 2 ounces = (6 x 16) + 2 = 98 ounces
2. Convert this into grams first.

Then convert the result into kg. 98 ounces = 98 x 28 = 2744 g = 2,7 kg (to 2 s.f)

Exercise 1
1 Convert each of the following masses into pounds and ounces.

a) 1904 ¢ b) 840 ¢ ©) 2688 ¢ d) 490 kg e) 098 kg
2 Convert each of the following into feet and inches.
a) 2m b) 52.5cm ¢) 1.5km d) 0.75m €) 50 mm
3 State which is the greater amount in each of the following pairs.
a) 10 feetor 3.5 m b) 1 stone or 7 kg ¢) 10 miles or 12 km d) 15 pints or 9 litres
€) 3 pounds or 1.5 kg f) 5 stone or 31 kg g) 160 stone or 1 tonne  h) 2 gallons or 10 litres

4 Aride at a theme park states you must be 140 cm or over to ride.
Maddie is 4 feet 5 inches and Lily is 4 feet 9 inches. Can they both go on the ride?

A running track is 400 m. How many laps of the track make one mile?

Jamie and Oliver are cooking. They need 1 pound and 12 ounces of meat for their recipe.
They see 750 g of meat in the supermarket. Will this be enough?

7 A large box of juice holds 3 litres.
a) How many pint jugs can be filled from the box?
b) Approximately how many litres of juice will be left in the box?

8 Marion is on holiday in Spain. Her car measures speed in mph but the Spanish road signs are in km/h.
The speed limit is 90 km/h. What is this in mph? Give your answer to the nearest mph.

Exercise 2

1 Complete each of these calculations. Give each of your answers to two significant figures.

a) 68lcm+ 124 yards=( Jm b) 16.49 km +21.5 miles =~ (__ ) km
©) 3kg+Istone+1.5kg=(_ kg d) 100 cm + 2 yards + 15 feet = ( )cm
€) 31+ 4.5 pints +250 ml =~ ( Jml f) 7m+8inches +35mm=~( Jom

2 Jacob’s mother asks him to buy 4 pints of milk. The shop only sells milk in 1 litre, 2 litre
and 4 litre cartons. Which of these amounts is closest to what his mother asked for?
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Lotte’s car travels 55 miles per gallon of petrol.
If her car contains 45 litres of petrol, how many whole miles can she travel?

The weights of 10 people getting into a lift are shown below. The lift has a weight limit of 1 tonne.
Will the total weight of the 10 people exceed this limit?

11 stone 4 pounds 10 stone 7 stone 2 pounds 13 stone 1 pound 15 stone 4 pounds
12 stone 8 stone 9 pounds 10 stone 3 pounds 16 stone 11 stone 6 pounds

24.4 Estimating in Real Life

You can estimate how big something is by comparing it with something you already know the size of.

Example 1
Estimate the height of this lamp post.
Estimate the height of the man, Average height of a man =~ 1.8 m.
thep use this to estimate the The lamp post is roughly twice
R RO S the height of the man.
Height of the lamp post =2 x 1.8 m=3.6 m
Example 2

Give a sensible unit for measuring the height of a room.

Most rooms are taller than an average man, but not that ] s
much taller — roughly 2 to 3 metres. So it makes sense to A sensible unit is metres.
measure the height of a room in metres (or possibly cm).

Exercise 1

1

2

Suggest a sensible metric unit you would use to measure each of the following.
a) the length of a pencil b) the mass of a tomato ¢) the length of an ant
d) the mass of a bus ¢) the distance from Birmingham to Manchester

Estimate each of the following, using sensible metric units.
a) the height of your bedroom b) the length of a family car ¢) the height of a football goal
d) the arm span of an average man e) the diameter of a football f) the volume of a typical bath tub

For Questions 3-4 give your answer in sensible metric units.

Estimate the length and height of the bus. 4 Estimate the height and length of this dinosaur by
comparing it with a chicken.

3

e

Section 24 — Units, Measuring and Estimating -



Section 25 — Compound Measures

25.1 Compound Measures

Compound measures are measurcs that arc madc up of two or more other measures.
For example, speed is a compound measure — it is made up of distance and time.

Speed, Distance and Time

Distance

Distance, time and (average) speed are connected by the formula:  Speed = Time

Example 1
A car travels 240 km in 45 minutes. What is the average speed of the car in km/h?
1. Convert the time to hours. 45 mins = 45 + 60 = 0.75 hours
2. Substitute the distance and time into the formula. Speed = Di%lz:;ce
3. The.units of speed are a combination of the units — 240 _ 350 km/h
of distance (km) and time (hours). 075 ==

Exercise 1

1 Find the average speed of the following. 2 Find the average speed of the following in km/h.
a) aplane flying 1800 miles in 4.5 hours a) atrain travelling 30 000 m in 2.5 hours
b) alift travelling 100 m in 80 seconds b) ariver flowing 2.25 km in 45 minutes
©) acyclist travelling 34 km in 1.6 hours ¢) afish swimming 0.5 km in 12 minutes
d) an escalator step moving 15 m in 24 seconds d) aballoon rising 700 m in 3 minutes

3 A spacecraft travels 232 900 miles to the moon in 13.7 hours.
Calculate the average speed of the spacecraft.

4 It takes a high speed train 25 minutes to travel 240 km.
Calculate the average speed of the train in kilometres per hour.

S Abobsleigh covers 1.4 km in 65 seconds. Find its average speed in metres per second.
Give your answer to two significant figures.

6 A tortoise walks 98 cm in 8 minutes. Find the tortoise’s average speed in m/s.
Give your answer to one significant figure.

You can rearrange the formula for : - : Time = Distanice
speed to find distance and time. D e iline Speed
Example 2
A man runs for 33 minutes with average speed 12 km/h. How far does he run?
1. The speed is in km/h, so convert the time into hours. 33 minutes = 33 + 60 = 0.55 hours
2. Substitute the specd and time into the formula. Distance = Speed x Time
3. The speed is in km/h, so the distance will be in km. =12 x(0.55=6.6 km
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Example 3

A car travels 85 miles at an average speed of 34 mph. How many minutes does the journey take?

1.

Substitute the distance and speed into the formula.

2. Convert your answer into minutes.

Exercise 2

1

Time = Distance _ 85 _ 2.5 hours

2.5 hours = 2.5 x 60 minutes
=150 minutes

For each of the following, use the speed and time given to calculate the distance travelled.

a) speed =98 km/h, time = 3.5 hours
¢) speed = 8 m/s, time = 49.6 seconds
¢) speed = 15 m/s, time = 9 minutes

b) speed = 25 mph, time = 2.7 hours
d) speed = 3.2 km/h, time = 0.04 hours
f) speed =72 mph, time = 171 minutes

For each of the following, use the speed and distance given to calculate the time taken.
a) speed = 2.5 km/h, distance = 4 km b) speed =5 m/s, distance =9.3 m
¢) speed = 15 mph, distance = 55.2 miles d) speed =4 m/s, distance = 0.05 m
) speed =9 m/s, distance = 61.2 km f) speed =8 cm/s, distance = 1.96 m
A dart is thrown with speed 15 m/s. 6 A train travels at 78 km/h for 5.6 km.
It hits a dartboard 2.4 m away. How long does the journey take?
How long is the dart in the air? Give your answer to the nearest minute.
A flight to Spain takes 2 hours and 15 minutes. 7 A leopard runs 0.25 miles at an average
The plane travels at an average speed of 480 mph. speed of 40 mph. How many seconds
How far does the plane travel? does this take the leopard?
A girl skates at an average speed of 7.5 mph. 8 A snail slides 14.8 cm in 1 minute 25 seconds.
How far does she skate in 75 minutes? Find the snail’s average speed in m/s.
Give your answer to two significant figures.
Density

Density is a compound measure — it is a measure of mass per unit volume.
Density, mass and volume Mass
are connected by this formula: Density = ¢ 5o =

Volume
You can rearrange the formula Mass
to find mass and volume. Volume = Density
Example 4

Mass = Volume X Density

A 1840 kg concrete block has a volume of 0.8 mé. Calculate the density of the concrete block.

L.

Substitute the mass and volume into the formula.

2. The units of density are a combination of the units

of mass (kg) and volume (m?).

Mass
Volume

= %9 = 2300 kg/m’

Density =
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Exercise 3

1 For each of the following, use the mass and volume to calculate the density.

a) mass =200 kg, volume = 540 m’ b) mass =23 kg, volume = 0.5 m’
¢) mass = 1088 kg, volume = 1.6 m? d) mass = 2498 kg, volume = 0.25 m3
€) mass = 642 kg, volume = 0.05 m? f) mass = 0.06 kg, volume = 0.025 m?

2 a) Write down the formula to calculate volume from density and mass.
b) Use your answer to calculate the volume for each of the following.

()  density = 8 kg/m’, mass = 1 kg (ii) density = 1510 kg/m?, mass = 3926 kg
(iii) density = 1.25 kg/m®, mass = 4 kg (iv) density = 240 kg/m?, mass = 14.4 kg
3 A limestone statue has a volume of 0.4 m®. Limestone has a density of 2610 kg/m?. {/‘—\.\
a) Write down the formula to calculate a mass from a volume and a density. [ nj‘\:?‘ IS
Y

b) Calculate the mass of the statue. K

4 A paperweight has a volume of 8 cm® and a density of 11 500 kg/m?. J
Calculate the mass of the paperweight. —=

Pressure

Pressure is a compound measure — it is the force of an object per unit area.

Pressure, force and area are Force Force
Pressure = ~2Ic¢ Area = —-orce =
connected by these formulas: Area Pressure Force = Pressure x Area

Pressure is usually measured in N/m? (also known as pascals — Pa) or N/emZ.

Example 5
An object is resting with its base on horizontal ground. The area of the object’s base is 20 cm?
and the object weighs 60 N. What pressure is the object exerting on the ground?

L. Substitute the force and area into the formula.  Pressure = Force _ 60
Area 20

2. The units of pressure are a combination

=3 N/cm?
of the units of force (N) and area (cm?). e
Exercise 4
1 For each of the following, calculate the missing measure.
a) Pressure =?, Area=4 m?, Force =4800 N b) Pressure =?, Area=80 cm?, Force =640 N
¢) Pressure = 180 N/m2, Area =7, Force = 540 N d) Pressure =36 N/cm?, Area =30 cm?, Force =7

2 A square-based pyramid is resting with its square face on horizontal ground.
The pyramid has a weight of 45 N and its square face has a side length of 3 cm.
What pressure is the pyramid exerting on the ground? Give your answer in: a) N/cm? b) N/m?

3 A cube of metal with a volume of 512 cm? is resting with one of its faces on horizontal ground.
The cube has a weight of 1792 N. What pressure is the cube exerting on the ground?

A cylinder with a height of 80 cm is resting with one of its circular faces on horizontal ground.
The weight of the cylinder is 560 N and it exerts a pressure of 70 000 N/m? on the ground.
What is the volume of the cylinder in cm?®?
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25.2 Distance-Time Graphs

A distance-time graph shows how far an object has travelled in a particular time.

The gradient of a distance-time graph shows the speed of the object.
The steeper the graph, the faster the object is moving.

A straight line shows the object is moving at a constant speed.
A horizontal line means the object is stationary.

A curved graph shows the speed of the object is changing — it is accelerating or decelerating.

Example 1 5

This graph represents a bus journey. £ RS
B E
O~

a) How far had the bus travelled before it stopped? "f) .5 3
(S~ ]

b) Describe the motion of the bus fg § )
during the journey. A2 1

07710 20 30 40 50 60

1. The bus is stationary where the a) 4.5 miles Time}(minutcs)
graph is a horizontal line.

2. At first the graph is a straight line, so b) Between 0 and 10 minutes the
the bus moves at a constant speed. bus was travelling at a constant speed.

3. As the graph curves, the gradient decreases Between 10 and 20.minutes the bus was
— the bus must be slowing down. decelerating (slowing down).

4. The graph is a straight line again, and the distance ~ Between 20 and 35 minutes the bus was stationary.
from the bus station decreases — so the bus Between 35 and 60 minutes the bus travels at a
must be travelling in the opposite direction. constant speed in the opposite direction to before.

Exercise 1 =
[
= 50 T R
1 This graph shows a family’s car journey. ) ad \
The family left home at 8:00 am. % \‘x\
a) (i) How long did the family travel for before stopping? é 30 N
(ii) How far had they travelled when they stopped? £ 20 \\\
b) How long did the family stay at their 3 10 '\\\
destination before setting off home? E, £ LIl Ll Ll l}_
&0 o051 152 253 354

¢) (i) Whattime did they start back home? T e {homm)
(ii) How long did the journey home take? ¢ s
d) Without doing any calculations, state whether the family travelled at a greater speed

on the way to their destination or on the way back. Explain your answer.

2 Harry walks 3 km in 50 minutes at a constant speed to his friend’s house. He stays there for 1 hour.
He then walks at a constant speed back towards home for 30 minutes until he gets to the shop,
1 km from home. He stays at the shop for 10 minutes before walking home at a constant speed,
which takes a further 15 minutes.

Draw a graph to represent Harry’s journey.
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3 Describe the journey represented by each of these distance-time graphs.

5

a)

Distance (km)
— W A

/\
L

Time (hours)

=

0

b)

4

g

)

gl =T

Q i
% 1

2

Time (hours)

Finding Speed from a Distance-Time Graph

Example 2

The graph on the right represents a
train journey from Clumpton Station
to Hillybrook Station.

a) Find the speed of the train

(in kilometres per hour) at 9:15.
Find the average speed of the
train for this journey.

b)

Distance (km)

V)]

A

220

1=l

B 15 1| |

£ ] ‘/

@10 \

Q

8 s

B

A 04 7 . »
0 | ) 3

Time (minutes)

0 1
09:00

1. The speed is constant from 9:00 until 9:30.

Use the formula ‘speed = distance (d) + time (f)".

You can find the average speed by dividing

the total distance travelled by the total time taken.

Exercise 2

1 This graph shows a commuter’s journey to work. 81 ‘
His journey consists of two stages of travelling,

scparated by a break of 30 minutes.

a) What was his speed (in km/h) during
the first stage of his journey?

b) What was his speed (in km/h) during
the second stage of his journey?

N

&~

Distance (km)

[\

09:30

Time

10:00

a) Distance = 65 km, Time = 0.5 hours

Speed =65 + 0.5 =130 km/h

b) Speed = total distance + total time

=150 km + 1.25 hours = 120 km/h

t}
07:00

07:30
Time

08:00

i i

>
08:30

2 Find the speed of the object represented by each of the following distance-time graphs.

a)

LA

b)

— —_— o) (%)
th O

Distance (miles)

wn

=

I
Time (hours)
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5

Distance (km)

—_ N L fs

=

Time (hours)

)

1o
(2]
HO8
Eos
Q
E 0.4
A 0.2
0

01 2 3 4 56

Time (s)



3 The graph on the right shows two cyclists’ journeys.
a) Which cyclist had the highest maximum speed?

b) Find the difference in the speeds of the cyclists
during the first 15 minutes of their journeys.

Distance (km)

| { 1 | |
P | —| e
1000 10:30 11:00 11:30
Time

4 Chay travels to Clapham by taking a bus and a train. His journey is shown by the graph below.
a) Find the average speed Chay travelled: o4 ! i il i
(i) by bus (ii) by train ' i ' i il '
b) Chay spends 30 minutes in Clapham

before he returns home by taxi at
an average speed of 60 km/h.

(i) Copy the graph and extend the line to
show Chay’s 30 minutes in Clapham.

(i) Find the time it took Chay
to travel home by taxi.

Distance from home (km)

| | | Jissi .
(== r— + + - L
08:00 09:00 10:00 11:00 12:00 13:00

(iii) Show Chay’s taxi ride home on the graph.

Time

5 Draw distance-time graphs to show the following journeys.
a) Ash catches a train at 10:00, then travels for 280 miles at a constant speed of 80 mph.

b) Corey sets off from home at 09:00 and drives 90 miles at a constant speed of 60 mph. After 45 minutes at
his destination, he drives back home at a constant speed of 40 mph.

G Estimate the speed of the object represented by each of these distance-time graphs when time = 1 hour.
a) 25 b)

-5 €) -~ 25
S~ W w)
w S| 5
= 20 g4 g 20
% 15 ‘gé’ 3 g s
Q
g 10 g2 210
A S A Qs
05 i 7 3 0 i 7 3 5 | 7 3
Time (hours) Time (hours) Time (hours)

25.3 Velocity-Time Graphs

A velocity-time graph shows the speed and direction of an object during a particular period of time.
E.g. objects with velocities of 5 m/s and -5 m/s are travelling at the same speed but in opposite directions.

Calculating Acceleration from a Velocity-Time Graph

Acceleration is the rate of change of velocity over time.
The units of acceleration are a combination of the units for velocity and time e.g. m/s%.

The gradient of a velocity-time graph shows the acceleration (or deceleration) of an object.
The steeper the graph, the greater the acceleration of the object is.

A straight line shows that the object has a constant acceleration.
A horizontal line means the object is moving at a constant velocity.
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Example 1

The graph shows the velocity of a taxi during a journey.
Calculate the acceleration of the taxi

a) 6 seconds into the journey,
b) 10 seconds into the journey.

1. The graph is horizontal, so the velocity
is constant and there is no acceleration.
Make sure you remember the units — m/s?.

2. Calculate the gradient using
acceleration = change in velocity + change in
time. The gradient is negative so the acceleration
will be negative — the taxi is decelerating.

Exercise 1

ISkt
£ 10
N
25 =
> : _ _
WA S T
0 2 4 [ § 10 D
Time (s)
a) 0m/s?

b) Change in velocity = 0— 12 m/s = -12 m/s

Change intime=11-7=4s5

Acceleration = =12 = =3 m/s?

4 — A9

1 Calculate the acceleration shown by each of the graphs below.

a) _ 30 b °

N
=]

V] 25

Velocity (km/h)
)

Velocity (m/s)

T T T T

1 2

(=1

Time (hours) 2 3 ) 1 2
Time (s) Time (s)

2 The diagram shows the velocity of a
train travelling between two stations.

a) What is the maximum velocity of the train
during the journey?

b) Calculate the initial acceleration of the train.

Velocity (km/h)

¢) Calculate the deceleration of the
train at the end of its journey.

Example 2

Look at the velocity-time graph for a tram on the right.

a) Describe the velocity of the tram
in the first second of the journey.

b) Describe the acceleration of the tram
in the first second of the journey.

The gradient starts off steep and then decreases. b)
This means the tram’s acccleration also decreases.
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N

Velocity (m/s)

Time (s)

The tram’s velocity increases from 0 to 7.5 m/s.

The acceleration of the tram
decreases over time.



Exercise 2 15% T ST
dreHIlE e L
0 Look at the velocity-time graph on the right. = 3 |
JLALHEER T L4 Ikl LRSI
a) Describe the velocity of the object between points E]U i _
(i) AandB (ii) Dand E (iii) G and H. E‘ ? ; W
b) Describe the acceleration of the object between points -3 ST B (1 ' ’ ' ‘ [TETE T
(i) AandB (ii) Dand E (iii) G and H. = il [Tt TRz
¢) Calculate the acceleration between points s a é — 6 ;Ig 1’0 [; 2’
(i) CandD (ii) Eand F. Time (hours)
d) Estimate the acceleration of the object after (i) 1 hour (ii) 11 hours
Calculating Distance from a Velocity-Time Graph
The area underneath a velocity-time graph is equal to the distance travelled.
Example 3 6 4 it
The graph shows the velocity of a runner. 'é 4 | ‘
a) Calculate the distance run at a constant velocity. E +
b) Calculate the distance travelled in % 2 ‘
the last half hour of the run. > / i i
0 =
) 3
1. Calculate the area of | Time (hours)
the rectangle under the 3@ .
flat part of the graph. % a) Distance =6 mphx 1.25h
2 =7.5 miles
=3
2. Calculate the arca _*
of the triangle under Ei 4t | _
the part of the graph & _ b) Distance =7(6 m.ph x0.5h)
representing the last  © = 1.5 miles
half hour. o
Exercise 3
1 Calculate the distance travelled for each of the following graphs.
a = = b) 20 ) 25
E 20 ) 720
= ) Es
3 10 g o
= 2 2 s
0 | ; ) £ .
L] T T T T T T T T [} | L T T T T ) L T
Time (h) 012 Taime4( | Srs) 6 7 8 } 0 Tﬁ_::c & 0 40
:: _ m ‘ | T [ 2 The diagram shows the velocity of a train for
E’v? 20 A ‘ i the first 60 seconds of a journey.
> 15t ! | P a) Calculate the total distance travelled
g 10 7 | | ‘ - during this part of the train’s journey.
> s ‘ | i O b) Calculate the average
%0 20 30 40 50 Qo velocity of the train.
Time (s)
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3 A car accelerates for 8 seconds, causing its velocity to increase from 0 m/s to 48 m/s.
The car travels at a constant velocity of 48 m/s for 20 seconds, before decelerating for
5 seconds. The final velocity of the car is 23 m/s.

a) Draw a velocity-time graph to show the car’s velocity during this part of the journey.
b) Calculate both the acceleration and deceleration of the car.

¢) Calculate the distance travelled by the car.

4 The diagram shows the velocity of an object over 60 seconds. 30

It has been split up into 20 second intervals. o~ 25—
<z L0
a) Estimate the distance travelled during E 201 / '
the first 20 seconds of the journey. 2 15 ‘ A ! [t
. — | |
b) Estimate the distance travelled during 210 / P l fH
the last 20 seconds of the journey. R |- i i ‘ ]
©) By splitting the middle 20 seconds into two intervals 0 - }
. . . ( 10 30
estimate the total distance the object travelled. )
Time (s)
60T -
= 501 11 - ! 5 The graph on the left shows the velocity of an object
g* 40 i during a 3 hour journey.
& 307 i a) Estimate the total distance travelled by the object.
L I 441 4 |
= ol | Ui li] b) Estimate the average velocity of the object
= o i | over the 3 hour journey.

I
L

Time (hourss

Exercise 4 — Mixed Exercise

1 The graph shows the velocity of a car as it —_ | | | ; |
travels between two sets of traffic lights. é’ 201 o | ‘
N2 | AR RN ! | }
a) Calculate the deceleration of the car as it 2 | | |
approaches the second set of lights. 'g 107 ‘ | |
b) Work out the total distance the car moves 2 ‘ | | R _
between the traffic lights. 0 ) 10 20 30 40 "5’()

, Time (s)
2 The graph below shows 120 seconds of a coach journey.

a) Describe fully how the velocity and

i

Té‘ acceleration of the coach changed
= 10 during the 120 second journey.
% b) How far did the coach travel in
~ o { | N this 120 second time period?
80 100 120
Time (s)
. 601L
3 The velocity-time graph shows P
the velocity of two ostriches. E 40
a) How far did each ostrich run? =
b) Calculate the average velocity of Bert. % 20!
=)
¢) Work out the initial acceleration of Ernie. §

d) Without any further calculation, state which ostrich had ()-
the greatest initial acceleration. Explain your answer.
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Section 26 — Constructions

A scale tells you the relationship between distances on a map or plan and distances in real life.

E.g. a map scale of 1 cm: 100 m means that 1 cm on the map represents an actual distance of 100 m.
A scale without units (e.g. 1:100) means you can use any units. For example, 1 cm: 100 cm or 1 mm: 100 mm.

Example 1

A plan of a garden is drawn to a scale of 1 cm: 5 m.
a) The distance between two trees marked on the plan is 3 1 cm represents 5 m
3 cm. What is the actual distance between the trees? 33 < 3 c¢m represents 15 m P =

b) The actual distance between the garden
shed and the pond is measured as 2.5 m. . 5mis shownas1cm .
What would the distance between the >+ 2 <_2.5 m is shown as 0.5 cm "
shed and the pond be on the plan?

Exercise 1
1 The scale on a map of Europe is 1 cm: 50 km. Find the distance used on the map to represent:

a) 150 km b) 600 km ¢) 1000 km d) 25km e) 10km f) 15km

2 The floor plan of a house is drawn to a scale of 1 cm: 2 m.
Find the actual dimensions of the rooms if they are shown on the plan as:

a) 27cmby1.5cm b) 32c¢cmby22cm ¢ 1.85cmbyl4cm  d) 0.9 cmby 1.35cm

3 A bridge of length 0.8 km is to be drawn on a 6 A model railway uses a scale of 1:500.
map with scale 1 cm:0.5 km. What length will Use the actual measurements given below
the bridge appear on the map? to find measurements for the model.

a) Length of footbridge: 100 m

4 A set of toy furniture is made to a scale of 1:40.
b) Height of signal box: 6 m

Find the dimensions of the actual furniture when

the toys have the following measurements. 7 Below is the plan for a kitchen surface.
a) Width of bed: 3.5 cm

b) Length of table: 3.2 cm :
¢) Height of chair: 2.4 cm Sink Area Hob Area

5 A road of length 6.7 km is to be drawn on a map. I'mm:3 cm
The scale of the map is 1:250 000. Use the plan to find the actual dimensions of:
How long will the road be on the map? a) The sink area b) The hob area

Example 2
A plan of the grounds of a palace has a scale of 1:40 000. Represent this scale in the form 1 cm:n m.
1. Write the scale down using centimetres 1 cm:40 000 cm
to match the left-hand side of 1 cm:n m.
2. Convert the right-hand side to metres by 1 ¢cm: (40 000 + 100) m

dividing by 100. 1cm:400 m
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8 A path of length 4.5 km is shown on a map 11 The map below shows tourist attractions in a city.

as a line of length 3 cm. Express the scale in N\, L_/\—«_/ N -
the form 1 cm:n km. Theatre
[ ]
9 The plan for a school has a scale of 1:1500. Art Gallery
a) Express this scale in the form 1 cm:n m. °
b) The school playground is 60 m in length. Musc.aum Park
Find the corresponding length on the plan.
® ==
10 On the plans for a house, 3 cm represents the Cathedral F 1:120 000
length of a garden with actual length 18 m. P AL ’
a) Find the map scale in the form 1:n. Find the actual distances between:
b) On the plan, the width of the garden is a) the museum and the cathedral

s S B
1.2 cm. What is its actual width in metres? b) the art gallery and the theatre

¢) The lounge has a length of 4.5 m. ¢) the cathedral and the theatre
What is the corresponding length on the plan?

i 12 m k=
Example 3 s =
The diagram shows a rough sketch of a garden. Boglent i
Use the scale 1:400 to draw an accurate plan of the garden. = §
e Lawn o
. Write down the scale in cm. I cm:400 cm 2 3m
2. Change the right-hand side et il e
to metres. ' < >
3. Use the scale to work out the 4 m is shown as 1 cm, so: Border 30.5 cm
lengths for the plan, then 12 m is shown as 3 cm £ g
use these lengths to draw 8 m is shown as 2 cm o 5.
ol Lawn o
your plan. :
2 m is shown as 0.5 cm
3 m is shown as 0.75 cm (.5cm 0.75¢cm
Exercise 2
1 Using a scale of 1 : 20, draw an accurate 3 Below is a sketch of a park lake.

plan of the kitchen shown below.

- 3000MM——F——» A4
£ : A T
g Work Sink
S I Space Area Cupbuas § g
\O E g ]
<750 mm» <1000 mm-» 5 1Cax
Oven l TG
v 1 3
- - "
600 mm = e "
2 Use the scale 1:25 to draw a scale drawing for the a) Draw an accurate plan of the lake using the
house extension shown in the rough sketch below. scale 1 cm:3 m.
b) There is a duck house at the intersection of
# B ¢ L AC and BD. Find the actual distance from the
15 m le—sl Window |o = | duck house to point B.
‘ 0.5 11]+ 125m —» 0.75 m | Door |0.75m
0.72 m
v

+«——475m
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26.2 Bearings

A bearing tells you the direction of one point from another.
Bearings are given as three-figure angles, measured clockwise from north.

Example 1 Noth Nofrth
a) Find the bearing of B from A. : C i
b) Find the bearing of C from 4. ; !
_B
-
Find the clockwise angle L 27
Al

from north, then give the

bearing as three figures. 2) 90° - 27° = 63°, so the

bearing of B from 4 is 063°.

Exercise 1
1 Find the bearing of B from 4 in the following.

b) 360° — 35° =325, so the
bearing of C from 4 is 325°.

a) North b) North © North d) North e) North
i 4 4 4 y’
g B | LA | B 700 |
1 62 sy i | {
: ATNaor : 11 vail
_2_/___ PN /‘/\: / 7
A ! I 13 h’ 47 | A | 1
2 Find the angle 8 in each of the following using the information given.
a) North b) North ) North d) North €) North
4 A 4 i 4
S Car N e
cp g /[ =} - |
| & /| i P p” |
Bearing of D Bearing of D Bearing of D Bearing of D Bearing of D
from C'is 111° from Cis 203° from Cis 285° from Cis 135° from Cis 222°

3 Liverchester is 100 km south of Manpool.
King’s Hill is 100 km east of Liverchester.

a) Sketch the layout of the three locations.

b) Find the bearing of King’s Hill from Liverchester.

¢) Find the bearings from King’s Hill of:

(i) Liverchester (iiy Manpool

Example 2

4 Mark a point O and draw in a north line.
Use a protractor to help you draw the points
a) to f) with the following bearings from O.

The bearing of X from Y is 244°. Find the bearing of Y from X.

1. Draw a diagram IANorthf 2.
showing what

you know. gs 244°
X

So the bearing of ¥ from X is 064°.

Find the
alternate
angle to the
one you’re
looking for.

a) 040° b) 079° 0 31°

d) 163° e) 007° f) 283°

. North A 3. Use angle R North A

E Ly properties | 'y

E /(j to find the 64" <-f

Y . SN
X 64" bearing.  yi 64"

Section 26 — Constructions -



Exercise 2

1

Find the bearing of 4 from B in the

following diagrams.

4) North b) North
F 3 B \.\k A

| 310°
L N\p

The bearing of H from G is 023°.
Find the bearing of G from H.

The bearing of K from J is 101°.
Find the bearing of J from K.

Find the bearing of N from M given that the

bearing of M from N is:
a) 200° b) 310° ¢) 080°
d) 117° e) 015° f) 099°

a) Measure the angle 4 in
the diagram on the right.

b) Write down the
bearing of R from S.

Example 3

The point Q lies due west of point P.
a) Write down the bearing of Q from P.
b) Write down the bearing of P from Q.

The point Z lies southeast of the point Y.

a) Write down the bearing of Z from Y.
b) Find the bearing of ¥ from Z.

5 v

a) Find the bearing of ¥ from U.
b) Find the bearing of U from V.

Find the bearing of:

a) B from 4 b) C from 4
¢) D from A4 d) E from 4
e) 4 from B f) A fromC
g) A from D h) 4 from E

The points P and Q are 75 km apart. Q lies on a bearing of 055° from P.
Use the scale 1 cm:25 km to draw an accurate scale diagram of P and Q.

1. Draw P and measure the
required bearing.

2. Use the scale to work out the
distance between the two points.

3. Draw Q the correct distance
and direction from P.

- Section 26 — Constructions
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Exercise 3 Noi'th

1 A pilot flies from Blissville to Struttcastle, then on to Granich. Struttcastle ! North
This journey is shown by the scale diagram on the right,
which is drawn using a scale of 1 cm: 100 km.
a) Find the distance and bearings of the following stages of the journey.
(i) Blissville to Struttcastle (ii) Struttcastle to Granich

b) The pilot returns directly from Granich to Blissville. Find the actual distance travelled in this stage.

Blissville (GiEaiEh

2 Paul’s house is 150 km from Tirana, on a bearing of 048°.
Draw an accurate scale diagram of Paul’s house and Tirana using the scale 1 cm:30 km.

3 Paradise City lies 540 km from Pretty Grimville, on a bearing of 125°.
Draw an accurate scale diagram of the two locations using the scale 1 cm:90 km.

4 A pilot flies 2000 km from Budarid to Madpest, on a bearing of 242°.
Draw an accurate scale diagram of the journey using the scale 1:100 000 000.

5 Use the scale 1:22 000 000 to draw an accurate scale diagram North
of an 880 km journey from Budarid to Blissville, on a bearing of 263°. A
6 The scale drawing on the right shows three cities. North :'Q
The scale of the diagram is 1:10 000 000. A
a) Use the diagram to find the following actual distances. !
() PO (i) OR (iii) PR | North
P

b) Use a protractor to find the following bearings.
(i) Q from P (ii) R from Q  (iii) P from R

26.3 Constructions

You should be able to do constructions just using a pencil, a ruler and compasses. Remember to always leave
compass arcs and other construction lines on finished drawings to show you’ve used the right method.

Constructing Triangles

Example 1
Draw triangle ABC, where ABis 3 cm, BCis 2.5 cm and AC is 2 cm.
n 3cm
1. Draw and label side 4B. % "%
A B
2. Setyour compassesto 2.5 cm. 3. Now set your compasses to 2 cm. 4. Cis where your
Draw an arc 2.5 cm from B. Draw an arc 2 cm from 4. arcs cross.
— //g.,_ C
T-)\r. ~ “‘«.\
C,}J \\’
L) % N C
X : A B A B
A B
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Exercise 1

1 Draw the following triangles accurately.

a) b) V)]
g 10 cm 4.5 cm 3 em 88 mm
* 40 mm

8 cm S5cm 2mm

d) e ) 41em ) T =
o 5.8 cm
11 cm
6.9 cm 69 mm 52 mm

2 Draw each of the triangles ABC described below.
a) ABis5cm, BCis6cm, ACis 7 cm. b) ABis4 cm, BCis7cm, ACis 9 cm.
¢) ABis8cm, BCis 8 cm, AC is 4 cm. d) ABis4.6 cm, BCis 5.4 cm, AC is 8.4 cm.

3 Draw an isosceles triangle with two sides of length 5 cm and a side of length 7 cm.

4 Using a scale of 1 cm: 10 miles, draw a map showing :
the relative positions of the three places described .
on the right. (All distances are ‘as the crow flies’)

High Cross is 54 miles due west of Low Cross.
Very Cross is 47 miles from Low Cross

and 27 miles from High Cross

* Very Cross lies to the south of

High Cross and Low Cross.

Constructing a Perpendicular Bisector

The perpendicular bisector of a line between points 4 and B

B
* is atright angles to the line 4B A
¢ cuts the line 4B in half.
All points on the perpendicular bisector are equally far from both 4 and B.
Example 2
Draw a line AB which is 3 cm long. Construct its perpendicular bisector.
- Scm "
1. Draw 4B. % "%
A B
2. Place the compass point at 4, 3. Keep the radius the 4. Use aruler to draw a straight
with the radius set at more same and put the line through the points where
than half of the length 4B. compass point at B, the arcs meet. This is the
Draw two arcs as shown. Draw two more arcs. perpendicular bisector.

;
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Exercise 2
1 Draw the following lines and construct their perpendicular bisectors using only a ruler and compasses.

a) A horizontal line PQ 5 cm long. b) A vertical line XY 9 cm long.  ¢) A line AB 7 cm long.

2 a) Drawaline 4B 6 cm long. Construct the perpendicular bisector of 4B.
b) Draw the rhombus ACBD with diagonals 6 cm and 8 cm.

c a) Draw a circle with radius 5 cm, and draw any two chords. Label your chords 4B and CD.
b) Construct the perpendicular bisector of chord 45.
¢) Construct the perpendicular bisector of chord CD.
d) Where do the two perpendicular bisectors meet?

Constructing an Angle Bisector

'/_..,--’
An angle bisector cuts an angle in half. - angle
g ¢ —=P  _|]5° bisector
30° '/./' 15°

Example 3

Draw an angle of 60° using a protractor. Construct the angle bisector using only a ruler and compasses.

1. Place the point of the 2. ..and draw arcs 3. ..using the same radius.
compasses on the angle... crossing both lines...
=2
4. Now place the point of the compasses where your arcs cross 5. Draw the angle bisector
the lines, and draw two more arcs — using the same radius. through the point where
\ the arcs cross.
Exercise 3
1 Draw each angle using a protractor, then construct its angle bisector using a ruler and compasses.
a) 100° b) 140° o 9¢° d) 44°
e) 50° f) 70° g) 20° h) 65°

2 Draw a triangle and construct the bisectors of cach of the angles. What do you notice about these bisectors?

3 a) Draw anangle ABC of 110°, with 4B = BC =5 cm. Construct the bisector of angle ABC.

b) Mark point D on your drawing, where D is the point on the angle bisector with BD = 8 cm.
What kind of quadrilateral is ABCD?
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Constructing a Perpendicular from a Point to a Line

The perpendicular from a point to a line
* passes through the point, and 4.
* meets the line at 90°. A

Example 4 X

Construct the perpendicular from the point X to the
line 4B using only a ruler and compasses.

A B
l. Draw an arc centred 2. Draw an arc centred
on X cutting the line on one of the points 3. Do the same for the 4. Draw the
twice. (You may need where your arc meets other point, keeping perpendicular to
to extend the line.) the line. the radius the same. where the arcs cross.

Q}& X oX oX X

\ IRV

- et

Exercise 4

1 Use aruler to draw any triangle. Label the corners of the triangle
X, Yand Z. Construct the perpendicular from X to the line ¥Z,

2 Draw three points that do not lie on a straight line. Label your points P, Q and R.
Draw a straight line passing through points P and Q.
Construct the perpendicular from R to this line.

3 a) Onsquared paper draw axes with x-values from 1 to 10 and y-values from 1 to 10.
b) Plot the points A(1, 2), B(9, 1) and C(6, 8).
©) Construct the perpendicular from point C to the line AB.

4 Draw any triangle. Construct a perpendicular from each of the triangle’s corners to the opposite side.
What do you notice about these lines?

5 a) Construct triangle DEF, where DE = 5 cm, DF = 6 cm and angle FDE = 55°,

b) Construct the perpendicular from F to DE.
Label the point where the perpendicular meets DI as point G.

¢) Measure the length FG. Use your result to work out the area of the triangle to 1 decimal place.
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Constructing 60° and 30° Angles

You’d need to construct an angle of 60° to
draw an accurate equilateral triangle.

You can construct an angle of 30° by bisecting an angle of 60°. - \60
Example 5
Draw a line 4B and construct an angle of 60° at 4.
l. Place the compass point on 2. Place the compass point where 3. Draw a straight line through 4
A and draw a long arc that the arc meets the line, and draw and the point where your arcs
crosses the line AB. another arc of the same radius. cross. The angle will be 60°.

= _--r’f__"‘;—"_

A ' B A -' B

Exercise 5

1 Draw a line 4B measuring 5 cm. Construct an angle of 60° at 4.

n A W N

Constructing 90° and 45° Angles

You can construct a right angle (90°) using compasses and a ruler.

Draw an equilateral triangle with sides measuring 6 cm.

Draw a line 4B measuring 6 cm. Construct an angle of 30° at 4.

Construct the triangle ABC where AB =7 cm, angle CAB = 60° and angle CBA = 30°.

Construct an isosceles triangle POR where PQ = 8 cm and the angles RPQ and RQP are both 30°.

) 90°
You can construct an angle of 45° by bisecting an angle of 90°.

Example 6

Construct an angle of 90° using compasses and a ruler.

1. Draw a straight line, and mark the point -
where you want to form the right angle.

2. Draw arcs of the same 3. Increase the radius of your compasses, and 4. Draw a straight
radius on either side of draw two arcs of the same radius — one arc line to complete
your point. centred on each of the intersections. the right angle.

= =
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Exercise 6

1 a) Draw a straight line, and mark a point roughly halfway along it. Label the point X
b) Construct a right angle at X using only a ruler and compasses.

Using ruler and compasses only, construct a rectangle with sides of length 5 ¢cm and 7 cm.

a) Draw a straight line, and mark a point roughly halfway along it. Label the point X.
b) Construct an angle of 45° at X using only a rulcr and compasses.

4 Construct an isosceles triangle ABC where AB = 8 cm and the angles CAB and CBA are both 45°.

Constructing Parallel Lines

You can construct parallel lines by making two angles of 90°,

Example 7 A B
Construct a line parallel to AB through the point P.
op
: 1. Construct the line perpendicular
> to AB passing through P.

2. Construct a right angle to the

line you’ve drawn at point P. B

[ ]
P This will be parallel to 4B. P

Exercise 7

1 Draw a horizontal line AB, and mark a point P approximately 4 cm from your line.
Construct a line parallel to 4B through the point P.

2 Draw two straight lines that cross each other at a single point. ___— sl
By adding two parallel lines, construct a parallelogram.

3 Use aruler and compasses to construct the quadrilateral ABCD such that:
(i) AB=10c¢cm (ii) angle ABC=60° and BC=3 cm
(iii) angle BAD = 30° (iv) AB and CD are parallel

Exercise 8 — Mixed Exercise

1 Draw aline 4B 8 cm long,
a) Construct an angle of 60° at 4.
b) Complete a construction of a rhombus 4BCD with sides of length 8 cm.

2 a) Construct an equilateral triangle DEF with sides of 5.8 cm.
b) Construct a line that is parallel to side DE and passes through point F.

3 a) Construct the triangle ABC with AB = 7.4 cm, angle CAB = 60° and angle ABC = 45°,
b) Calculate the size of angle ACB.

4 Construct an angle of 15° using a ruler and compasses only.
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26.4 Loci

A locus is a set of points which satisfy a particular condition.

The locus of points 1 cm from
apoint P is a circle with radius
1 cm centred on P.

The locus of points equidistant
(the same distance) from points
A and B is the perpendicular

bisector of A5. 4o | o B
~equal distances /,1'
. P
| ‘_/
perpendicular
bisector of A and B
Example 1

Construct the locus of points that satisfy
all the following conditions:

(i) inside rectangle ABCD,
(ii) more than 2 cm from point 4,
(iii) less than 1 cm from side CD.

A B

2 cm

D C
(i) and (ii) — these are all the points inside
rectangle ABCD more than 2 cm from point 4.

Exercise 1

A

The locus of points
1 cm from aline AB
is a ‘sausage shape’.

The locus of points
equidistant from
two lines is their

angle bisector. ) "\ angle
i bisector

equal distances

B
L 4 cm
g
Q
o
X
(C
A B
1 cm I
D

(iii) — these are all the points that
are also less than 1 cm from CD.

1 Draw a7 cm long line AB. Construct the locus of all the points 2 cm from the line.

2 a) Mark a point X on your page. Draw the locus of all points which are 3 cm from X.

b) Shade the locus of all the points on the page that are less than 3 cm from X.

3 Mark two points 4 and B that are 6 cm apart.

Construct the locus of all points on the page which are equidistant from 4 and B.

4 Draw two lines that meet at an angle of 50°.

Construct the locus of all points on the page which are equidistant from the two lines.

5 Draw aline 4B 6 cm long. Draw the locus of all points which are 3 cm from 4B.
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6 a) Draw axes on squared paper with x- and y-values from 0 to 10.
Plot the points P(2, 7) and O(10, 3).
b) Construct the locus of points which are equidistant from P and Q.

7 a) Mark points P and Q that are 5 cm apart.
b) Draw the locus of points which are 3 cm from P.
¢) Draw the locus of points which are 4 cm from Q.
d) Show clearly which points are both 3 cm from P and 4 ¢cm from Q.

8 Draw a line RS which is 5 cm long. Construct the locus equidistant from R and S and less than 4 ¢m from R.

o a) Construct a triangle with sides 4 cm, 5 cm and 6 cm.
b) Draw the locus of all points which are exactly 1 cm from any of the triangle’s sides.

m a) Construct an isosceles triangle DEF with DE = EF = 5 ¢cm and DF =3 cm.
b) Draw the locus of points which are equidistant from D and F and less than 2 ¢cm from E.

m Lines AB and CD are both 6 cm long, AB and CD are perpendicular
to each other and cross at the midpoint of each line, M.
a) Construct lines 4B and CD.
b) Draw the locus of points which are less than 2 cm from 4B and CD.

Exercise 2

1 A ship sails so that it is always the same distance from a port P
and a lighthouse L. The lighthouse and the port are 3 km apart.
a) Draw a scale diagram showing the port and lighthouse. Use a scale of 1 cm:1 km.
b) Show the path of the ship on your diagram.

2 Some students are doing a treasure hunt. They know the treasure is
* located in a square region ABCD, which measures 10 m x 10 m
» the same distance from AB as from AD
* 7 m from corner C.

Draw a scale diagram to show the location of the treasure. Use a scale of 1 cm : 1 m.

3 Two walls of a field meet at an angle of 80°.
A bonfire has to be the same distance from each wall Scalelcm: 1 m
and 3 m from the corner. Copy and complete the 80°
diagram on the right to show the position of the fire.

4 Two camels set off at the same time from towns
A4 and B, located 50 miles apart in the desert.

a) Draw ascale diagram showing towns 4 and B. Use a scale of 1 cm : 10 miles.

b) If a camel can walk up to 40 miles in a day, show on your diagram the region
where the camels could possibly meet each other after walking for one day.

5 A walled rectangular yard has length 4 m and width 2 m.
A dog is secured by a lead of length 1 m to a post in a corner of the yard.

a) Show on an accurate scale drawing the area in r
which the dog can move. Use the scale 1 cm : 1 m. ‘ Im .

b) The post is replaced with a 3 m rail mounted horizontally il
along one of the long walls, with one end in the corner.

If the end of the lead attached to the rail is free to slide,
show the area in which the dog can move.
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Section 27 — Pythagoras and
Trigonometry

27.1 Pythagoras’ Theorem

In a right-angled triangle, the lengths of the sides h
) . W =a® + b b
are connected by Pythagoras’ theorem:

h is the hypotenuse — the longest side, opposite the right angle.

a and b are the shorter sides. a
Example 1
Find the exact length x on the triangle shown.
1. Substitute the values from the B=a+b
diagram into the formula. X2 =6+ 42 4 cm )
2. ‘Exact length’ means you should x* =36+16=52
give your answer as a surd — x=+52 6 cm
simplified if possible. =2/13 em
Exercise 1

1 Find the exact length of the hypotenuse in each of the triangles below.

a) -
y 3 cm 12 Lo Sm 18 cm
52 m 52 m

4 cm z 24 cm

2 Find the length of the hypotenuse in each of the triangles below.
Give your answers correct to 2 decimal places where appropriate.

24m ¢ IL5mm
7.2 mm
:S 51@78@11 Q /O\

3 Find the exact lengths of the missing sides in these triangles

d
13 cm 26 cm 7 mm ) 37 mm N
10 cm

12 cm 11 mm 45 mm

4 F1nd the lengths of the missmg sides in these triangles. lee your answers correct to 2 decimal places.
d)

k 159 km L% mim 9.54 m ¢
317m 17 cm
217 km 1.65 mm 32cm
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Exercise 2

Unless told otherwise, round your answers to these questions correct to 2 decimal places where appropriate.

1

10

11
12

13
14

Find the length of the longest side of a right-angled triangle if
the other sides are 8.7 cm and 6.1 ¢cm in length.

A rectangular field is 20 m long and 15 m wide. What is the distance diagonally across the field?

The triangle JKL is drawn inside a circle centred on O, as shown. K

JK and KL have lengths 4.9 cm and 6.8 cm respectively. S

a) Find the length of JL. J — 47
b) Find the radius of the circle. o

The end of a ladder of length 3.3 m is placed on the ground ==
0.8 m from the base of a wall. When leant against the wall, how high up the wall does the ladder reach?

A kite gets stuck at the top of a tree. The kite’s 15 m string is taut, and its other end is held on the ground,
8.5 m from the base of the tree. Find the height of the tree.

Newtown is 88 km northwest of Oldtown. Bigton is 142 km from Newtown, and lies northeast of
Oldtown. What is the distance from Bigton to Oldtown, to the nearest kilometre?

My favourite twig is 41 cm long. Will it fit on a tray 35 cm long and 25 cm wide?

A swimming pool measures 50 m by 25 m. How many whole 6 cm-long
goldfish could float nose-to-tail across the diagonal of the pool?

A boat is rowed 200 m east and then 150 m south. If it had been rowed to the same
point in a straight line instead, how much shorter would the Jjourney have been?

A delivery company charges extra if a letter has a diagonal length greater than 25 cm.
I want to send a letter that measures 205 mm by 155 mm. Will I have to pay extra?

An equilateral triangle has sides of length 10 cm. Find the triangle’s vertical height.

Find the following exact lengths.

a) AB 1—f | - | =5
110 ! - L
b) BC :
¢) AC 8
I 3
4 o
| | f =
i ! a
| H L1 L iy
0! La [ [ 7 111 ’;x

| |
Find the exact distance between points P and Q with coordinates (11, 1) and (17, 19) respectively.

Kevin wants to set up a 20 m death-slide from
the top of his 5.95 metre-high tower.

a) How far from the base of the tower should
Kevin anchor the slide?

b) A safety inspector shortens the slide and
anchors it 1.5 m closer to the tower.
What is the new length of the slide?
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27.2 Pythagoras’ Theorem in 3D

Look for right-angled triangles and use Pythagoras to find distances in three dimensions.

Example 1 b G
Find the exact length AG in the cuboid shown. .

4 cm

7 cm

D

1. Use Pythagoras on the triangle
ACD to find the length AC.

AC? =10+ 7>= 149
AC= /149 cm

[ RSl KEh
|
|
|
]

2. Use Pythagoras on the triangle

s 2_(./ 2 2
AGC to find the length 4G. /// 4G = (V149) + 4

— ft cm ~ 149 + 16 = 165
3. Give your answer in surd F—== a9 em=p=7 C
form, simplifying if possible. y AG = ¥165 cm

e ek

Exercise 1

1 The cuboid ABCDEFGH is shown on the right.
a) By considering the triangle ABD, find the exact length BD. 8

b) By considering the triangle BFD, find the exact length FD. q 4m
8§ m D

2 The cuboid PQRSTUVW is shown on the right. " Y v
a) Find the exact length PR. :
b) Find the exact length RT.

9 mm
." - R
r 12 mm S 5mm

S

3 The square-based pyramid ABCDE is shown on the right.
O is the centre of the square base, directly below E.
a) (i) By considering the triangle ACD, find the exact length AC.
(ii) Hence find the exact length AO.
b) By considering the triangle AFO, find the exact length OF,
the pyramid’s vertical height.

4 A cylinder of length 25 cm and radius 4.5 cm is shown Y<+25cm—»
on the right. X and Y are points on opposite edges of the )
cylinder, such that XY is as long as possible.

Find the length XY to 3 significant figures.

5 A cuboid measures 2.5 m x 3.8 m x 9.4 m. Find the length of the diagonal of the cuboid to 2 d.p.
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In Questions 6-11, give all answers to 3 significant figures.

6 The triangular prism PORSTU is shown on the right.
a) Find the length OS.
b) Find the length ST.

7 Find the length ot the diagonal of a cube of side 5 m.

8 A pencil case is in the shape of a cuboid. The pencil case is 16.5 cm long, 4.8 cm wide and 2 cm deep.
What is the length of the longest pencil that will fit in the case? Ignore the thickness of the pencil.

9 A spaghetti jar is in the shape of a cylinder. The jar has radius 6 cm and height 28 cm.
What is the length of the longest stick of dried spaghetti that will fit inside the jar?

10 A square-based pyramid has a base of side 4.8 cm and sloped edges of length 11.2 cm.
Find the vertical height of the pyramid.

11 A square-based pyramid has a base of side 3.2 m and a vertical height of 9.2 m.
Find the length of the sloped edges of the pyramid.

12 The diagram on the right shows a shape made up of the !
square-based pyramid EFGHI and the cuboid ABCDEFGH.
P is the centre of the square EFGH and O is the centre of e e &
ABCD. P lies on the vertical line OL i e

a) (i) Find the length PHto 3 s.f. & H |6m
(ii) Find the length PI.
(iif) Hence find the length OI.
b) (i) Find the length OA4 to 3 s.f. 0 4m
(ii) Find the length 47to 3 s.f. 4 4m D

@ The square-based pyramid JKLMN is shown on the right.
O is the centre of the square base, directly below N.
P is the midpoint of LM.

a) Find the exact length NP,
b) Find the exact length OJ.
¢) Find the exact length ON, the pyramid’s vertical height.

m The square-based pyramid ¥WXYZ is shown on the right.
Point O, the centre of the square VXY, is directly below Z.

a) Find the length VX.
b) Hence find the area of the square VIW.XY.

@ A fly is tied to one end of a piece of string. The other end of the i .
string is attached to point O on a flat, horizontal surface. 9cm /a‘?
The string becomes taut when the fly is 19 cm from O in the x-direction, p
13 cm from O in the y-direction, and 9 em from O in the z-direction. 19) 9
1 T
Find the length of the piece of string to 3 s.f. ; 19 cm
ytﬁfm
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27.3 Trigonometry — Sin, Cos and Tan

The Three Formulas

In a right-angled triangle, the side opposite the right angle is called the
hypotenuse, the side opposite an angle is called the opposite and the side

@ next to an angle is called the adjacent.
.g The three sides are linked by the following formulas:
S5
sinx:m, cosx:a—dj, tanx:M
hyp yp adj
adjacent
Example 1 .
Find the length of side y. S
" . ) 29
Give your answer correct to 3 significant figures. ¥
You are given the hypotenuse €0s29° = %
and asked to find the adjacent, Acos 29° =
so use the formula for cosx. = A

y=23.50 cm (to 3 s.f)

Exercise 1

1 Find the lengths of the missing sides marked with letters. Give your answers to 3 significant figures.

a) b) ©) d)
¢
b 5
9cm 63
11 cm ¢
> b eom d
11°
“ . s
6 cm r .
q
480 4.5 cm
37°
p
2 Find the missing length m (to 3 s.f)). 3 Find the missing length #n (to 3 s.f).

66°

1
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Example 2

Liz and Phil are putting up decorations for a street party. Liz is at the window of her house,
holding one end of a 7 m paper chain, which is taut. Phil is standing in the garden below
holding the other end of the paper chain. Phil’s end of the paper chain is 6 m below Liz’s end.

Find the size of the angle of depression from Liz to Phil.

1. Use the information to draw a right-angled . 6
. e sinx = =
triangle — the ‘angle of depression’ is the 7
angle below the horizontal. 6m x = sin“(é)
7m 7
2. You are given the hypotenuse and the x=59.0°(to 1 d.p.)

opposite, so use the formula for sin x.

Exercise 2

Find the sizes of the missing angles marked with letters. Give your answers to 1 decimal place.
) b)

3m "\
a 8m \
10 cm
d e
) d \2cm )
12 cm
5cm
/ l
7.5 cm

Melissa is building a slide for an adventure playground.
a) The first slide she builds has an 8 m high vertical ladder and a slide of 24 m.

She wants to work out if the slide is too steep, so she stands at the bottom 8 1 i
of the slide and looks up. Find m, the slide’s angle of elevation, to 1 d.p. 1 m
:Ij /‘l&’ b) The second slide in the park has a 4 m laddcr, and the base of the
! e 4 m slide reaches the ground 5.5 m from the base of the ladder as shown.
iL/ Find g, the angle of depression at the top of the second slide, to 1 d.p.
5.5m
Find the missing angle z. o Find the missing angles marked with letters.
Give your answer correct to 1 d.p. Give all answers correct to 1 d.p.
- —
/ 6 m
: k
) 51 10 m -
2 m ~ m

7m
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Common Trig Values

The sin, cos and tan of some angles have exact values shown in this table:

p
N o — M o — l H 0 — _1_ H o — ﬁ 3 o — W
sin(0°=0 sin 30 5 sin 45 7 sin 60 > sin 9 1
o— o3 oL o=l o—
cos(0°=1 cos 30 > cos 45 73 cos 60 > c0s 90°=0
L tan 0°=0 tan 30° = % tan 45° =1 tan 60° = /3
>y

Exercise 3

1 Without using your calculator, find the size of the angles marked with letters.

)\ b) ©) d) 8 mm
1 cm
2 cm tm
V3 cm V2 m 4 mm
Y3 cem
a
h
30°
2m

2 Find the exact length of the sides marked with letters.

2 cm g d)
60° 45°
8 mm
3 Show that:
a) tan 45° + sin 60° = # b) sin 45° + cos 45° = V2 ¢) tan 30°+ tan 60° = —4‘3/§

4 Triangle ABC is isosceles. AC=7+2 c¢m and angle ABC = 90°.
What is the exact length of side AB? -
5 Triangle DEF is an equilateral triangle with a vertical height of 4 mm.
What is the exact side length of the triangle? Give your answer in its simplest form.
D

Exercise 4 — Mixed Exercise

1 Find the values of the letters in each of the following. Give your answers to 3 significant figures.

a) " b) f\

1.5m
h)
43 2
7 cm
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2 The shape shown on the right is made 40°
up of two right-angled triangles.
a) Show that g = 8sin 40°,

b) Hence find the value of x,
correct to 1 decimal place.

11 cm

8 cm

3 Find the values of the letters in each of the following. Give your answers to 3 significant figures.
a) b) 8m

<)

42 (%]

+——W—>

4 Find the exact values of the letters in each of the following.

a) 4 b) _ /h<7“ 45°%7
3cm / 5/2 m

45° 30° o
- a 5/3 m

Y

5 Hugh starts at point 4 and walks Tkm B 7 Aladder is leaning against the side of a
6 km north then 5 km east to point E . tower. It reaches a window 20 m above
B. If he had walked directly from % N the ground. The base of the ladder is
A to B, on what bearing would he placed 8 m away from the bottom of
have been walking (to the nearest T the tower. What is the angle of
degree)? elevation? Give your answer
correct to | decimal place.

wOZ

6 Bernard is looking at a boat out at sea, as shown.

Find the angle of depression, correct to 1 d.p. 8 Town W is 25 km due south of Town X.
= 270'm Town Y is 42 km due east of Town W,
E e A I65 e Find the bearing of Town ¥ from Town X, to 1 d.p.

9 A kite with taut string of length 5.8 m is flying
in the air. The vertical distance from the kite
to the other end of the string is 4.1 m.
Find the kite’s angle of elevation, to 1 d.p.

@ The points P and R have coordinates P(1, 3) and R(7, 8). Find the bearing of R from P, correct to | d.p.

45
Q A zip line of length 45 m goes between platforms 4 and B. Platform A4 is 1“\51\__ B
80 m above the ground, and platform B is 65 m above the ground, as shown.
Find x, the angle the wire forms with the vertical at platform A. 80 m 65 m

Give your answer correct to 1 d.p.
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27.4 The Sine and Cosine Rules

The Sine Rule

a b c

/%\~ For any triangle: SinAd_ sinB - smC
b \‘ c . . . .
where angle 4 is opposite side a, angle B is
h opposite side b and angle C is opposite side c.
£ ¢ a ) . sin4 __sinB _ sinC
This can also be written as: e W — =

Use the sine rule when there are two angles and one side given,
or one angle, the opposite side and one adjacent side.

Example 1
a) Find the length of side x.

. . 4 ) X
Using the sine rule, Sn36° — singd’

_ 4sin84° _ -
Sox Sin36° 6.77 em (to 2 d.p.)

Using the sine rule, ¥ - __sin41_8

Soy=sin" (9—31—21—55") —44.1° (to 1 d.p)

Exercise 1

1 Find the lengths of the missing sides marked with letters. Give your answers to 3 significant figures.

a) b) ©
30 2D 3 in 520
a
1 c
50° ) 399
16 cm 7 mm

) g LIpe 0
\) e
d o
11m 14

3 For each triangle, find the missing angle marked with a letter. Give your answers to 1 decimal place.

a) 27° b) 9 mm )
9 199 cm,~ 59°
13 cm 16 mm
26 cm
11 cm
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4 Find the missing angle marked with a letter in each of these triangles. Give your answers to 1 decimal place.

/ \"\ /

k \ 111°
e 20.51in 225 m

5 The triangle XYZ is such that angle YXZ = 55°, angle XYZ = 40° and length YZ =83 m. Find:
a) the length XZ, to 3 s.f. b) the length X7, to 3 s.f.

e A triangular piece of metal PQR is such that angle RPQ = 61°, length OR =13.1 mm and
length PQ = 7.2 mm. Find the size of the angle POR, correct to 1 decimal place.

B
0 Point B is 13 m north of point 4. Point C lies 19 m from point B, 19m N
on a bearing of 052° from 4. 13m c
Find the bearing of C from B, to the nearest degree. Uﬂk>

A

The Cosine Rule

For any triangle, 4?= 5+ ¢? - 2bccosA

This can be rearranged as:

2 2 2
cosd - re—a
2bc

Use the cosine rule to find one side when you know the other two sides and the angle between them,
or to find an angle when you know all three sides.

Example 2
a) Find the length of the missing side.

Using the cosine rule:

X
gem | =8+ 112= (2 x 8 x 11)cos 71°
. ) = 12770...
o x=/127.70... = 11.30 em (to 2 d.p)

b) Find the size of the angle y.
Using the cosine rule,

\M4 m
2 2 2
25m > cosy=23FI =25 _9909..
e
[—55m y=c05(0.909..) = 24.6° (to 1 d.p.)
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Exercise 2

1 Use the cosine rule to find the lengths of the missing sides. Give your answers to 3 significant figures.

a) b) V]

7cm 6.5 cm :

z b 18 m 23 m
a 8 cm
C

d) 2.5 in e) 9 cm 1)

. 115° 22° %

3in
d ¢ 7 cm 19°

112m

2 Use the cosine rule to find the sizes of the missing angles marked with letters. Give your answers to 1 d.p.

a) N b) 10 in 9
sem/ N3em 3.5m{i :9““
11 in 0 3in 7.5m
7 cm 4
d) €) f)
17 mm 39m 29.3 mm
12 mm 3 31 m
11.9
30 mm 22.1 mm mm
43 m

3 A triangular sign XYZ is such that XY =67 cm, YZ =78 cm and XZ =99 cm.
Find the size of the angle XYZ, correct to 3 s.f.

4 Find the exact values of the letters in each of these triangles, without using a calculator.

| D "2 C) B
’ V4
60"
) o 3/ m O\ 2 mm

C
e Village B is 12 miles north of village A4. B N
Village C is 37 miles north-east of village 4. ) 37 mil
Find the direct distance between village B and village C, 12 miles .

correct to 3 s.f. 4

N #
N 1

o Two ramblers set off walking from point P.
The first rambler walks for 2 km on a bearing of 025° to point 4.
The second rambler walks for 3 km on a bearing of 108° to point B.
Find the direct distance between 4 and B, correct to 3 s.f.
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Area

To find the arca of a triangle, use the formula:  Area = iab sin C

Use this formula when you know two sides and the angle between them.

Example 3

Find the area of this triangle.

Area = (4 x 7 x 8)sin 65°
=25.38 cm? (to 2 d.p.)

Exercise 3

1 Find the area of each triangle. Give your answers to 2 decimal places.

a) b)
\ 8 m
23°
6 cm N\
[ 10m
7 Scm
d 17 mm f)
3917;)- 9 cm

In Questions 27, give all answers to 3 significant figures.

2 Find the area of the
triangle shown.

5 A field in the shape of an equilateral triangle has
sides of length 32 m. Find the area of the field.

6.5¢cm

5cm ~ 15m
3 Find the area of the a) Use the cosine rule to calculate x.
triangle shown. b) Find the area of the triangle.
4 in

4 A triangular piece of paper has a side of

length 4.5 cm and a side of length 7.1 cm. 10 crr%
The angle between these two sides is 67°. a) Use the sine rule to ca'lculate J-
Find the area of the piece of paper. b) Find the area of the triangle.
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27.5 Sin, Cos and Tan of Larger Angles

Sin, cos and tan are really useful for working out acute angles (angles between 0° and 90°).
They can also be used to find obtuse angles (angles between 90° and 180°)
and reflex angles (angles between 180° and 360°).

Sin of Obtuse and Reflex angles

11y —~_ y=sinx
The graph shows y = sin x for —180° < x < 360°.
X
For each value of y (except y=1,y=-1 and y = 0) o = = >
—1# — 0 18 270 60
there are two positive values of x between 0° and 360°. 1%\90 ? \ 7 /
For 0 <y < 1, putting sin"'y into a calculator gives the acute angle. - _Y N

To find the obtuse angle, subtract the acute angle from 180°.

For —1 < y <0, putting sin"'y into a calculator gives a negative angle.
To find the two reflex angles, subtract the negative angle from 180° or add it to 360°.

Example 1

Find the two values of x in the range 0° < x < 180° for which sin x = 0.85.

1. Putting sin™'(0.85) into a calculator gives the acute angle. sin'(0.85) = 58.2° (to 1 d.p.)

2. Subtract the acute angle from 180° to get the obtuse angle. 180° — 58.2°=121.8° (to | d.p.)

Exercise 1

1 Find both values of x in the range 0° < x < 180° that satisfy the following equations.
Give your answers correct to 1 decimal place where appropriate.
a) sinx=0.24 b) sinx =049 ¢) sinx=0.64
d) sinx=0.13 e) sinx=40.5 f) sinx=0.05

2 Find both values of x in the range 180° < x < 360° that satisfy the following equations.
Give your answers correct to 1 decimal place where appropriate.

a) sinx=-0.36 b) sinx=-0.55 ¢) sinx=-0.89
d) sinx=-0.5 e) sinx=-0.27 f) sinx=-0.07

3 a) sin23°=0.39 (to 2 d.p.). Write down the integer obtuse angle whose sine is equal to 0.39 to 2 d.p.
b) sin 131° = 0.75 (to 2 d.p.). Write down the integer acute angle whose sine is equal to 0.75 to 2 d.p.
¢) sin222°=-0.67 (to 2 d.p.). Write down the other integer reflex angle whose sine is equal to —0.67 to 2 d.p.

4 In each of the following, use the sine rule to find the size of the obtuse angle correct to 1 d.p.

b c
2 < 41m ) 33 mm i ) 81 m
K ”u V
52 m X : 69 m

25 mm

€) 15.2m f) 375m
; 10.5m .II 1.25m
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Cos of Obtuse and Reflex angles

The graph shows y = cos x for 0° < x < 360°. |"".

For each value of y (except y =—1) y=cosx
there are two possible values of x. x
0 T b

Putting cos™'y into your calculator gives the N 180° 270" 360°
acute or obtuse angle. To find the reflex angle,
subtract the acute or obtuse angle from 360°. -

Example 2

Find the reflex angle x for which cos x =—0.26.
1. Putting cos™'(—0.26) into a calculator gives the obtuse angle. cos™'(-0.26) = 105.070...°

2. Subtract the obtuse angle from 360° to get the reflex angle.  360° — 105.070...° = 254.9° (to 1 d.p.)

Exercise 2

1 Find the obtuse angle x that satisfies each of the following equations. Give your answers to 1 d.p.
a) cosx=-0.75 b) cosx=-0.62 ¢) cosx=-091
d) cosx=-0.36 e) cosx=-042 f) cosx=-0.01

2 Find the reflex angle x that satisfies each of the following equations. Give your answers to 1 d.p.
a) cosx=0.26 b) cosx=-0.84 ¢) cosx=0.33
d) cosx=-0.19 e) cosx=0.56 f) cosx=-0.74

3 a) cos 68°=0.37 (to 2 d.p.). Write down the integer reflex angle whose cosine is equal to 0.37 to 2 d.p.
b) cos 199°=-0.95 (to 2 d.p.). Write down the integer obtuse angle whose cosine is equal to —0.95 to 2 d.p.

¢) cos 281°=0.19 (to 2 d.p.). Write down the integer acute angle whose cosine is equal to 0.19 to 2 d.p.

4 In each of the following, use the cosine rule to find the size of the obtuse angle correct to 1 d.p.

1) b) )
10 cm Tm NG 34mk“£? —_—

e) f)

d)
81 m
8% m/% - myﬁ’)\ 9.8 mm 1L12m 75 796 m

6.5 mm 18.01 m

e Find the exact value of the following, without using your calculator.
a) cos 330° b) cos 300° ¢) cos 315°
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Tan of Obtuse and Reflex Angles Va
104 y=tanx

The graph shows y = tan x for —-90° < x < 360°. The values of tan x for
obtuse angles are negative, but putting tan™'y into a calculator gives a

negative x-value. To find the obtuse angle, add on 180°. 31
To find the reflex angle from an acute or obtuse angle, add on 180°,

Example 3 90" 0 90" 180" 270]
Find the obtuse angle x for which tan x = —10. ' -

tan~'(-10) = —84.29° (to 2 d.p.)

For the obtuse angle, x =-84.29° + 180°=95.7° (to 1 d.p.) 0 |

Exercise 3

1 Find the acute and reflex angles that satisfy each of the following equations.
Give your answers to 1 d.p. where appropriate.

a) tanx=64 b) tanx=3.6 ¢) tanx=1 d) tanx=2.1

2 Find the three values in the range —90° < x < 360° that satisfy each of the following equations.
Give your answers to 1 d.p. where appropriate.

a) tanx=-2.7 b) tanx=-10.5 ¢) tanx=-1 d) tanx=-71
Exercise 4 — Mixed Exercise
Unless told otherwise, round your answers to these questions to 1 d.p. where appropriate.

1 In each of the following, find the size of the obtuse angle x.

a) b) ©)
A
,5____;————————‘_“___‘ 10 maT—<=

11 cm

2 a) Find the obtuse angle x for which tan x = —-6.4
b) Find angles x and y in the range 0° < x <y < 180° such that sin x = sin y = 0.72
¢) Find the obtuse angle x for which cos x =—-0.57
d) Find the obtuse angle x for which tan x =—-0.2
e) Find the obtuse angle x for which cos x =-0.5
f) Find the two values of x in the range 0° < x < 180° for which sin x = 0.82

3 The triangle POR is such that PQ = 12.3 cm, QR = 11.1 cm and PR = 22.0 cm.
Find the obtuse angle POR.

N
o Two joggers set off running from point O. A
The first jogger runs 5.2 km on a bearing of 109° to point X. |
The second jogger runs 7.5 km to point Y. 0 \109°
The direct distance between X and Y is 11.8 km.
Find the bearing of Y from O, correct to the nearest degree. X
Y L
e Find the exact value of each of the following, without using a calculator.
a) sin 150° b) tan 240° ¢) sin 135° d) tan 225°
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27.6 Trigonometry in 3D

Look for right-angled triangles and use Pythagoras and the

trigonometric formulas to find angles and areas in 3D,

Example 1

£

4 cm

Find the angle BDF in the cuboid shown. £
Give your answer correct to 1 d.p.

7 cm

1. Use Pythagoras on the triangle

ABD to find the length BD.

BD?=6>+7*=85
BD= /35 cm

2. BDFis aright-angled triangle and
you know the lengths opposite
and adjacent to x, so use tanx = Wj.

3. Youcould also have found the length of
DF first, then used the formula for sin x.

Exercise 1

1 For the cube shown with
sides of length 3 m, find:
a) the exact length AF'

b) the exact length FC
¢) the angle AHC, to 1 d.p.

2 For the square-based
pyramid shown, find:
a) the exact vertical height
b) the angle BCE, to 1 d.p.
¢) the angle AEB, to 1 d.p.

3 For the triangular prism
shown, find:
a) the exact length BC
b) the angle EDF, to 1 d.p.
¢) the exact length DC

- Section 27 — Pythagoras and Trigonometry

D /BDF=23.5°(to 1 d.p)

A :-‘, _J;,:“ --------- ] H
3in| - ~8in
& 5in b

For the cuboid shown, find:
a) the exact length AH
b) the angle EDG, to 1 d.p.

For the triangular prism shown, where M
is the midpoint of AC, find:

a) the perpendicular height, BM, to 3 s.t.
b) the length £M, to 3 s.f.



Exercise 2

1 The diagram shows the triangular prism J/JKLMN.

a) Use the cosine rule to find the size of angle JIK,
correct to 1 d.p.

b) Hence find the area of triangle IJK, correct to 1 d.p. Sm

¢) Hence find the volume of the triangular prism
IJKLMN, to the nearest m>, I K 9m

2 The diagram shows the triangle CEH drawn
inside the cuboid ABCDEFGH.

E
a) Find the exact length CE. /
b) Find the exact length CH. VT
¢) Find the exact length EH. i

d) Hence use the cosine rule to find the
size of angle ECH, correctto 1 d.p.

° The diagram shows the cuboid PORSTUVW. T U

a) Use Pythagoras and the cosine rule to find |
the size of angle PSU, correct to 1 d.p. Vi

b) Hence find the area of triangle PSU, gn
correct to 1 d.p. R 12m <

27.7 Pythagoras and Trigonometry Problems

Exercise 1

1 Find the value of the letter in each of the following. Give your answers to 3 s.f.

d

o c 27m
39 cm a 68°
24 )8 d
g) h)
8 ft 4m
8 35m
> h
9.5 ft BT pne

28 cm
)} k)
12 ft 17 cm
s 29" 5
15 ft

Q - m

N
e
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2 Find the size of the missing /C)x\ 125m 5 a) Find the length of

obtuse angle ¢, to 1 d.p. q corrugated iron needed
to make the roof of my
bike shed, to 3 s.f.

b) Find the angle of
elevation of the roof of
my bike shed, to 1 d.p.

3 The square PQRS is
drawn inside the square
ABCD. Find the side
length of ABCD, to 3 s.f.

6 Using the sine and/or cosine
rules, find the angles x, y
and z in the triangle shown,
correctto 1 d.p.

4 Find the side lengths of the
rhombus shown, to 3 s.f.

7 The shape shown is made up l cm
of two right-angled triangles.
Find the value of x.

8 Find the value of the letter in each of the following. Give your answers to 1 d.p.

a) b) )

21 in / 12 cm

<«—14in—» <16 om—>

9 I'want to put a gold ribbon around the edges of my kite.
Ribbon is sold in lengths of 10 cm.
What length of ribbon should T buy?

10 A bird is flying in the sky. Point P is on flat, horizontal ground. The horizontal distance between
the bird and point P is 37.5 m. The angle of elevation between point P and the bird is 61°.
Find the vertical height of the bird above the ground, to the nearest metre.

8.5 miles

(.}

11 Logan cycles 6 miles due north from P to Q, then 8.5 miles from Q to R.
Find the bearing of R from Q (to the nearest degree), given that the direct
distance from P to R is 11 miles.

\

6 miles

1 miles

_>z
~
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12 A pilot flies 950 km from Rambleside to Alverston, on a bearing of 030°.
He then flies a further 950 km to Marrow on a bearing of 120°.
Find the direct return distance from Marrow to Rambleside to the nearest kilometre.

13 Leo has a triangular piece of fabric with dimensions as shown. 13 cm
a) Find the size of the missing angle p, to 3 s.f.

b) Hence find the area of the fabric, to 3 s.f. P ~—_

14 Find the vertical heights of the following symmetrical houses, to 3 s.f.
a) b)

«—15m—>

15 Find the exact areas of the following triangles, without using a calculator.

a) b)
2/2 em

60°

4 cm

8 cm

16 Gabrielle has a wooden crate in the shape F H

ofa (fuboid., as shown. N l Nt

a) Find: (i) the exact length ED M ) \\
(i) the angle FDH, to 1 d.p. BN N\p
(iii) the angle CHD, to 1 d.p. N :l

b) Gabrielle wants to pack a 10 ft metal _
pole in the crate. Will it fit? 4 6 ft

0 Points P, Q and R are plotted on a grid of 1 cm squares.
P has coordinates (1, 3), Q has coordinates (5, 4) and R has coordinates (7, 1).
a) (i) Find the exact distance PQ.
(ii) Find the exact distance PR.
b) (i) Find the bearing of Q from P, to 2 d.p.
(ii) Find the bearing of R from P, to 2 d.p.

¢) Find the area of the triangle POR.

@ The diagram on the right shows a shape made up of the /
squarc-based pyramid EFGHI and the cuboid ABCDEFGH. % ?.!7' """""
P is the centre of the square EFGH and O is the centre of VP
ABCD. P lies on the vertical line OI. B ' H o |Tm

a) (i) Find the length A7, to 2 d.p.
(ii) Find the angle OA7, to 1 d.p.

b) Find the angle OAP, to 1 d.p. ‘0 A m
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Section 28 — Vectors

28.1 Vectors and Scalars

A vector has magnitude (size) and direction.,

A vector can be written as a column vector or drawn as an arrow. B
a
Column vector: " | i :
. 3\ <= ¥-component: 3 units right | 2 units up
A -a-(3) et I T
y-component: 2 units up B 3 units right |
Example 1
Draw the vector m = <_23).

The positive and negative directions in column

vectors are the same as they are for coordinates.

So -3 in the x-component means ‘3 units left’,
and 2 in the y-component means ‘2 units up’.

Exercise 1

1

Draw arrows to represent the following vectors.

(4 ()
> () ()
(%) > (53

|
| (—1 N [

2 (1) (3]

Write down the column vectors represented by these arrows:
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A scalar is just a number — scalars have size, but not direction.
A vector can be multiplied by a scalar to give another vector.

The resulting vector is parallel to the original vector.
If the scalar is negative, the direction of the vector is reversed.

Example 2
2
Ifp= (_ 3>, write the following as column vectors: a) 2p b) %p c) —p

Multiply a vector by a scalar by multiplying the x-component and the y-component separately.
2x2 4 1 3 %2 1 —1x2 =P,
p = = 1y . —p=
D°P (2 x ;3) (—6> b op (; x—3)=\15 9 P={1x-3/7\3

3 Ifq= (;), find and draw the following vectors.

a) 3q b) 5q 9 3q d) —2q

) ) ) ) )l

From the list of vectors above:
a) Which vector is equal to 2a? b) Which vector is equal to —3b?
¢) Which vector is parallel to €? d) Which two vectors are perpendicular?

I

Adding and Subtracting Vectors

To add or subtract vectors, add or subtract the x-components and y-components separately.
The sum of two vectors is called the resultant vector.

Vectors can also be added by drawing them in a chain, nose-to-tail.
The resultant vector goes in a straight line from the start to the end of the chain of vectors.

Example 3

) ) ()

Work out the following and draw the resultant vectors:
a) ptq b) r-q ¢ 2q+p-r

IR R ek s
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Exercise 2

1 Write the answers to the following calculations as column vectors.
For each expression, draw arrows to represent the two given vectors and the resultant vector.

PG ) e () e ()
R N I G R AT S

2 0 -1
2 Ifa—<3>,b—<_2> andc—<4 ),workout.

a b+c¢ b) c—a €) 2c+a d) 3a+b
e) a-—2c¢ f) atb-¢ g) S5b+4c h) 4a—-b+ 3¢
5 -3 (2 ]
3 pr—<0>,q—<__ l> andr—<7>,workout.
a) ptr b) p—q ¢) 3q+r d) 4r-2q
e) 3p+2r f) p+tr—gq g) 6r-3q h) 2p-3q+r

(e

a) Work out u + 2v
b) Draw the vectors u + 2v and w
¢) What do you notice about the directions of the vectors u + 2v and w?

Example 4

Describe the followmg vectors in terms of a and b.
a) RS b TU

1. Find a route from R to S
using just vectors a and b.

q 2 1

0 2

2. From the diagram, RS = () ( )andb ( ) =<4) J,.(l)
0 2

You can check the answer by doing the vector addition.

b) TU =-a+2b
Check:
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Exercise 3

1

28.2 Magnitude of Vectors

‘ C n | E F,

+ . < T » T . T - L]
I,}7/ 1) | | 9
l I Oo 1 P L] T QO T RI
+b |l ! | |

' t ‘ UO t Vl W. X.

Write the following vectors in terms of a and b.

a) WH p) ZH
f)ﬁ g)m
k) FZ ) CZ

G, | H
M, | N
s |t
Y. Z
|

c)ﬁﬁ

h) TP
m)K_)C

FX e)ﬁi
Yi j) CF
DW 0)6_2

The magnitude of a vector is just its length. The magnitude of vector p is written as |p| or p.

Ifp= (;) then |p| is the hypotenuse of a right-angled triangle with sides x and y.

So by Pythagoras’ theorem, |p* = x* + 32, and [p| = y/x* + *.

Example 1

q= (} 4>. Find the magnitude of: a) q

3q is three times the length of q.

—q is the same length as q — the direction
is the only thing that’s different.

Exercise 1

1

b) 3q

a) lql= /3" +(-4y

0 —q

,P/Ay
e

/ ‘
e O
X

=/9+16=425=5

b) [3q|=3|q/=3x5=15

o |-q/=lq/=5

Find the magnitude of the following vectors. Give your answers to | decimal place where appropriate.

)

 (3) ()
> (%) ()

o (-

K) (6

2
3

|

|

2 (3]
2 ()
I <i2>
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a) Show that [p| =15
b) Use your answer from (a) to write down the magnitudes of:

@ (]29 ) (ii) (f) (i) (;ﬁ) (iv) (*2376> ® (f) i) (192%>

2
1

a) 2a b) a+b ¢) ¢c—3a d) atb+e

3 Ifa= ( ), b= <04> and ¢= <_73>, find the magnitude, to 1 d.p., oft

Write down three vectors with the same magnitude as:

» () v (3) > ()

Example 2
A plane flies from point A 120 km due north to point B. It then flies 80 km due east to point C.

a) Draw a diagram to show the plane’s journey.
b) Write the journey from A to C as the sum of two column vectors, and find the resultant vector AC.
¢) Find |AC/, the direct distance of the plane from its starting point, to the nearest km.

0 = (80 — (0 80\ /80
)andBC—(O),soAC—<120)+(O) (120>

a) B e b) Kﬁ=<m

80!k

| o |AC| = /1207 + 80°
120 4, . = /14400 + 6400
| = /20800 = 144.222 = 144 km to the nearest km

Exercise 2
1 Abraham went hiking last Saturday. From the car park, he walked 4 km due north,
then 2.5 km due west before stopping to eat his picnic.
a) Draw a diagram to show his journey.
b) Write down the journey as the sum of two column vectors.
¢©) After his picnic, Abraham walked in a straight line back to the car park. How far did he walk to get back?

2 A ship sails from a port due south for 24 km and then due east for 34 km, before changing course and sailing
directly back to port.

a) Draw a diagram to show the ship’s journey.
b) Write down the column vector of the last stage of the ship’s journey as it returns to port.
¢) Find the distance the ship sails in the last part of its journey, to 3 significant figures.
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28.3 Vectors Problems

Exercise 1

1 a) Match the following column vectors to the correct vectors in the diagram below.

B G
) G
G
&) )

b) Which vector has the same magnitude as ¢?
¢) Which vector has the same magnitude as a?
d) Four of the vectors have the same magnitude. Find the magnitude of these vectors to 1 d.p.

/

2 pr:<43>, q=<(2)> and r=<_51>,find: a) 3p b) 2q+r ¢) r-2p d) p+5r—3q

A ) I I o B A
a) Draw the vector a + b and write down the resultant vector as a column vector.
b) Draw the vector e —d and write down the resultant vector as a column vector.
¢) Which two vectors above give the resultant vector (j?()) when they are added together?
d) Which two vectors above can be added to give the resultant vector (;)?

¢) Which vector above is parallel to ¢?

f) Which vector above is parallel to b?

4 s=(-5 a) Find the magnitude of's.
12 b) Use your answer to (a) to write down the magnitude of: (i) —s  (ii) 3s (iii) %s

5 aand b are two vectors such that [a| =3 and [b| = 5.

. 2 5 -3 0 3
?
a) Which of these vectors could be equal to b? ( 3> < 0) ( g ) <4 5> ( 4>

b) Mark says, “The magnitude of a + b must be equal to 8 because 3 +5 = 8"
Give an example to show that Mark is wrong,.

6 A plane takes off from Wrighton Airport and flies 50 km due east to Braidford,
before changing direction and flying 75 km due south to Ronanburgh.

a) Write down the two parts of the journey as vectors and find the resultant vector.

b) The pilot flies directly back from Ronanburgh to Wrighton Airport.
Write down the vector of the return journey.

¢) As the plane sets off back towards Wrighton Airport, it has enough fuel to fly exactly 100 km.
Is there enough fuel to complete the journey back to the airport?

Section 28 — Vectors -



7 In Gridsville, streets run east to west and north to south. All the blocks are the same length and width.

The journey from one end of a block to the other, travelling east, is represented by the vector a.

The journey from one end of a block to the other, travelling north, is represented by the vector b.

a) If [a| =x and |b| = y, write a and b as column vectors. — e e
b) Jo drives 5 blocks east, then 8 blocks south from her house to the )H_J L '7'
library. Write down the journey from Jo’s house to the library: — = ——— ——
(i) in terms of a and b, (ii) as a column vector. ’ ‘ D J|
¢) Jo then drives 2 blocks south and 9 blocks west to the cinema. — e
Write down the journey from the library to the cinema: J' ‘ —J| J' —l
(i) in terms of a and b, (ii) as a column vector. VAR S Y —1 |
_ . ) Ml ==l r@
d) Describe Jo’s journey home from the cinema: } g Gridsville, USA ?;
(i) interms ofa and b, (ii) as a column vector. | S | —  — |

e) Ifx=100mandy=_80m,

(i) what would be the length, to the nearest m, of a straight line from Jo’s house to the cinema?

(i) how far does Jo actually travel as she drives home?
Vector Geometry

Example 1
In triangle OAB, OA =a and OB =b. M is the midpoint of OB,
Write down, in terms of a and b, a) AO b) OM c) AM b

To get from A to O, you go
backwards along the vector a. a) AO=-a

To get from O to M, you go
halfway along the vector b. b) OM = %b

To get from A to M, go from o, =
Ato O, then from O to M. ¢) AM=A0 +OM=—a+%b

Exercise 2

I ABCD is a trapezium. 2 In the diagram below, OA = a and OB = b.

Al3}—-4|).A—ﬁ=qand—D—é=p. B

D P C\\ t/
q \‘\\ / '
N (0] > A
/ 5 B .
A 4{) B

Point C is added such that OC = a +

Write down, in terms of p and q: a) What type of shape is OACB?
a) CA b) CB 0 BD b) Write down, in terms of a and b:
@i CO (ii) AB
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3 Inthe triangle OBD, OA =ais % of the length of —.TB,

OC =cis % of the length of OD and E is the midpoint of BD. A
Write down, in terms of a and ¢: T/
a) OB b) OD ¢ AB d) CD e) BA A E
f) AC g) AD h) BD iy OB i) CE 0 %\
LS =
D
E D 4 ABCDEF is a regular hexagon. M is the centre of the hexagon.

AB=pand BC=qand CD =r.
a) Write down, in terms of p, q and r:
(i) DE (i) AC (iii) FA (iv) AE

F M C
b) Using vectors, show that FD = AC.
- ¢) Write down, in terms of q and r: @) AM (ii) MB
A p B

r

d) Write p in terms of q and r.

5 \E()YZ isa pzﬂl)lelogram. Z Y
WX =uand WZ =v. M is the midpoint of WY,
a) Write down, in terms of w and v: v M
i) WY (i) WM (i) XW  (iv) XZ
b) Show using vectors that M is the midpoint of XZ. W S X
u
S\ Not drawn to scale o In the diagram, SU = a, TV = b, SW = 2WU and 3TW = 2WV
N\ o i a) Write: (i) @ in terms ofi_\)N)
N b (i) SU in terms of SW
“\“>\y // (iii) SW in terms of a
G b) Write: (i) WV interms of TW

/ \\\\ (i) TV interms of WV
(iii) VW in terms of b

¢) Write, in terms of aandb: (i) ST (@i) UV

C

o G_E=m, Gﬁ=n,@:=5§l§ and GB = 3GF.
B is the midpoint of AD, and C is the midpoint of BD.
a) Write down, in terms of m and n:
@ GA (i) GB (i) FB (ivy AB (v) BC
IfE, F and C were on a straight line, EF and FC would be parallel.

b) Find EF and FC in terms of m and n, and use your answers to
show that E, F and C do not lie on a straight line.
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Section 29 — Perimeter and Area

29.1 Triangles and Quadrilaterals

Perimeter (P) is the distance around the outside of a shape.

T Square + | length (/)

P=4

Rectangle width (w)
<— [ength (/) — < b =
P=2[+2w P=a+b+c

Area (4) is the amount of space inside a shape.

b

— \\\
+| tength @) width () hiight N
y |
— <— length (/) = <—— base (b)) —>

Area = (side length)? Area = length x width

Area= % X base X perpendicular height

A=1P A=lw
=1
A 2bh
Exercise 1
1 For each shape below, find: (i) its perimeter, (ii) its area.
a) ) b) 9
1.4 ’I 1.1 mm
— - 1.8 cm
<+« 3]l mm —>»
<+—31cm—» SN
2 Tor each shape described below, find: (i) its perimeter, (ii) its area.
a) a square with sides of length 4 cm. b) arectangle of width 6 m and length 8 m.
©) arectangle 23 mm long and 15 mm wide. d) asquare with 17 m sides.
€) arectangle 22.2 m long and 4.3 m wide. f) arectangle of length 9 mm and width 2.4 mm.

3 For each of the triangles below, find: (i) its perimeter, (ii) its arca.

AN 7\
‘ —
&/ | O o8 - QN =
°f e % ' o > 'f'g\ 7 mm e
IN
¥ / /]; \\* ‘// i[\\ %, /,/\sf o
<«— 8cm —» +—1llm——» L =
Y e gmm——» 9 «—125m—» f)ﬁ §
= T W NS
g I B N /‘0; 8m 7 ’.In ‘o 1;2\ \
;:""j'} mm (b \ ¥°° _____________ x‘& _ ==
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Example 1

Find this shape’s: a) perimeter,

Label the missing sides,
and find their lengths.

Add the lengths
of all the sides.

Split the shape into
rectangles A and B, and
find their areas.

Add these to find
the total area.

Exercise 2

7 cm

b) area.
g 11 cm
(5]
= I
[¢]
£
) P=10-4=6cm
P Q=7+11=18cm
perimeter =7+ 6+ 11+4+ 18+ 10
=56 cm
. Q L
b)  7cm Area of rectangle A =10 x7
=70 cm?
g 11 cm Arcaof rectangle B =11 x4
§ @ | - =44 cm?
| I g Total area of shape =70+ 44
' =114 cm’

1 For each shape below, find: (i) its perimeter, (ii) its area.

a)

«— 13cm—»

<8 cm »

IScm

<« 12 cm—»

2 Find the area of each shape below.

a)

<« 8m—»

4m
-«

l
T

3 TFind the areas of the shapes below.

a)
g

<

4m

+«—8m—»

i~

- X0m— >

b)

b)

b)

<+ 5cm-» ©) g T
g

! pom, eI .
g N 5
o~ o 15 mm =]
! ’ |

-

8 mm
) 5 mm T

-
* ;
s : :
o0

v v !

- 8 m-—» <— 14 mm —»

<+— 19 mm—-—> ©) v

3
P W N
5 SN a
: /5"’?7.’)7 x\%@ \\“-:/ ¢

SRAFO «— 10m —»
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Parallelograms and Trapeziums

The area of a parallelogram is given by the formula:

Here, £ is the perpendicular height —
it’s measured at right angles to the base.

The area of a trapezium is given by the formula:

Example 2

Find the area of:

a) the parallelogram b) the trapezium.

a) A=bh=28x3=24cm?

1

b) A =%(a+b)xh=%(6+8)x3=2

Exercise 3

1 Find the area of each shape below.

A

A=bh height (k)
1 ]

<“— base (b)) —

+——aq—p

/B,

- .
=+ >

6 cm
.
w L
AE/

A=Ya+byxh

-«
8 cm

8 cm

X 14 x 3 =21 cm?

20 mm

a) <+——8cm_—» b) ‘ ) =%
\_)/+ il S
cm & J
v «2lm—» / . v
] +—5mm ——7—»
3cm
d) D) T )
g 5.5cm
= \ o 1 Im
; - «—92cm—>»
<« 16 mm —»
8 cm
Example 3 s ——
. . ) 33cm
For the composite shape on the right, find: / 3cm
a) its area,
b) its perimeter. 4 em

8 cm

Opposite sides of a parallelogram are the same length.

- Section 29 — Perimeter and Area

1. Find the areas of
parallelograms A and B.

2. Add these areas to find
the total area.

44 cm\

a) Areaof A=bh =8 x3 =24 cm?
Area of B=5bh =8 x 4 =32 ¢cm?

Total area = 24 + 32 = 56 cm?

b) P=8133+44+8+44+33
=31.4 cm



Exercise 4

1 Find each shaded area below.

a) <om b) 3 )
el py <« 7mm » 1 ~30m
2 i) 5 VAN e s —om
/ o / \r 8 - g
A Q \ . 8 \ =] e
/ = ‘—*— * [ /-"
*“ 0om " o lemm—~
2 For cach shape below, find: (i) the area, (ii) the perimeter. The dotted lines show lines of symmetry.
a) oA b) 3= c) < 12m»
& /" SN 7 N
ATH g t
pY o
E o 3 r g \E \[ g ’
- ) A <-> Al -
_F[_ ’ Mlo m
3 The picture below shows part of a tiled wall. 4 The flag below is in the shape of a trapezium.
All the tiles are parallelograms. The coloured strips along the top and bottom edges

are parallelograms.

y o S8 Ny

a7 Tk o e
Vavaviy avalE i — 48
Y i | g
& 7 | HY e

<+—60cm —>»
Find th ¢ il a) Find the total area of the flag.
nc the area of one tie. b) Find the total area of the coloured strips.

29.2 Circles and Sectors
_\_\mfcrm]ce
S [0

Circumference of a Circle

4—6() cm ——»

The circumference (C) of a circle is given by the formula: C=mwd
The diameter (@) of a circle is twice as long as the radius (): d=2r

So, the circumference of a circle is also given by the formula: ¢ = 24p

Example 1

Find the circumference of a circle which has radius 6 m. Give your answer to 1 decimal place.

C=2nr =2x7wx6 =377m (to 1 dp)

Exercise 1

1 Find the circumference of each circle. Give your answers to 1 decimal place.

' R
~ 2 cm
< 6 ma
% b
e
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2 Find the circumference of the circles with the diameter (d) or radius (r) given below.
Give your answers to 1 decimal place.

a) d=4cm b) d=8 mm ¢) r=11m d) »=22cm
e r=14km f) »=35mm g) »=0.1km h) d=6.3 mm
Example 2
The shape on the right consists of a semicircle on top of a rectangle.
Find the perimeter of the shape. <+—6cm —»
Curved length = nd + 2
1. Find the curved length. —mXG22 g
This is half the circumference of a =942 cm (to 2 d.p.) <~

circle with diameter 6 cm.

Total of straight sides=4+6+4 =14 cm
2. Find the total length of the straight

sides and add the two parts. Total length = curved length + straight length

=942+ 14=234cm (to 1d.p)

Exercise 2

1 Find the perimeter of each shape below. Give your answers to 1 decimal place.
) 9 mm

a) b)
@ L
AR A v
\{‘x
e ——————2llfj

<+—4 cm —>

9 mm

Area of a Circle

The area (4) of a circle is given by the formula: A = 7r?

Example 3

Find the area of the circle below. Give your answer to 1 decimal place.

A =mr=mx3x3=28274..
=283 cm? (to 1 dp)

Exercise 3

In the following questions, give your answers to 1 decimal place unless told otherwise.

1 Find the area of each circle. . T
%) o~ b) 10 mm 9 /4 d)
( 2 cm l ém 0 n
N 2 1}3
\ ; ~ - Y v .
Ry o - — \"'\ 4 .
2 Find the areas of the circles with the diameter (d) or radius () given below. T
a) r=6mm b) r=5cm ¢) r=4m d) »=65cm
e d=85mm f) d=35m g) d=12mm h) »=1.05m
3 Find the area of each shape below. 2 cm
©) s

a) B b)

10 mm

o P
| Q
P8
P A
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4 What is the area of a circular rug whose radius is 7  Which of these shapes has the greater area?
3.5 m? Give your answer in terms of . -« 22 mm - —

5  Find the coloured area in the diagram below.

f [(v8)
o
=] ~—
‘ ; ‘ 8 Find the areas of the shapes below.

TN f

",

I
()
=
8
3

v

6 a) A 2pcoinhasaradiusof 1.3 cm.

S

What is the area of one face of a 2p coin? / \ g
b) A 5p coin has a diameter of 1.8 cm. . ™

Which is greater, the area of one face of a 2p 10 cm v

coin or the total area of both faces of a 5p coin?
Arcs and Sectors of Circles
Major arc

Minor arc 0 0
Length of arc = 3¢5 X circumference = 3o ¥ 2wr
of circle
Minor sector
~ sector 0 0 2

Area of sector = 360 % area of circle = 360 X T

=

Example 4

For the circle below, calculate the exact area of the minor sector and the exact length of the minor arc.

For exact solutions,  Area of sector = —3% xwx3 = %X 9x = %‘n cm’?
leave the answers

in terms of . Length of arc = 360 x(2xmx%x3) = % 6T = cm
Yo e
Exercise 4
1 For each of the circles below, find the exact minor arc length and exact minor sector area
a) b) 7= [FT s
&
& 120°
& Q 10 cm.
ISO

2 Find the exact major arc length and major sector area for the following circles.

a) b) !
.
330° 186°

3 For the circles below, find the major sector arca and major arc length to 2 decimal places.

a) b) ¢) d)
6.5m
172°
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6

Find the arc length and sector area for a circle with diameter 18 cm and sector angle 12°,
Give your answers to 2 d.p.

Find the major arc length and major sector area for a circle with radius 13 cm and minor sector angle 14°,
Give your answers to 2 d.p.

Find the exact minor arc length and sector area for a circle with diameter 10 m and major sector angle 320°,

29.3 Perimeter and Area Problems

Exercise 1

1

Barbie has a rectangular lawn 23.5 m long by 5 Arectangular floor measures 9 m by 7.5 m. Itis to
17.3 m wide. She is going to mow the lawn and be tiled using square tiles with sides of length 0.5 m.
then put edging around the outside. a) What is the area of the floor?

a) What area will Barbie have to mow b) What is the area of one of the tiles?

29 .
(to the nearest m?)’ ¢) How many tiles are needed to cover the floor?

b) How much lawn edging will she need?
Ali bakes the cake shown below.

The police need to cordon off and ﬁ*-‘—rﬁ:
then search a square crime scene ) S

of area 4.84 m?. What is the TSGR Scm| f

perimeter of the crime scene? A A L l/ 22 cm
Timi made an apron from a rectangle of material . .

50 cm wide and 80 cm high. She cut out a quarter a) What lepgth of rlbbon;s needed to go around
circle of radius 15 cm from each corner. the outside of the cake?

Calculate the area of the finished apron, to 1 d.p. b) If the top and the four sides are to be iced,
what area of icing will be needed?

A rectangular garden 24 m long and 5.4 m wide is
to be re-turfed. Turfis bought in rolls that are

60 cm wide and 8 m long. How many rolls of turf
are needed to cover the garden?

Exercise 2

In the following questions, give your answers to 1 decimal place unless the question tells you otherwise.

1

What is the circumference of a circular flower bed S Measure the diameter of the circle below, and then
with a diameter of 3 m? calculate its circumference to the nearest mm.

Find the circumference of this circular cake. /’ ‘*a\\
N

\“"HH_ ____/'
An archaeologist plans to excavate a circular burial
mound with circumference 144 m.,

What is the radius of the mound?

A flower bed is in the shape of a semicircle of area
19.6 m. What is the length of its straight edge?

7 A church window is in the shape of a
rectangle 1 m wide and 2 m high, with
a semicircle on top. What is its area?

A circular volcanic crater has a radius of 5.7 km.
Kate and William walked all the way around the
outside. How far did they walk?
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8 Find the area of the sports field below. 11 Alec used wooden fencing to build a semicircular
Y sheep pen, with a wall forming the straight side.
If the radius of the semicircle is 16 m, how many
metres of fencing did Alec have to use?

=

70 m-

12 A circular pond of diameter 4 m is surrounded
by a path 1 m wide, as shown below.

. , : What is the area of the path?
9 Dave makes a circular table with a radius of 55 cm. re———

a) What is the circumference of the table? 7

b) A customer orders a smaller circular //
table with a diameter only half as big. kﬁ A
Find the circumference of the smaller table. y

10 A window consists of a rectangle 1.5 m wide and N A
2.1 m high below a semicircle of the same width. S e
Calculate the perimeter and area of the window.

Exercise 3

1 Find the coloured area in
the diagram on the right.
Give your answer to

2 decimal places. \ /

3 Find the area of each coloured shape below. Round your answers to 1 decimal place where appropriate.

anWPANSE
o =

<« 3m —»

2 Tyler makes some circular soap, and cuts it into 10
segments wrapped in ribbon, as shown below.
What length of ribbon is needed to 36° ‘
wrap once around one segment? “~
Give your answer to 1 decimal place. s

<«+— U ¢ —»

m

2

40 ¢m 7 cm

2.6m

d)
6.5 cm : 24
<+4m
5cm
12 m
4 What can you say about the areas of these two 5 Calculate the total coloured area in the shape below.
shapes? Explain your answer. 3 cm Give your answer to 1 decimal place.
<«
n
-

Section 29 — Perimeter and Area -



Section 30 — 3D Shapes

30.1 Plans, Elevations and Isometric Drawings

Plans and Elevations

Plans and elevations are 2D pictures of 3D objects, viewed from particular directions.
The view looking vertically downwards from above is the plan.
The views looking horizontally from the front and side are the front and side elevations.

Example 1
Draw the plan and elevations of this cuboid. 3 em
Label the plan and elevations with their dimensions. _»lcm T
Front ha Side
| Scm
1. Viewed from above, the cuboid l: =
appears asa 5 cm x 1 cm rectangle.
Plan View
2. Viewed from the front, the cuboid
1cm 5cm

appears as a | cm X 3 cm rectangle.
3. Viewed from the side, the cuboid D3 cm 3cm

appears as a 5 cm % 3 cm rectangle.

Front Elevation Side Elevation

Exercise 1

1 For each of the following, draw: (i) the plan view,
(ii) the front and side elevations, using the directions shown in a).

a) @ b) © % d)
FI'OIlt Slde %

2 For each of the following, draw the plan, front elevation and side elevation from the directions indicated in
part a). Label the plan and elevations with their dimensions.

a) 1em ; 1 cm b)
lcm

3cm 1cm
Front
d) ) T
6 em
5cm
6 cm
2cm 3¢m
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3 Draw the plan, front elevation and side elevation for each of the following.
Label the plan and elevations with their dimensions.
a) acube of side 2 cm b) a 2cm x 1 cm x 5 cm cuboid
¢) acylinder of radius 3 cm and height 4 cm d) a cone of height 4 cm and base radius 1 cm
) a4 cm long prism whose cross-section is an isosceles triangle of height 5 cm and base 3 cm
f) apyramid of height 5 cm whose base is a square of side 3 cm

Isometric Drawings

Isometric drawings are drawn on a grid of dots or lines arranged in a pattern of equilateral triangles.

Example 2 A
Draw this triangular prism on isometric paper. 3em X X

4cm
1. Vertical lines stay vertical on isometric drawings, while horizontal lines appear at an angle.
2. Build up the drawing as shown, using the dots to draw the dimensions accurately.

Exercise 2
1 Draw the following 3D objects on isometric paper.

a) : b)

2em | nfo lcem
- 4 cm

3cm

2 cm 2 cm 6ecm  2cm
2 Draw the following 3D objects on isometric paper.

a) a cube with 2 cm edges b) a2cm x 2 cm % 3 cm cuboid

¢) aprism of length 3 cm whose triangular cross-section has base 3 cm and vertical height 2 cm

d) aprism of length 2 cm whose triangular cross-section has base 4 cm and vertical height 4 cm

Example 3 | j" anatEE

The diagram shows the plan and front Ll | ~ | Plan View

and side elevations of a 3D object. T g |

Draw the prism on isometric paper. Front : ‘ l - |[_ Side
Elevation | [ . . | . [~ | | Elevation

: 9
the dots for the dimensions. i - 1 : o
| E :

1. Draw the front elevation, using \'j-:-:.'j‘:.:.' TR T e e g |7
N

e P I ot ol R S, 8006
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Exercise 3

1

The following diagrams show the plan and front and side elevations of different 3D objects.
Draw each object on isometric paper.

B - L{ :I - [

a) w4 WO F R OF OB S o b) A §i W W e W
‘ .o 4! Plan-View - : ’ Plan Vlew - ) ’ Plan VleW
: : K | .

i

Front Side . Front. ‘ Side Front Side
Elevation Elevation Elevation Elevation Elevation Elevation

d) f)

- 2 ;
} ’ Pi_ar{_Viev{/ r ) P'I;m: View I ;jpizlli View

. — Front Side Front Side
Froqt Sl—dej Elevation Elevation Elevation Elevation
Elevation Elevation

30.2 Volume

Volume of a Cuboid
T — i Height
The volume of a cuboid is given by the following formula. . o
Volume = Length x Width x Height width = “ Length

Remember, volume is measured in cubic units, e.g. cm’, m’.

Exercise 1

1

AN U A W N

Find the volumes of the following cuboids.

a)

4m 4m

Find the volume of a cube whose edges are 3.2 mm long,

Will 3.5 m’ of sand fit in a cuboid-shaped box with dimensions 1.7 m x 1.8 m x 0.9 m?

A matchbox is 5 cm long and 3 cm wide. The volume of the matchbox is 18 cm®. What is its height?

A cuboid has a height of 9.2 mm and a width of 11.5 mm. Its volume is 793.5 mm?®. What is its length?

A bath can be modelled as a cuboid with dimensions 1.5 m x 0.5 m x 0.6 m.
a) What is the maximum volume of water that the bath will hold?

b) Find the volume of water needed to fill the bath to a height of 0.3 m. 0.6m . o o

¢) Find the height of the water in the bath if the volume of water in the bath is 0.3 m>.
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Volume of a Prism
Cross-section

A prism is a 3D shape which has a constant cross-section.
The volume of a prism is given by the following formula. Agth

Volume = Area of Cross-Section x Length
Example 1
Find the volume of each of the shapes shown.
Area of Cross-section = —;— x base X height = % x4 x 5= 10 cm?

Volume = Area of Cross-section x Length = 10 x 6 = 60 em®

b)

Area of Cross-section = ®r2 = & X 22 = 47 ¢cm?

2em Q 7cm Volume = Area of Cross-section x Length =41 x 7= 88.0 em* (to 1 d.p.)

Exercise 2

1 Find the volumes of the following prisms.

a) b)

4 cm

2 Find the volumes of the following prisms.
a) atriangular prism of base 13 cm, vertical height 12 cm and length 8 cm
b) atriangular prism of base 4.2 m, vertical height 1.3 m and length 3.1 m
¢) acylinder of radius 4 m and length 18 m
d) a cylinder of radius 6 mm and length 2.5 mm
€) a prism with parallelogram cross-section of base 3 m and vertical height 4.2 m, and length 1.5 m

3 By first calculating their cross-sectional areas, find the volumes of the following prisms.

/"

a) b) ©) 2 mm d)
§ 1.2m T =

24m “25m Tom  Sem «4mm—> >Smm
4 The triangular prism shown has a volume of 936 cm’.
Find x, the length of the prism. 9 cm
X

8cm

5 The cylinder shown has a volume of 589 cm?’,
Find y, the length of the cylinder.
Give your answer correct to 1 d.p.

5cm
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6 Find the values of the missing letters in the following prisms.

a) b) )
Volume Volume @
Sm, \C 120w qI ~336m’ 4m
p 16 m 12m =20l m’
7m
Exercise 3

Use the conversion 1 litre = 1000 cm? to answer these questions.

1 A cylindrical tank of radius 28 cm and height 110 cm is half-full of water.
Find the volume of water in the tank. Give your answer in litres, correct to 1 d.p.

2 A cube-shaped box with edges of length 15 cm is filled with water from a glass.
The glass has a capacity of 0.125 litres. How many glasses of water will it take to fill the box?

0 A tank is in the shape of a cuboid of length 140 cm and width 85 cm.
It is filled with water to a depth of 65 cm. There is room for another 297.5 litres of water in the tank.
What is the height of the tank?

o 9 litres of rain falls into a cylindrical paddling pool, filling it to a depth of 3.5 cm.
Find the radius of the paddling pool.

30.3 Nets and Surface Area

Nets
A net of a 3D object is a 2D shape that can be folded to make the 3D object.

Example 1

Draw a net for the cylinder shown.
Label the net with its dimensions. Inein

1. Draw the cylinder ‘unfolded’.

) . T 1 cm ! =2xnr
2. Find the missing length, /, of the O i @ =2 xx]
rectangle — it’s equal to the l =6.28 cm (to 2 d.p)

circumference of the circle.

Exercise 1

Draw a net of each of the following objects. Label each net with its dimensions.

b) -
"0k aﬂ
__IB s
lom lcm 3cm I cm 3cm
e
) S5cm
2cm 2cm
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2 Draw a net of each of the following objects. Label each net with its dimensions.
a) acube with 2 cm edges b) a 1.5 cm x 2 cm x 2.5 cm cuboid
¢) atetrahedron with 3.5 cm edges d) a cylinder of length 4 cm and radius 2.5 cm
) aprism of length 3 cm whose cross-section is an equilateral triangle of side 2 cm
f) apyramid with square base of side 5 cm and slanted edge of length 4 cm

3 Which of the nets 4, B or C is the net of the triangular prism shown below?

A 5 B Y r; C -
Scm |dem [Jem Sem [Jem| 4 em Scem [ 4em 3em
~8 N U8
Surface Area
Find the surface area of a 3D shape by adding together the areas of all its faces.
Example 2 el
Find the surface area of the cuboid shown. Sem| |-
3 cm 8 cm
1. Find the area of each face of the shape. 2 faces of area 8 x 5 =40 cm’

2 faces of area 8 x 3 =24 cm?
2 faces of area 5 x 3 = 15 cm?

2. Add together the individual areas of each face. Total surface area is
(2 x 40) + (2 x 24) + (2 x 15) = 80 + 48 + 30

=158 cm?

Exercise 2

1 Find the surface area of the following prisms.

a) d)
g 2 S5m
Q
on
25m 4 Sm
e) :
&
: Wﬁ 7 N
g I e 7.25m
2 Find the surface area of the following prisms.
a) a cube with edges of length 5 m b) a cube with edges of length 6 mm
¢) al5mx2mx6mcuboid d) a7.5m x 0.5 m x 8 m cuboid

€) an isosceles triangular prism of height 4 m, slant edge 5m, base 6 m and length 2.5 m
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Example 3

By considering its net, find the surface area of a cylinder of radius 2 cm and length 8 cm.

1. Draw the net of the cylinder. 8 cm

2. Find the length, /, of the

2cm T =
rectangle — it’s equal to the (ol

circumference of the circle. i ! =2xmx2
l =4
3. Find the area of each face. Area of circle = 772 = 1t x 22 = 4t = 12.566 cm?
Area of rectangle = 8 x 41 = 100.531 ¢cm?
4. Add together the individual areas. Total surface area = (2 x 12.566) + 100.531

=125.7 em?® (to 1 d.p.)

Exercise 3

1 Find the surface area of the following cylinders. Give your answers correct to 2 d.p.

a) (JO b)  «8mm » © 3.5m d) 2.8m
-+
ED ij I
. g
a )
lem- \ 4 cm ™

2 Find the surface area of the cylinders with the following dimensions. Give your answers correct to 2 d.p.
a) radius =2 m, length=7m b) radius = 7.5 mm, length =2.5 mm
©) radius = 12.2 cm, length = 9.9 cm d) diameter =22.1 m, length=11.1 m

Sm

we'l

3 A cylindrical metal pipe has radius 2.2 m and length 7.1 m. The ends of the pipe are open.
a) Find the curved surface area of the outside of the pipe.
b) A system of pipes consists of 9 of the pipes described above. What area of metal is required
to build the system of pipes? Give your answer correct to 1 decimal place.

4 lan is painting all the outside surfaces of his cylindrical gas tank. The tank has radius 0.8 m and length 3 m.
1 litre of Ian’s paint will cover an area of 14 m2. To 2 decimal places, how many litres of paint will Tan need?

Exercise 4

1 The shape shown on the right is made up of a
triangular prism and a cube. The bottom face of
the prism coincides with the top face of the cube.
Find the surface area of the shape.

'12m

9 The shape on the right is
made up of two cylinders.
Find its surface area. e

2 By splitting the shape on
the right into two cuboids,
find its surface area.
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30.4 Spheres, Cones and Pyramids Pt

Spheres
—4_.3
For a sphere of radius : Surface area = 4=r? Volume 3™
Example 1

Find the exact surface area and volume of a sphere with radius 6 cm.
‘Exact’ means you should leave Surface area = 4 x 7 x 62 = 144 cm?

our answer in terms of «.
Y B Volume = % x 7 x 6 = 288w cm’®

Exercise 1

1 For each of the following, find (i) the exact surface area, and (ii) the exact volume
of the sphere with the given radius, .
a) r=5cm b) r=4cm ¢) ¥r=25m d) »=10mm e r=12m

2 Find the radius of the sphere with surface area 265.9 cm?. Give your answer correct to 1 d.p.

3 Find the radius of the sphere with volume 24 429 cm®. Give your answer correct to 1 d.p.

4 The surface area of a sphere is 2463 mm?. Find the volume of the sphere, correct to 1 d.p.
5 The volume of a sphere is 6044 m®. Find the surface area of the sphere, correct to 1 d.p.
6 The 3D object shown on the right is a hemisphere (half a sphere). 12m
a) Find the volume of the hemisphere.
b) (i) Find the area of the curved surface of the hemisphere. 12m
(ii) Hence find the total surface area of the hemisphere. =

0 The value of the surface area of a sphere (in m?) is equal to the value of the volume of the sphere (in m’).
What is the sphere’s radius?

Cones

For a cone with base radius r, perpendicular height / and slant height /:

Volume = —%-nrzh

Surface area = wrl + wr?

Example 2

Find the exact surface area and volume of the cone shown.

Surface area=(n x 3 x 5) + (w x 32) = 157w + 9«

= 247 cm?

Volume=% Xxmx3Px4=12x cm?
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Exercise 2

1 Find (i) the exact surface area, and (ii) the exact S A cone has vertical height 20 c¢m, slant height
volume of the cones with the given properties. 29 cm and volume 9236.28 cm?.
a) »=5mh=12m,/=13m a) Find the base radius of the cone, to 1 d.p.
b) r=7cm,h=24cm,/=25cm b) Find the surface area of the cone, to 1 d.p.
¢) r=15m,h=8m,/=17m
d) »=30mm, /4 =5.5mm,/=30.5mm 6 A cone of perpendicular height 4 cm is removed
from a cone of perpendicular height 16 cm and
2 a) Find the exact surface area of the cone shown. base radius 12 cm, as shown in the sketch below.

b) (i) Use Pythagoras’ theorem to find 4, the
perpendicular height of the cone.
(ii) Find the exact volume of the cone.

. . 12 cm Frustum
3 A cone has base radius 56 cm and perpendicular
height 33 cm. The 3D object which remains is a frustum.
a) Find the exact volume of the cone. a) By considering the ratio of the heights of the
b) (i) Use Pythagoras’ theorem to find the stant cones, find the base radius of the smaller cone.
height of the cone. b) Find the exact volume of the larger cone. '
(ii) Find the exact surface area of the cone. ¢) Find the exact volume of the smaller cone.

d) Hence find the exact volume of the frustum.
4 A cone has perpendicular height 6 mm and
volume 39.27 mm?, o
a) Find the base radius of the cone, to 1 d.p.
b) (i) Use your answer to part (a) to find the
slant height, /, of the cone.
(ii) Find the surface area of the cone, to 1 d.p.

Find the exact volume of the frustum shown.
5cm

~ 10 cm

Pyramids

Find the surface area of a pyramid by calculating the
area of each face and adding them together. Volume = 1y base area x height

Find the volume of a pyramid using the formula: 3
Example 3 ¥
7ecm

Find the volume of the rectangular-based pyramid shown.

Volume=%><(5 %X 3)x 7=35 ¢m®

Example 4

Find the surface area of the regular tetrahedron shown.
Give your answer correct to 3 s.1.

Area of one face =
% x 5% 5 x sin 60° = 10.825...

Sem Total surface area = 4 x 10.825...

L. Each face is an equilateral triangle of side 5 cm.
=43.3 em? (to 3 s.f)

2. Use ‘area = %ab sin C’ to find the area of each face.
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Exercise 3
1 A hexagon-based pyramid is 15 cm tall. The area of its base is 18 cm?. Calculate its volume.

2 Just to be controversial, Pharaoh Tim has decided he wants a pentagon-based pyramid.
The area of the pentagon is 27 m? and the perpendicular height of the pyramid is 12 m.
What is the volume of Tim’s pyramid?

Find the volume of a pyramid of height 10 cm with rectangular base with dimensions 4 cm X 7 cm.
Find the surface area of a regular tetrahedron of side 12 mm.

A square-based pyramid has height 11.5 cm and volume 736 cm?®. Find the side length of its base.

AN A W

The diagram on the right shows the square-based pyramid ABCDE.
The side length of the base is 96 m and the pyramid’s height is 55 m.
O is the centre of the square base, directly below E.

M is the midpoint of 4D.

a) Find the volume of the pyramid.
b) Use Pythagoras’ theorem to find the length EM.

¢) Hence find (i) the area of triangle ADE,
(ii) the surface area of the pyramid.

30.5 Rates of Flow

Rates of flow are measured as a volume per unit of time (e.g. litres per minute or cm? per second).

Example 1

Water flows into this cuboid tank at a rate of 150 cm?® per second.
How long does it take to fill the tank?

. 30 cm
1. Calculate the volume of the cuboid.

Volume of cuboid = 20 x 30 x 50 =30 000 cm?

50 cm

2. Divide volume by rate of flow to get the time taken. 20 cm
Time to fill the tank = 30 000 + 150 = 200 seconds

Exercise 1

1 Work out the average rates of flow when tanks with these volumes are completely filled in the given time:
a) Volume = 600 cm?, Time = 15 seconds b) Volume = 7200 litres, Time = 40 minutes
¢) Volume =385 m?, Time = 5 minutes d) Volume = 150 litres, Time = 8 hours

2 A stream is flowing at a rate of 3 litres per second. Convert this rate of flow into:
a) cm’ per second b) cm? per minute ¢) m? per minute
d) m? per hour e) m? per day f) litres per day

3 A fish tank is in the shape of a cuboid and has side lengths of 0.3 m, 1.2 m and 2 m.
It is being filled with water at a rate of 0.09 m’ per minute.
How long will it take to completely fill the fish tank?

4 A cube with a side length of 30 cm is filled with sand at a rate of 15 cm? per second.
How many minutes does it take to fill the cube?
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5 Water flows into a container at a rate of 90 cm? per second. It takes 8 minutes to fill the container.
What is the capacity of the container?

6 A 4.5 litre bucket is completely full of water.
It has a leak and loses 2.5 cm® of water every second.
How many minutes does it take for the bucket to completely empty?

Grain is being poured into the empty cylindrical silo shown on the right. ==

The grain is flowing at a rate of 12 m® every minute.

How long will it take to half fill the silo?
Give your answer to the nearest minute.

<20 m»

o Concrete is being poured into a spherical mould,
shown on the left, in order to make concrete balls.
Concrete is flowing into the mould at a rate of 27 litres every second.

How long does it take to completely fill the mould?

30.6 Symmetry of 3D Shapes

A plane of symmetry cuts a solid into two identical halves.

The number of planes of symmetry of a prism is always one greater than the number of lines of
symmetry of its cross-section. The only exception is a cube, which has nine planes of symmetry.

Example 1

How many planes of symmetry does an isosceles triangular prism have?

An isosceles triangle has 1 line of symmetry, so an isosceles triangular prism has 2 planes of symmetry.

Exercise 1

1 Write down the number of planes of symmetry of the prisms with the following cross-sections.
a) regular pentagon b) regular octagon ¢) scalene triangle

2 Draw the planes of symmetry of the prisms with the following cross-sections.
a) equilateral triangle b) rectangle ¢) regular hexagon

3 Draw all the planes of symmetry of a cube.

4 Draw a prism with 5 planes of symmetry.
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The number of planes of symmetry of a pyramid is equal to the number of lines of symmetry of its base.
The only exception is a regular tetrahedron, which has 6 planes of symmetry.

Example 2

How many planes of symmetry does a rectangle-based pyramid have?

A rectangle has 2 lines of symmetry, so a rectangle-based pyramid has 2 planes of symmetry.

Exercise 2

1  Write down the number of planes of symmetry of the pyramids with the following bases.
a) regular pentagon b) regular octagon

2 Draw the planes of symmetry of the pyramids with the following bases.
a) square b) regular hexagon

3 Draw all the planes of symmetry of a regular tetrahedron.

30.7 3D Shapes Problems

Exercise 1

Where appropriate, give your answers to these questions to 2 decimal places.

6 cm

Front

Front

For each of the shapes P and Q above, complete the following.

a) Draw a net of the shape.

b) Draw the plan, and front and side elevations of the shape from the directions indicated.

¢) Draw the shape on isometric paper.

d) Calculate the shape’s volume.

¢) Calculate how long it would take to fill the shape with water flowing at a rate of 2 cm® per second.
f) Calculate the shape’s surface area.

g) Write down the number of planes of symmetry of the shape.

2 A cylindrical disc has a radius of 4 cm and height of 0.5 cm. -
v

a) Find the surface area of the disc. @
b) Find the surface area of a stack of 10 discs, I 2

assuming there are no gaps between each disc. g
¢) Find the volume of the stack of 10 discs. ——
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3 Draw the following prisms on isometric paper.
a) 2cm b) \ 0 I om
2 cm 4cm 2 cm 1cm

4 cm +
2cem 4 cm 3em lcm

2 Jcem
4 cm —

4 A cube has a total surface area of 54 cm?.
a) Find the area of one face of the cube.
b) Find the length of the edges of the cube.
¢) Find the cube’s volume.

5 Beans are sold in cylindrical tins of diameter 7.4 cm and height 11 cm.
a) Find the volume of one tin. 7.4 cm

-
The tins are stored in boxes which hold 12 tins in =
three rows of 4, as shown. §I

b) Find the dimensions of the box.
¢) Find the volume of the box.
d) Calculate the volume of the box that is not taken up by tins when it is fully packed.

6 Toilet paper is sold in cylindrical rolls of diameter 12 ¢cm and height 11 cm.

The card tube at the centre of the roll is 5 cm in diameter. a

a) Find the total volume of one roll of toilet paper, including the card tube.

b) Find the volume of the card tube. Q

¢) Hence find the volume of the paper. ~
Each rectangular sheet of paper measures 11 cm x 13 cm and is 0.03 cm thick.

d) Find the volume of one sheet of paper.
¢) Hence find the number of sheets of paper in one roll, to the nearest sheet.

7 A cylinder of diameter 25 mm has volume 7854 mm?>.
a) Find the length of the cylinder to the nearest mm.
b) Find the surface area of the cylinder to the nearest mm2.

The cylinder is enclosed in a cuboid, as shown.
¢) Find the volume of the cuboid to the nearest mm?.
d) Find the volume of the empty space between the cylinder and the cuboid to the nearest mm?.

8 The diagram on the right shows the square-based pyramid
ABCDE. The pyramid’s vertical height is 12 m and its
volume is 400 m®. O is the centre of the square base,
directly below E. M is the midpoint of AD.

a) Find the side length of the square base.
b) Find the length EM.
¢) Find the surface area of the pyramid.

o A giant novelty pencil is made up of a cone, a cylinder
and a hemisphere, as shown.
a) Find the exact volume of the pencil.
b) (i) Find the cxact slant height of the cone.
(ii) Hence find the exact surface area of the pencil.
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Section 31 — Transformations

31.1 Reflections

When an object is reflected in a line, its size, shape and distance from the mirror line all stay the same.

Example 1

a) Copy the axes shown, then reflect the shape

ABCDE in the y-axis.

b) Label the image points 4, B,, C,, D, and E,

with their coordinates.

1. Reflect the shape -— one point at a time.

2. Each image point should be the same distance

from the y-axis as the original point.

3.  Write down the coordinates of each of the
image points.

Exercise 1

1 a) Copy the diagram shown, and reflect the shape in the y-axis.
b) Label the image points 4,, B, C,, D, and E, with their

coordinates.

¢) Describe a rule connecting the coordinates of 4, B, C, D and E I

and the coordinates of 4, B,, C,, D, and E .

,V A

A7, 9 || B-2ls) ;

E(-7,1)° Di-4,1)
8-7-6-54-32-10 1 234567 Xx

A

b
1(7.5) M%ﬂi&&ﬂ | 4,75
4
3
2
1

D)4, 1)

E£(=7.1) 1(7, 1)
8-7-6-54-32-10 123456 1 x

Al 6)

E(2, 4) B(6, 4)

— L B L

e e |
876543210 1234567 x

2 Copy each of the diagrams below, and reflect the shapes in the y-axis.

s
a) 10d”

L.

Gk

hin i

10 8 6 4 20 2 4 6 8 1

b) 4y

10 8 6 4 20 2 4 6 8 10

3 a) Copy each of the diagrams below, and reflect the shapes in the x-axis.

M 4

2 4|16 8 10 12 14 16 18

. EaugpEs

(i) 4
4

-
T i

T T T
24 6 81012014 16 1820

b) Describe a rule connecting the coordinates of a point and its reflection in the x-axis.
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4 The following points are reflected in the x-axis. Find the coordinates of the image points.

a) (1,2) b) (3,0) 0 (-2,4) d) 1,-3) ) (2,-2)
5 The following points are reflected in the y-axis. Find the coordinates of the image points.
a) (4,5) b) (7,2) ¢ (-1,3) d) 3,-1) e) (-4,-8)
6 Copy the diagram shown on the right. i
a) Reflect shape 4 in the line x = 2. Label the image 4. 5 ‘E‘
b) Reflect shape B in the line x =—1. Label the image B,. 6
©) Reflect shape C in the line x = 1. Label the image C,. I_lil:l ]
d) Shape B, is the reflection of shape 4 in which mirror line? i = 5]
s
108 6 4 20 2 4 6 8 10
7 Copy the diagram shown on the right. w2
a) Reflect shape 4 in the line y = 6. Label the image 4. [‘_q u @

b) Reflect shape B in the line y = 4. Label the image B,.

©) Reflect shape C in the line y = 5. Label the image C,.

d) Reflect shape D in the line y = 3. Label the image D,. | @ > ] ’Tll’:l
€) Shape C| is the reflection of shape B in which mirror line? 3

L

Example 2
Copy the diagram below, then reflect the shape in the line y = x.

X y=x, »

1. Reflect the shape one point 4 F-as 1
at a time. ] B

2. The image points should be ¥

the same distance from the s

line y = x as the originals. -

8 Copy each of the diagrams below, and reflect the shapes in the line y = x.
a) b4 T, ’_/ b) o y y ____1;,,,

12 ’ l—
2 —_—
10 // i X
+ 4 6 4 2 2 4 b In
b +" /-FHH/-I ¢
g I I 2
PJ | l'
L = #
:_j 47 —4
L
T R
3 0
L3 s
2 -
I -8
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9 The points with the following coordinates are reflected in the line y = x.
Find the coordinates of the reflections.

a) (1,2) b) 3,0 0 (2,4 d) (-1,-3) e) (2,2
10 Find the equation of the mirror line 108
for the following reflections. z
a) Shape 4 onto shape B. 7
b) Shape C onto shape A. >
4
k]
! !
. = —p
67 654320 | 23435678 09l0
2
-3 B
4 ~

-5

31.2 Rotations

When an object is rotated about a point, its size, shape and distance from the centre of rotation all stay the same.
You need three pieces of information to describe a rotation:
(i) the centre of rotation (ii) the direction of rotation (iii) the angle of rotation

(But a rotation of 180° is the same in both directions, so you don’t need the direction in that case.)

Example 1
Copy the first diagram below, then rotate the shape 90° clockwise about point P.

/

: g ;/
Pt pe PJ‘\'—"' ]
[ [T

|. Draw the shape on a 2. Rotate the tracing paper 90° 3. Draw the image in
piece of tracing paper. clockwise about P. its new position.
(Or imagine a drawing of it.) (‘About P’ means P doesn’t move.)

Exercise 1

1 Copy the diagrams below, then rotate the shapes 2 Copy the diagrams below, then rotate the shapes
180° about P. 90° clockwise about P.
a) | b) a) b)

i,) SN D -
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Rl gl 2Tol T2 14T 618 Ix

L8
Copy the diagram, then complete the following.
a) Rotate 4 90° clockwise about the origin.

b) Rotate B 270° anticlockwise about the origin.

Va

Copy the diagram, then complete the following.
a) Rotate 4 90° clockwise about (=8, 5).

b) Rotate B 90° clockwise about (1, 4).

©) Rotate C 90° clockwise about (8, —4),

d) Rotate D 180° about (-2, -5).

Example 2

Describe fully the rotation that transforms shape 4 to shape B.

:
1. The shape looks like it has been rotated clockwise by 90°. Wi |4

2. Rotate the shape 90° clockwise about different points until
you get the correct image — tracing paper will help if you 8 6 4 2 0 2 4 6 8'°x

have some.
P
3.  Write down the :
centre, direction
and angle of
rotation.

4
—
D 2
B =f =4 =2 (0 [ 2] %] 68 Ix
| L4
: \ —

Copy the diagram, then complete the following.
a) Rotate 4 180° about (-5, 6).

b) Rotate B 90° anticlockwise about (5, 9).

¢) Rotate C 180° about (-3, -5).

d) Rotate D 180° about (3, -1).

The triangle ABC has vertices A(-2, 1),

B(-2, 6) and C4, 1).

a) Draw the triangle on a pair of axes.

b) Rotate the triangle 90° clockwise about (5, 4).
Label the image 4 B,C,.

¢) Write down the coordinates of A, B,
and C|.

The triangle DEF has coordinates D(-2, -2),
E(-2, 5)and F(3, 5). DEF is rotated 180° about
(2, 0) to create the image D E|F,.
Find the coordinates of D,E and I

&

e mtl SR

= = | ) o
5 6 4 200 Z 4 6 8°x =8 6 43 07 2 4 6 8°X

So 4 is transformed to B by a rotation of 90° clockwise (or 270° anticlockwise) about the origin,

- Section 31 — Transformations



Exercise 2

1 g

a) Describe fully the rotation that transforms
shape 4 to shape B.

b) Describe fully the rotation that transforms
shape C to shape D.

2 ,]",Il
O

e
Lg|

~8
a) Describe fully the rotation that transforms
shape F to shape F.

b) Describe fully the rotation that transforms
shape G to shape H.

5 a) Describe fully the rotation that transforms
shape R to shape S.

b) Describe fully the rotation that transforms
shape R to shape T.

¢) Describe fully the rotation that transforms
shape S to shape T.

3 Ya
b
6
4
2 J

O
=
=
Lah

8 6.4 -2 (0} | 2
! 5,

i i e
K ~bO . L

i
-8
a) Describe fully the rotation that transforms
shape I to shape J.

b) Describe fully the rotation that transforms
shape K to shape L.

y
4 i
)

KA a0 31416 8 lr
iz

4

DRl

8

a) Describe fully the rotation that transforms

shape M to shape N.

b) Describe fully the rotation that transforms
shape P to shape Q.

RERRRENEES

H"

8 6 4 20 2 4 6 8

6 The triangle UVW has vertices U(1, 1), ¥(3, 5) and W(-1, 3).
The triangle XYZ has vertices X(-2, 4), Y(-6, 6) and Z(-4, 2).

a) Draw the two triangles on a pair of axes.

b) Describe fully the rotation that transforms UV to XYZ.

Section 31 — Transformations -



31.3 Translations

When an object is translated, its size and shape stay the same, but its position changes.

A translation can be described by the vector <Z> — where the shape moves g units right and b units up.

Copy the diagram below, then translate the shape by the vector

Example 1 ( ] )

8 ( g ) is a translation of O 3
[§] ol 3 {1 \“\‘_ ‘

4 | :I (i) 5 units to the right, 4 NT
3 (ii) 3 units down (which is the ) '

same as —3 units up). .
024 6 8 10 x 0" 2 4 6 8 10 x

UMDP £

Exercise 1

1 Copy the diagrams below, then translate each shape by the vector written next to it.
a) Va b) Va

N
it TR

o

oo
e
=1l =]
—

0
B I=6. =4 L2 10l 13141618 |x R l-6l-4 120l T2T2T6[8 Ix
5] =12 F
10 E e & —4
& (1) ™ 0 (4)& ™ Ii_!:l( 3)
16 (3) -1 16|
48 i

-2 - a) Copy the diagram-on the right; then -

. -10 A7, 8)
translate the triangle 4BC by the vector 1) . 8 i
Label the image 4 B,C,. 6
b) Label 4,, B, and C, with their coordinates. 4

©) Describe a rule connecting the coordinates of

: AB3,3). | €7,3)
4, B and C and the coordinates of 4, B, and C,.

(3]

8 6 4 200 2 4 6 & "x

-2
3 The triangle DEF has corners D(1, 1), E(3, -2) and F(4, 0). After the translation ( 5 ),
the image of DEF is D,E|F. Find the coordinates of D, E, and F N

4 The quadrilateral PORS has corners P, 0), 0@, 1), R(2, 3) and S(-1, 2). After the translatwn( 3),
the image of PORS is P O R S,. Find the coordinates of P, 0, R and S, 4
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Example 2 Vi
Give the vector that describes 8 |
the translation of 4 onto B. ' 4
1§
1. Count how many units horizontally B ? 3 'down
and vertically the shape has moved. “/2 s T
=}
8 6 4 20 1% 6 8 =_\'

2. Write the translation as a vector. The image is 8 units to the left and 3 units down,

-8
so the translation is described by the vector ( 3).

Exercise 2

1 ;yu 2 '1,|1\
v 8 I\ 8
E>
6 v fy
2 H R ) 2 ‘S )

5 6 4 20 2 4 6 & Xx § 6 4 2 0l 24 6 8 X
Give the vector that describes each of the Give the vector that describes each of the
following translations. following translations.
a) Aonto B b) A onto C ¢) Conto B a) PontoR b) R onto S ¢) Ponto Q
d) Conto D e) D onto 4 f) Donto B d) Sonto R e) Qonto R f) Sonto P

3 The triangle DEF has vertices D(-3, -2), E(1, 1) and F(0, 2). The triangle GHI has vertices
G(0, 2), H@, 3) and I(3, 6). Give the vector that describes the translation that maps DEF onto GHI

4 The triangle JKL has vertices J(1, 0), K(-2, 4) and L(-4, 7).
The triangle MNP has vertices M(0, 2), N(-3, 6) and P(-5, 9).

a) Give the vector that describes the translation that maps JKL onto MNP.
b) Give the vector that describes the translation that maps MNP onto JKL.

%
5 This question is about the diagram on the right. 8 @
a) Give the vector that describes the translation that maps X onto Y. f
b) Give the vector that describes the translation that maps Y onto X. 4
¢) What do you notice about your answers to a) and b)? : @
1] 2 4 6 8 X

1
6 Shape W is the image of shape Z after the translation ( )
Write as a vector the translation that maps W onto Z.

7 The triangle POR has vertices P(-1, 0), O(-4, 4) and R(3, 2). PQOR is the image of
-1
the triangle DEF after the translation < q ) Find the coordinates of D, E and F.
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31.4 Enlargements

When an object is enlarged, its shape stays the same, but its size changes.
The scale factor of an enlargement tells you how much the size changes, and the
centre of enlargement tells you where the enlargement is measured from.

Example 1

Copy the first diagram below, then enlarge the shape by
scale factor 2 with centre of enlargement (2, 2).

'hr Vi g Vi

8 8 "r" 8

6 6 6

'J

JRRREESS JEpn eERatE :

2 ' 2| | het=TT 2

0 2 4 6 8 10 x 671 4 6 8 10 x i

I.  Draw a line from (2, 2) through each vertex of the shape. 2. Join up the ends of the

All the distances are multiplied by the scale factor, so lines to create the image.

continue each line until it is twice as far away from (2, 2)
as the original vertex.

Exercise 1

1 Copy the diagrams below, then enlarge each shape by scale factor 2 with centre of enlargement (0, 0).
a) b) :

-6
-8
Tyl Va .
2 Copy the diagram on the right. | ; “ z %B
a) Enlarge 4 by scale factor 2 with centre of enlargement (-8, 9). } ; g ;
b) Enlarge B by scale factor 2 with centre of enlargement (9, 9). i * _ 4
¢) Enlarge C by scale factor 3 with centre of enlargement (9, —8). - - _ |
d) Enlarge D by scale factor 4 with centre of enlargement (-8, —8). TPt I.{;; 144451
DA - |
EESERRCEREREESC
3 The triangle POR has corners at P(1, 1), O(1, 4) and R(4, 2). -8 mn

a) Draw POR on a pair of axes.
b) Enlarge POR by scale factor 2 with centre of enlargement (-1, 1).
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Copy the diagram below, then enlarge each shape
by scale factor 2, using the centre of enlargement

marked inside the shape.

_1" h

o

[«] s
4 B

2
) W 68X

The shape WXYZ has corners at (0, 0), X(1, 3),

Y(3, 3) and Z(4, 0).

a) Draw WXYZ on a pair of axes.

b) Enlarge WXYZ by scale factor 3 with centre of
enlargement (2, 2).

Example 2

Copy the first diagram below, then enlarge the shape by scale factor % with centre of enlargement (2, 7).

Al

1.

2 4 6 B 10

>

P

The square ABCD is shown on the left. 4 B,C D, is the image of
ABCD after it has been enlarged by scale factor 2 with centre of
enlargement (0, 0).

a) Find the distance of each of the following corners from (0, 0).

4 @d)B (@GiC (v D
b) What will the distance of the following corners be from (0, 0)?
@ 4, (@ B, (i) C, (V) D,

¢) Copy the diagram. Draw a line from (0, 0) through each corner
of ABCD. Mark the points 4, B, C, and D, on these lines.
Join up the points 4, B,, C, and D, to draw 4,8, C\D,.

7 Copy the diagram below, then enlarge each shape
by scale factor 2, using the centre of enlargement
marked on the shape’s corner.

VJL

SRREER SaRSREN

g Y

HH-H

o -]

The shape KLMN has corners at K(3, 4), L(3, 6),

M(5, 6) and NG5, 5).

a) Draw KLMN on a pair of axes.

b) Enlarge KLMN by scale factor 3 with centre of
enlargement (3, 6). Label the shape KL, M|N,.

¢) Enlarge KLMN by scale factor 2 with centre of
enlargement (5, 6). Label the shape K,L,M,N,.

iy _VT
g 8

el .
0 LS T e o (5

Vot e = i
4 i l - 4 //—

L1 -

) L} B 9 -
L] > &
g3 4 6 8 10 X 2 4 6 § 10 x

An enlargement where the magnitude of the scale factor is less than 1 gives a smaller image.

2. Draw lines from (2, 7) to each corner. The image points will lie half as far from the centre of
enlargement as the original corners.
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Exercise 2

1 g Copy the diagram on the left.
: a) Enlarge 4 by scale factor % with centre of enlargement (-8, 9).
I?‘ 4 b) Enlarge B by scale factor % with centre of enlargement (0, 1).
: ¢) Enlarge C by scale factor % with centre of enlargement (-1, —8).
A t:,}_ HHEHR d) Enlarge D by scale factor % with centre of enlargement (2, 3).
14
:\ C | "HT B
6
2 Copy the diagram on the right. j
a) Enlarge 4 by scale factor %‘ with centre of enlargement (-4, 5). T (; TR
b) Enlarge B by scale factor % with centre of enlargement (7, 7). D L ("' -
¢) Enlarge C by scale factor % with centre of enlargement (6, —4). _:
d) Enlarge D by scale factor % with centre of enlargement (-3, —2). Iy

Example 3

Copy the first diagram below, then enlarge the shape by scale factor —2 with centre of enlargement (8, 7).

¥ By M
9 B 2 LI I [ N

6 -1 S e

0" 2 4 6 8 10 x (o

(=)
&
=
%0
;ﬂ‘
o
oo
=
-

2 4

1. A negative scale factor means the image will be on the opposite side of the centre
of enlax;gement to the original object, and will be ‘upside down’,

2. Draw lines from each corner through (8, 7). The image points will lie twice as far
from the centre of enlargement as the original corner, but in the opposite direction.

Exercise 3

1 Copy the diagram on the right. Va
a) Enlarge 4 by scale factor -2 with centre of enlargement (~6, 7). 4 8 %>
b) Enlarge B by scale factor -3 with centre of enlargement (7, 7). o
¢) Enlarge C by scale factor —2 with centre of enlargement (-2, —4). i
816 4 20 2.4 6 8%
BEECEEEs
L4
=6
8
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2 Copy the diagram on the right. 4
a) Enlarge 4 by scale factor —% with centre of enlargement (—4, 4). H ¥
6of /
b) Enlarge B by scale factor —% with centre of enlargement (6, 4). la B
¢) Enlarge C by scale factor ~% with centre of enlargement (4, —4). 3
R 5 A 20 2] Al 618X
19
1y
-6 |
:
Example 4
Describe the enlargement that maps shape X onto shape Y.
1. Pick any side of the shape, and see how 109
many times bigger this side is on the image 8 :
than the original. This is the scale factor. 0 é: I 2
4
2. Draw a line from each corner on the image N '
through the corresponding corner on the 0 .
original shape. The point where these 02 4 6 8 10 x

lines meet is the centre of enlargement.
An enlargement by scale factor 2, centre (11, 10).

Exercise 4

1 For each of the following, describe the enlargement that maps shape A4 onto shape B.

a) b) 9 y

6 [ 6 6 '

B B\

4 4 4

2 2 2

0" 2 4 6 8 10 x 00 2 4 6 8 10 x 0 X

e For each of the following, describe the enlargement that maps shape 4 onto shape B.

a) y y b) y c) Y

8 B 8 8 E;I B

6 6 6 -

™
4 4 4 N
2 2 A
00 2 4 6 8 10 x 0 2 4 6 8 10 x 0 2 4 6 8 10 x
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31.5 Combinations of Transformations

Example 1

Draw triangle ABC, which has its vertices at 4(2, 2), B(6, 5) and C(6, 2).
a) Rotate ABC 180° about the point (1, 1), then translate the image by | 2). Label the image 4 B,C,.

b) Find a single rotation that transforms triangle ABC onto the image 4 B C,.

-

s
B -
B

a) i Y

e S %

pe

b

(SR -
=

b

-6 A7 46 T 5.4 12 .01 12 1416 %
L3 & AL
A,
L4 14|
—f B'. 6
Rotate ABC 180° )
about (1, 1)... . then translate by { ).

Exercise 1
1 Copy the diagram below.

&V

/
XA
b) 6 R

A rotation of 180° about the
origin maps ABC onto 4, B, C,.

12 a) (i) Rotate shape P 180° about (4, 5).

10 (ii) Translate the image by (;) Label the final image P,.
8 b) Rotate shape P 180° about (5, 6). Label the final image P,.
6 == ¢) (i) Rotate shape QO 180° about (4, 5).

%
2 0 2 4 6 8 10 and about images O, and Q,?

2 Triangle ABC has its corners at A(2, 1), B(6, 4) and C(6, 1).
a) Draw triangle 4BC on a pair of axes, where both the x- and y-axes are
b) Reflect ABC in the y-axis. Label the image 4,8 C,.
¢) Reflect the image 4 B C, in the x-axis. Label the image 4. B,C

=171 272772

4 \ (i) Translate the image by @) Label the final image Q.
‘P
2 < Q > d) Rotate shape Q 180° about (5, 6). Label the final image Q,.

€) What do you notice about images P and P,

labelled from —6 to 6.

d) Find a single rotation that transforms triangle ABC onto the image 4,B,C,.

3 Draw triangle POR with corners at P(2, 3), Q(4, 3) and R4, 4).

a) Rotate POR 90° clockwise about the point (2, 3). Label the image P,Q R,.

b) Translate P Q R, by (_1 5>. Label the new image P,Q,R,.

¢) Describe a single transformation that maps triangle POR onto the image P,0,R,.
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10

Triangle WXY has its corners at W(-5, —5), X(-4, -2) and Y(-2, -4).

a) Draw triangle XY on a pair of axes, where both the x- and y-axes are labelled from —6 to 6.
b) Reflect WXY in the line y =x. Label the image W X Y,.

¢) Reflect the image W XY, in the y-axis. Label the image W, X,Y,.

d) Find a single transformation that maps WXY onto the image W X,Y,.

Copy the diagram on the right.

a) Reflect triangle DEF in the line x = 5. Label the image D E F,. 4

b) Reflect the image D,E,F, in the line x = 3. Label the image D E,F,. 1 )q
¢) Find a single transformation that maps DEF onto D,E,F,.

36 4 20 2 4 6 X
Copy the diagram on the right. ¥
).

a) Translate shape ABCDE by <7 1>. Label the image 4 B C D E,. 6 )
b) Enlarge the image 4,B,C,D E, by scale factor 2 with centre of 4B 4]”

enlargement (2, 1). Label the image 4,B,C,D,E,. 2l AT TR
¢) Find a single transformation that maps ABCDE onto A,B,C,D,E.. S 4 2 0 2 46 e
Shape WXYZ has its corners at W(-6, 2), X(-3, 3), Y(-2, 6) and Z(-2, 2).

a) Draw WXYZ on a pair of axes, where both the x- and y-axes are labelled from —6 to 6.
b) Reflect WXYZ in the y-axis. Label the image W XY Z,.

¢) Rotate the image W, X,Y,Z, 90° clockwise about (0, 0). Label the image W,X,Y,Z,.
d) Find a single transformation that maps WXYZ onto the image W,X,Y,Z,.

By considering triangle XYZ with corners at X(2, 2), Y(4, 4) and Z(6, 2), find the single transformation
equivalent to a reflection in the line y = 2, followed by a reflection in the line x = 2.

By considering triangle STU with corners at S(1, 1), 7(3, 1) and U(1, 2), find the single
transformation equivalent to a rotation of 180° about the origin, followed by a translation by <2>

Copy the diagram on the right. Va

a) Rotate triangle ABC 180° about (0, 0). Label the image 4,B C,.

b) Enlarge the image 4, B,C, by scale factor % with centre of
enlargement (0, 0). Label the image 4,8,C,.

¢) Find a single transformation that maps triangle ABC onto the Bip4 20 2476
image 4,B,C,. T2

L4
6

D By considering shape PORS with corners at P2, -2), 04, ~2), R(S, -5) and S(2, ~4),

find the single transformation equivalent to a rotation of 90° anticlockwise
about (2, -2), followed by a reflection in the y-axis, followed by a translation by <4>
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31.6 Matrix Transformations

Shapes on a grid can be represented by a matrix.
Each column of the matrix gives the coordinates of a point.

E.g. shape A is given by the matrix G ; g 15>
Transformations can also be given by matrices —

multiplying the transformation matrix and the shape
matrix gives a matrix which represents the image.

Example 1

The shape A G ‘31 g f) is transformed by the matrix M < é ?)

Find the matrix representing the transformed shape B, draw shapes A and B
on the same grid and describe the transformation given by M.

1. Multiply the transformation MA =B: ‘3‘
matrix and shape matrix to find 5 A

the matrix of the image. < 1 0>(1 36 6> ( 1 3 6 6) 1

0

0 -1N1 431/ \1-4-3_1

2. Plot the coordinates from this
matrix to draw the image.

I 234567 8%

] ] So matrix M represents a -2 B
3. Use your diagram to describe o ; )
[ reflection in the x-axis.
the transformation. -4

Exercise 1

1 Give the matrices that represent shapes 3 P ( é 21 ;) is transformed by matrix R <? _(D
A, B, C and D, shown below.
i a) Find the matrix of the transformed shape Q.
5 b) Draw the shapes P and Q.
‘J ¢) Describe the transformation given by R.
‘A B
-5 -4 -3-2 :J T2 34 5% 4 C <2 4 4) is transformed by matrix E <% 0 )
s 442 0o
: i /_[T a) Draw the shape C and the transformed shape D.
4 b) Describe the transformation given by E.
Lz
2 A G 11 Z 13> is transformed by matrix E ((2) (2)> 5V <_1 21 i g) is transformed by matrix R <_(i é)
a) Find B, the matrix of the transformed shape. a) Find the matrix of the transformed shape W.
b) Draw the shapes A and B. b) Draw V and W.
¢) Describe the transformation given by E. ¢) Describe the transformation R.
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Example 2

Find the transformation matrix, M, that maps shape A onto shape B, as shown.

—_ W R0 =

.
0T 2345678 x

1. Write down mat.rices A and B. 1331 2662
The corresponding columns of the A B
f 1133 2266
two matrices must represent the
corresponding vertices of the two shapes. MA =Bt 0123 456«
y ) a b\[1331 2662
2. Multiplying the transformation matrix cdhMi133/7\2266
by the original shape matrix gives the
matrix of the image. a+b 3a+b 3a+3b a+3b\ (2662
c+d 3c+d 3c+3d c +3d 2266
3. Put the corresponding entries equal Ja+b=6 Ic+d=2
to each other and solve the equations — g+b=2 — c4+d=2
simultaneously to find the unknowns, 2a=4 2¢=0
a=2andb=0 c=0and d=2
20
M=
So ( 0 2)
Exercise 2
1 For each of the following, find the transformation matrix that maps A onto B.
a) Va b) Va )
8 4 | 8
7 3 i 4 7
6 & 6
5 ! 5
B . A L
: f P32 Pl 234506 ‘;
2 _ 2t 2
1 1
FSA 32T 0T 23456 0T 234567 8°%
d) Ya e) f) E:in
RSN |
3 7
| 6
| Ly 5 B
--r|—5432|_l|_||13-4507t 4
2| « 3
| \ B / :
P 1) 1
65 43-2-101 23456 T T 5 TS T >
2) ‘-;h h) -;'JL i) VA
4
8 7
7 [ ;
6 5 I
5 4 .
) 5 S5 A2 [T 23 856
| @ z
2 | . 3
1 §SAII T 0T 2345 6% ~4
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Example 3

! . 1133\, 1 0 2 0\.
Shape A, given by the matrix A 122 1)8 transformed by M 0 _1 then by E 02 into shape B.
Draw shapes A and B.

1. Put the matrices in the right order. The first )
: 2 0\f1 0\/1133) 4
transformation goes to the left of A, and the B = 0200 —1hi 221 3
second to the lett of that. So EMA = B. ? Al
2. Multiply the matrices to find B. i (2 0 (1 13 3) 7‘: T2 3435067 8%
(You could find MA first, and multiply the 0271221 | i
result by E, but here it’s easier to find EM 22 6 6 -3 [ B
. . - 4 L
first, then multiply by A.) (_2 4 -4 _2> 5
3. Use matrices A and B to draw the shapes.
Exercise 3
1 For each of the following, (i) find the matrix B, and (ii) draw shapes A and B.
a) Shape A G i 2) is transformed by the matrix L (_(i é), then by the matrix M é 0 into shape B.

o)
b) Shape A <8 ; g) is transformed by the matrix L <§ g), then by the matrix M <¥é ?) into shape B.

2 Shape A, shown here, is transformed by the matrix P < é ?) to give shape B. Ja

21
B is then transformed by Q <3 O> to give shape C. ! ‘\—l |
03 N TZ3a 567 7 0%
a) Copy the diagram shown and draw shape B. :21
b) Draw shape C. -3
¢) (i) Find the matrix R that maps A directly onto C. j
(i) Describe the two consecutive transformations that R represents. 6
. . -10 . A
3 Shape A, shown, is transformed by the matrix X 01 to give shape B. 9
| 0 H
B is then transformed by Y ((f V) to give shape C. :!
3 3
a) Copy the diagram shown and draw shape B. ;
b) Draw shape C. 3
¢) (i) Find the matrix Z that maps A directly onto C. El
(ii) Describe the two consecutive transformations that Z represents. S M T . 4
4 Shape A ( 21 i j T) is transformed by the matrix M < é _?), then by matrix N <—é ?) into shape C,

a) Draw shapes A and C.
b) Find the matrix, L, that maps shape A directly onto shape C.
©) Describe the single transformation that matrix L represents.

e a) Find the matrix, T, that maps shape A onto shape B, shown.
b) Find the matrix, U, that maps shape B onto shape C.
¢) Hence find the matrix, V, that maps shape A directly onto shape C.
d) Describe the two consecutive transformations that V represents. s o B R o o
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Section 32 — Congruence and Similarity

32.1 Congruence and Similarity

Congruent shapes are exactly the same shape and size. The images of rotated and reflected shapes
are congruent to the original shapes.

Similar shapes are exactly the same shape but different sizes. Similar shapes can be in different orientations.
The image of a shape after it has been enlarged is similar to the original shape.

Congruent Triangles

Two triangles are congruent if they satisfy any of the following ‘congruence conditions’.

b
a a c ¢ é
0\ “
b b b

Side, Angle, Side: Side, Side, Side:
Two sides and the angle between on one The three sides on one triangle
triangle are the same as two sides and are the same as the three
the angle between on the other triangle. sides on the other triangle.
\ b a
a ' . h
A A h
Angle, Angle, Side: Right angle, Hypotenuse, Side:
Two angles and a side on one triangle Both triangles have a right angle,
are the same as two angles and the both triangles have the same hypotenuse
corresponding side on the other triangle, and one other side is the same.
Example 1 e
Are these two triangles congruent? 2 cm: io 120° 2 em
Give a reason for your answer. j20 T
m

Two of the sides and the angle between them are the same on both triangles.
So the triangles are congruent.

Exercise 1

1 The following pairs of triangles are congruent. Find the value of the angles and sides marked with letters.

b)
e >
74° 10 cm
a d S5cm h
74° £
S/ & cm
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2 For each of the following, decide whether the two triangles are congruent.
In each case explain either how you know they are congruent, or why they must not be.

b)
4cm .~ 50° 4 cm
4 ecm™,_50°. 4 cm
V) d
5/80° L
s
e) 3 & 5 f)
"'bo‘? & > cbj
4 cm 4 cm
g h)
29 cm
29 cm
10.cm 26 cm 10 cm
21 cm
Exercise 2
Show that the two triangles below are congruent. 3 ABCDE is aregular pentagon. Prove that

triangles ABC and CDE are congruent.
‘: 4em _/_ j

2 ABCD is a parallelogram. Prove that
triangles ABC and ADC are congruent.

Similar Triangles

4 ABCD is akite and O is the :‘ i
point where the diagonals ) B
of the kite intersect. 0

Prove that BOC and DOC
are congruent triangles.

Two triangles are similar if they satisfy any one of the following conditions.

If two triangles are similar, then all of the conditions are true.

'
a c A
i
£ N\ h 37

' All the angles on one All the sides on one triangle are in
triangle are the same as the the same ratio as the corresponding
angles on the other triangle. sides on the other triangle.

- Section 32 — Congruence and Similarity

2a

b 2h

Two sides on one triangle are in the
same ratio as the corresponding sides
on the other triangle, and the angle
between is the same on both triangles.



Example 2

Are these two triangles similar?
Give a reason for your answer.

All the angles in one triangle are the same as the angles in the other triangle.
So the triangles are similar.

Exercise 3

1 For each of the following, decide whether the two triangles are similar.
In cach case explain either how you know they are similar, or why they must not be.

b
a) 5 38" 7 ) ‘;1;\'\ 4 ¢ 6 @‘/’ 6(‘,’}3
i
8;‘/ 8 cm

12 cm

9 cm 3cm
Exercise 4
1 Show that triangles A and B are similar. 3 ABC s an isosceles triangle.
24 cm B
13 cm
12 cm 10 cm
D E
2 ABCD is an isosceles trapezium.
A C

a) Prove that triangles 4BC and DBE are similar.
b) Find another pair of triangles that are similar
but not congruent. Explain your answer.

Prove that triangles BEC and AED are similar.

Example 3 B A
Triangles ABC and DEF are similar. 1o & Eoy
Find the lengths DE and DF. A 0 om C o 7
1. The side lengths of the triangles are in the EF=2BC

same ratio from one triangle to the other. So DE=24B=2x7=14cm
2. Use this ratio to find the missing side lengths. and DF=24C=2x9=18 cm
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Example 4 0

Triangles POR and UVW are {10°
similar. Find angle x.
p 30°

R U
1. Use properties of similar triangles to find x = angle ORP, as corresponding
the corresponding angle in PQR. angles in similar triangles are equal.
2. Calculate the size of this angle. Angle ORP = 180° — 110° — 30° = 40°
So x=40°

Exercise 5

Y
1 Triangles POR and XYZ are similar. 0
a) Find the ratio of the length XV i
to the length PQ. 4m 3m
b) Find the length YZ. p 35° r g A3 7

2 The diagram shows two similar triangles, 4BC and 4DE. /-’// 4 X,
a) Find the ratio of the length 4B to the length AD. & S P
b) Find the length AE.
¢) Find the length BC. »
D E
12m
3 The diagram below shows two similar triangles, 5 The diagram below shows two similar triangles,
QRU and QST. Find the following lengths. STW and SUV. Find the following lengths.
a) ST b) OT o UT a)Tw b) SU ¢) TU
v
~ 8
< -
N R
"""(; o
T
4 The diagram below shows two similar triangles,
JKN and JLM. Find the following lengths. /\\ e 25257

a) JL b) JN ¢) NM K \\\l@/
1) ")qn
B { 25

K

g
i) | |
d N M \\7//
35°

<+«—15cm—— »

7 The triangles shown below are similar. Find z.

u 71
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32.2 Areas of Similar Shapes

For two similar shapes, where one has sides that are twice as long as the sides of the other,

the area of the larger shape will be four times (i.e. 22 times) the area of the smaller shape.

In general, for an enlargement of scale factor n, the area of
the larger shape will be r? times the area of the smaller shape.

If the ratio of sides is @ : b, the ratio of the areas is a?: 2.

Example 1

Triangles A and B are similar. The area of triangle A is

Area=np x nq
- nq
q| Area=pq = n’pq

p ]’[p

10 cm? and the

area of triangle B is 250 cm?. What is the scale factor of enlargement?

B
250 cm?
Not to scale

Exercise 1

1 Work out the area of the square 4
formed when square A is A
enlarged by a scale factor of 4.

10 cm
2 Triangles A and B are similar.

Calculate the area of B.
o Not to scale 5
A \‘\\ “ B
5 cm? \ﬁ .
) 9 cm

3cm

3 The shapes below are similar. Work out the base 6
length of shape Q.

Not to scale
/;\ 0

\ 25 cm? / 400 cm?

4 cm

Exercise 2
1 Squares A and B have side lengths given by the
ratio 2:3. Square A has sides of length 8 cm.
a) Find the side length of B.
b) Find the area of B.
¢) Find the ratio of the area of A to the area of B.

2 The ratio of the areas of two similar shapes is
2.25:6.25. Find the ratios of their side lengths.

250 = 10n?
son?=250~+10=25
n=>5

The scale factor is 5.

The rectangles below are similar.
Calculate the area of shape A.

Not to scale

B

2em| A 125cm?  |° ™

A triangle has perimeter 12 cm and area 6 cm?.
It is enlarged by a scale factor of 3 to produce a
similar triangle. What is the perimeter and area
of the new triangle?

Find the dimensions of rectangle B, given that
the rectangles are similar.

Not to scale
A
3cm B
15 em? J 540 ¢m?
5cm

The ratio of the sides of two similar shapes is 4:5.
The area of the smaller shape is 20 cm?.
Find the area of the larger shape.

Stuart is drawing a scale model of his workshop.
He uses a scale of 1 cm: 50 cm.

The area of the bench on his drawing is 3 cm?.
What is the area of his bench in real life?
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Example 2

Shapes A and B on the right are similar.
Find the surface area of shape B.

1. Find the surface area of A.

2. Compare corresponding side lengths
to find the scale factor of enlargement.

3. Use these to find the surface area of B.

Exercise 3

1 A and B are similar prisms. B has a surface arca

of 1440 in?. Calculate the surface area of A.

6 in f2 in

A sphere has surface area 400w mm?,
What is the surface area of a similar sphere
with a diameter three times as large?

The 3D solid P has a surface area of 60 cm2.

Q, a similar 3D solid, has a surface area of

1500 cm?. If one side of shape P measures 3 cm,
how long is the corresponding side of shape Q?

2 cm

The rules about enlargements and areas of 2D shapes also apply to surface areas of 3D shapes.

4 cm

10 cm
Surface area of A =2[(2 x 4) + (4 x 10) + (2 x 10)]
=2(8+40+20)=136 cm?
10 cm = 4 cm = 2.5, so the scale factor is 2.5
Surface area of B =136 x 2.52 = 136 x 6.25 = 850 em?

4 Cylinder A has surface area 637 cm?.
Find the surface area of the similar cylinder B.

2cm

5 The vertical height of pyramid A is 5 cm.
Find the vertical height of similar pyramid B.

Surface area =32 cm?  Surface area = 72 cm?

6 Similar shapes P, Q and R have surface areas in
the ratio 4:9:12.25. Find the ratio of their sides.

32.3 Volumes of Similar Shapes

For two similar 3D shapes, when the side lengths are

doubled, the volume is multiplied by a factor of 8 (= 2%).

In general, if the sides increase by a scale factor of a,

the volume increases by a scale factor of n°.

For two similar shapes with sides in the ratio a : b,

their volumes will be in the ratio a3 : b3,

Example 1

Triangular prisms A and B are similar.
Find the volume of B.

15+ 5 =3, so B is 3 times bigger than A.

Volume of B = 3* x volume of A
=27 x 80 = 2160 cm?
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Volume = 80 cm?

nx

Volume = nx X ny X nz
=nlyyz

Scm




Exercise 1

1 Rectangular prisms A and B are similar.
Find the dimensions of B.

A

-~

2em| L Aeeeefes
- S5cm

3cm

Volume = 30 cm’? Volume = 1920 cm?

2 A 3D solid of volume 18 m? is enlarged by scale
factor 5. What is the volume of the new solid?

3 A and B are similar. Find the volume of A.

3m

Volume = 84 ¢cm?

4 A cube has sides of length 3 cm.
Find the side length of a similar cube whose
volume is 3.375 times as big.

5 Cone A below has a volume of 601 cm?.

Find the volume of cone B, given that the shapes

are similar.

A/ B
15 cm
6 cm X
& HEES

10

Two similar solids have side lengths in the

ratio 2: 5.

a) What is the ratio of their volumes?

b) The smaller shape has a volume of 100 mm?®.
What is the volume of the larger shape?

A pyramid has volume 32 cm® and vertical height
8 cm. A similar pyramid has volume 16 384 cm’.
What is its vertical height?

Two similar solids have volumes of 20 m* and
1280 m®. James says that the sides of the larger
solid are 4 times as long as the sides of the smaller
solid. Claire says that the sides are 8 times longer.
Who is correct?

The radius of the planet Uranus is approximately
4 times the size of the radius of Earth. What does
this tell you about the volumes of these planets?

The rectangular prisms below are similar.
Calculate the volume of shape A.

—

ek et

Volume =
3600 cm?

12 cm

32.4 Congruence and Similarity Problems

Exercise 1

1 For each of the following, decide whether the two triangles are congruent, similar or neither.

In each case, explain your answer,

a)
2 cm
AN

Jem T\

2 cm 105°

\
)
3cm

©)
3
. 105°
30° 457 30°

2 cm

b)

d)

|l cm
3om
6cm 4 cm
9cm
38°
40°
112° 38°
9cm
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JKN and JLM are two similar triangles.
a) Find length KN. _xL
b) Find length KL.

e 18 em—»<9 cm>

ABC and ADE are two similar triangles.
a) Find length BC.
b) Find angle ACB.

The triangles shown are similar. Find y.

/ N\KK 3%~
S x\\ e

AV 3207

The square-based pyramid A, below, has surface
area 132 cm? and volume 120 cm’.

6 cm

a) Find the surface area of the similar pyramid B.
b) Find the volume of B.

Two similar solids have side lengths in the ratio 3:5.

a) Find the ratios of their surface areas.
b) Find the ratios of their volumes.

Josephine is making cakes. One cake is
cylindrical, with diameter 16 cm and height 6 cm.
The other cake is a similar cylinder, and the area
of the top of this cake is 1600w cm?. Calculate the
diameter and volume of the larger cake.

A and B are similar rectangular prism-shaped tins,

Find the volume of B.
A i /".‘ B 1

4 in

6in

Volume
=384 in?
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10 m E

9

10

11

12

13

14

15

The cross-section of a hexagonal prism has an area
of 18 cm?. A similar prism has a cross-sectional
area of 162 cm?. If the volume of the first prism is
270 cm’®, what is the volume of the second prism?

Two similar solids have surface areas in the ratio
49:81. Find the ratios of?
a) their side lengths b) their volumes
Spherical balls of bird food come in two different
sizes: one with radius 3 cm and one with radius

6 cm. The larger ball costs twice as much as the
smaller ball. Is this better value for money?

Vicky has two similar jewellery boxes in the
shape of rectangular prisms shown below.

The larger box has a volume of 1620 in? and the
smaller box has a volume of 60 in’.

Find the dimensions of the smaller box.

12 in

15in

A solid has surface area 22 cm? and volume 18 cm?.
A similar solid has sides that are 1.5 times as long.
a) Calculate its surface area.

b) Calculate its volume.

Mike has an unfortunate habit of falling down
wells. The well he usually falls down has a
volume of 1.257 m’. His friends need a ladder
that’s at least 5 m long to rescue him. One day he
falls down a similar well with a volume of 107 m?,
How long does the ladder need to be this time?

4 i

=5 m

An octagonal prism has a surface area of 50 mm?
and a volume of 88 mm®. Another octagonal prism
has a surface area of 450 mm? and a volume of
792 mm?. Are these two shapes similar?

Explain your answer.



Section 33 — Collecting Data

To test a hypothesis, you need to first decide what data you need to collect and how you’re going to get it.
Once you’ve collected your data, you need to process and interpret your results.

This often allows you to improve your hypothesis, which you may Plan what data
then want to test by collecting, processing and interpreting more data. /' to collect
This is known as the data-handling cycle.

Interpret Collect
. . . . thy d t the data
Primary data is data you collect yourself, c.g. by doing a survey or experiment. N /
. P
Secondary data is data that has been collected by someone else. th?z:::

You can get secondary data from things like newspapers or the internet.

Example 1

Jon wants to test whether a six-sided dice has an equal chance of landing on each of its sides.
Explain how he could collect data for the test. Will his data be primary or secondary data?

1. Jon needs to do an experiment. He could roll the dice lots of times and record how
many times it lands on each side using a tally chart.

2. He collects the data himself, so... His data will be primary data.

Exercise 1

For each investigation below: a) Describe what data is needed and give a suitable method for collecting it.
b) Say whether the data will be primary or secondary data.

Nikita wants to know what the girls in her class think about school dinners.
Dan wants to find the most common colour of car passing his house in a 30-minute interval.
Anne wants to compare the daily rainfall in London and Manchester last August.

Rohan wants to test his theory that the boys in his class can throw a ball further than the girls.

N A W N e

Jim wants to find out how the temperature in his garden at 10 a.m. each morning compares with the
temperature recorded by the Met Office for his local area.

Discrete and Continuous Data

Data can be qualitative (in the form of words) or quantitative (numbers).

Quantitative data can be discrete or continuous. Discrete data can only take certain values.
Continuous data can take any value in a range — it’s always measured, e.g. the height or weight of something.

Example 2

Say whether the following data is qualitative, discrete quantitative or continuous quantitative.

a) The hometowns of 100 people.
This data is in the form of words, so... It’s qualitative data.

b) The weights of the bags of potatoes on sale in a greengrocer’s.
This data is numerical and isn’t restricted to certain specific values. It’s continuous quantitative data.
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Exercise 2

1 Say whether the following data is qualitative, discrete quantitative or continuous quantitative.

a) The number of words in your favourite song. b) The time it takes Matt to walk to school.
¢) Your favourite food. d) The nationalities of the people in a park.
¢) The numbers of pets in 20 households. f) The lengths of 30 worms.

g) The sizes of the crowds al 10 rugby maltches. h) The distances of planets from the Sun.
i) The heights of 100 tomato plants. i) The hair colours of 50 people.

2 Gemma thinks there is a link between the average number of chocolate bars eaten each
week by pupils in her class and how fast they can run 100 metres.

a
a) Describe two sets of data Gemma should collect to investigate this link. “

b) Describe suitable methods for collecting the data.
¢) Say whether each set of data is qualitative, discrete quantitative or continuous quantitative,

d) Say whether each set of data is primary data or secondary data.

e Blair wants to find out what 12 people think about his favourite TV show, ‘The One Direction is Cumbria’.

He first asks 6 people, “How much do you like ‘The One Direction
is Cumbria’?”, and notes down their responses. He then asks

another 6 people the same question, and asks them to give their ‘OMG, I love it! Cuthbert’s so hot!’
response as a mark out of 10. His results are shown on the right.

‘It’s alright.’ ‘It’s brilliant!’

‘It’s really annoying, I hate it.’
a) (i) Does his first set of results consist of qualitative,

discrete quantitative or continuous quantitative data? I'shouldn’t like it, but I do.

(ii) Does his second set of results consist of qualitative, ‘I liked the first episode, but after
discrete quantitative or continuous quantitative data? that it all just seemed really fake.
b) Suggest one advantage and one disadvantage of collecting I don’t like it any more.”

qualitative data instead of quantitative data.
2 4 10 8 7

33.2 Data-Collection Sheets and Questionnaires

Data-Collection Sheets

Tally charts are a really useful way of recording data. If there’s a large range of data values, you need
to group them into classes. If two variables are being recorded, you can use a two-way table.

Example 1

An assault course is designed to take about 10 minutes to complete.
Design a tally chart that could be used to record the times taken by 100 people.

1. The data is continuous, so write Time (f mins) Tally Frequency

the classes using inequalities.=— 0<t<5

S5<t<10

2. Make sure there are no gaps between = P50

classes and that classes don’t overlap. 15<£<20

20<¢

3. Leave the last class open-ended to make c=== _

sure all possible times are covered. Tally column with plenty of Frequency column for

space to record the marks adding up the tally marks
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2

Exercise 1

Design a tally chart that could be used to record the answers to each of these questions.

a) How many siblings do you have? b) What transport do you use to get to work?
¢) What’s your favourite type of fruit? d) How many days were there in the month you were born?

Here are the ages of 48 guests at a christening. " - 19 - - 9
a) Copy and complete this grouped frequency table, 30 36
using groups of 10 years for the rest of the table. 54 54 4 32 36 39 26 27

lAg_e (years) | Tally IFrequency| I 3 2t o0 Eh e ? 1
[ |

19 | | 23 45 41 48 23 32 39 43
110-19 | | | s4 5 77 61 6 18 39 47
‘ 20-29 | | ! (2 56 1 2 80 21 48 54

b) Use your table to find which of these age groups is the most common.

Give two things that are wrong with each of these tally charts, and design an improved version of each.

a) Chart for recording the number of times people b) Chart for recording the number of people
went to the cinema last year. watching a band play at each venue on their
tour (max. venue capacity = 25 000).
No. of cinema trips Tally Frequency
1-10 No. of people Tally Frequency
10 - 20 05000
20 -30 6000 — 10 000
30 - 40 11 000 — 15 000
40 or more 16 000 — 20 000
¢) Chart for recording the length of time people d) Chart for recording weights of pumpkins.
can hop on one leg for.
Weight (w kg) Tally Frequency
Time (¢ mins) Tally Frequency w<3
t<5 J<w<35
t25 35<w<4

Write down five classes that could form a tally chart for recording each set of data below.

a) The number of quiz questions, out of a total of 20, answered correctly by some quiz teams.
b) The weights of 30 bags of apples, where each bag should weigh roughly 200 g.
¢) The volumes of tea in 50 cups of tea as they’re served in a cafe. Each cup can hold 300 ml.

A mathematics test is marked out of 100.
The marks for 50 students are in the box on the right. |20 90 64 35 44 62 29 30 68 69
73 88 80 45 55 61 39 29 47 91
38 65 66 42 81 92 99 33 81 388
45 56 65 65 78 91 95 36 56 27
65 98 39 79 81 82 31 31 98 92

a) Draw and complete a grouped frequency table
to show the students’ marks. Split the data into
groups of 10 marks, starting with the group 20-29’.

b) The pass mark for this test was 60 out of 100.
Use your table to say how many students passed the test.

¢) Could you use your table to find out how many students would have passed the
test if the pass mark had been reduced to 55 out of 100? Explain your answer.
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6 Design a tally chart that could be used to record the following data.
a) The numbers of pairs of socks owned by 50 students.
b) The hand spans of 20 people.
¢) The distances that 30 people travel to get to work and back each day.

Two-Way Tables

Example 2

Raymond is investigating how fast the players at a tennis club can serve.
He’s interested in whether being right-handed or left-handed has any effect on average speed.

Design a two-way table he could use to record the data he needs.

One variable goes down the side and the other goes across the top \ Use inequalities for
Z | _~“continuous data
/ Serve average speed (s mph) 1 r
5 4 Make sure there
Ji s<;4_() 40<5<50| 50<5<60 | 60<s<70 70<s are N0 gaps
Right-handéqd . l Andhclasees
Lefthanded | /7~ K don’t overlap
Rows and columns should cover every possible answer Space for tally marks

Exercise 2

1 This table has been designed to record the hair colour

Age in whole years

. 0 15[15-30]30-45]45-60 | 60-75 | 75 or older
and age (in whole years) of 100 adults. —
a) Give three criticisms of the table. Light brown
Dark brown

b) Design an improved version of the table.

2 For each of the following, design a two-way table that could be used to record the data described.
a) The type of music adults and children prefer listening to out of pop, classical and rock.
b) The average length of time spent doing homework each evening by pupils in each of the school years 7-11.
Assume no one spends more than an average of 4 hours an evening on homework.
3 For each investigation below, design a two-way table for recording the data.

a) Hoi Wan is going to ask 50 adults if they prefer cats or dogs.
She wants to find out if it’s true that men prefer dogs and women prefer cats.

b) Nathan wants to find out whether children watch more TV on average each day than adults.
¢) Chloe is going to ask people how tall they are and how many portions of fruit they eat on average cach week.

Exercise 3 — Mixed Exercise
For each investigation below, design a data-collection sheet to record the data.

1 Camilla plans to count the number of people in each of 50 cars driving into a car park.

2 Theo is going to ask 100 people to rate his new hairstyle from 1 to 5.
He’s interested in whether children give him higher scores than aduits.

3 Greg is investigating how much pocket money everyone in his class gets.

4 Simran wants to test her theory that people who play a lot of sport don’t watch much TV.
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Questionnaires

Questionnaires need to be easy to use — e.g. the questions should be clear and easy
to answer accurately. It’s also important to design the questions so that the answers
will be easy to analyse and will give relevant and unbiased information.

Example 3 The following questions are from a questionnaire. Criticise each question.

a) | How many hours of TV do you watch? 0-1 |:| 1-2 D 2-3 D 3-4 I:IJ

1. Look at how easy the questions are to answer.

The question is hard to answer because you’ve not been given a specific time span.

2. Look closely at the tick boxes.

The tick boxes overlap, e.g. if you watch 1 hour of TV, you don’t know whether to tick
the first or second box. And the boxes don’t cover all possible options.

b) {How old are you? J

Think about the people answering the question.
This is a sensitive question, so it would be better to have a range of options to tick.

) | Do you agree that it’s important to watch the news?J

Think about whether the question is fair or biased.

This is a leading question.
It encourages people to give a certain opinion, so the results might be biased.

Exercise 4

1 Here are questions from Amber and Jay’s questionnaires about how much sport people play.
Say whose question is better and give two reasons why.

Amber: How much sport do you play?

Jay: How many times a week do you play sport on average? Tick one box.

None D Once D Twice D Three I:I More than three |:|

__—_—___________—-—_______________,_____—'—-—_.____————_‘_-_

2 Write an improved version of each question below.
a) How much time do you spend reading each week on average?
0-1 hours D 1-2 hours D 2 to 3 hours D 3 to 4 hours D 4 or more hours D

b) What’s your favourite type of TV programme? Tick one box.

Comedy D Soap |:| Reality D Sport D

¢) Which type of film do you prefer — horror or thriller? Horror D Thriller I:I
d) Do you agree that the gym should open a new tennis court rather than a new squash court?

¢) How much credit card debt do you have?
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3

Write a question to find out each of the following pieces of information. Use suitable tick boxes.
a) The main method people use to travel to school.

b) How often the members of a gym use the facilities.

¢) Which days of the week people usually shop at the supermarket (allow more than one day).
d) What the people who attend a dance class think of the length of the class.

33.3 Sampling and Bias

The group of people or things you want to find out about is called the population. Usually, it’s quicker,
cheaper and more practical to collect data on a sample of the population, rather than the whole thing.

Different samples will give different results, but the bigger the sample, the more reliable they should be.

Example 1

Michacl and Tina have written questionnaires to find out what students at their
college think about public transport. Michael gives the questionnaire to 10 students,
and Tina gives the questionnaire to 50 students. Michael concludes that 50% of
students are happy with public transport, and Tina concludes that 30% are happy.

a) Suggest two reasons why Michael and Tina only gave the questionnaire to some of the students.

Think about the advantages of sampling, for example...

There are fewer copies to print, so print costs will be lower.
Also, it will take them much less time to collect and analyse the results.

b) Whose results are likely to be more reliable? Explain your answer.
Think about the size of the sample...
Tina’s results are likely to be more reliable because she has used a bigger sample.

Exercise 1

1

Jenny wants to know how long it takes the pupils in Year 7 to type out a poem. She plans to time
a sample of 30 out of the 216 Year 7 pupils. Give two advantages for Jenny of using a sample.

A supermarket chain wants to know what people in a town think of their plan to build a new
supermarket there. They’ve hired a team of researchers to interview a sample of 500 people.
Give one reason why they wouldn’t want to interview everyone in the town.

Alfie and Lisa want to find out what people’s favourite flavour of ice cream is.
Alfie asks 30 people and gets the answer ‘chocolate’. Lisa asks 15 people and finds that it’s ‘strawberry’.
Based on this information, what would you say is the favourite flavour?

Jack, Nikhil and Daisy bake a batch of 200 cupcakes to sell on their { * 6’ {
market stall. Jack thinks they should laste one cake (o check the quality et S, eNed

is OK. Nikhil thinks they should taste 10 cakes and Daisy thinks they i ) G 1 -
should taste 50 cakes. Say who you agree with and explain why. w W W
Melissa and Karen are doing an experiment to see if a coin is fair. They each toss the coin

100 times and record the number of heads. 52% of Melissa’s tosses are heads and 47%
of Karen’s tosses are heads. Whose result is more reliable? Explain your answer.
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Random Sampling

When you’re choosing a sample, it’s important to make sure that it fairly represents the population.

To avoid bias, you need to think carefully about how to choose
the sample, including when and where you’re going to select it.

If you select a sample at random, every member of the population has an equal chance of being selected.

Example 2
Adam wants to choose 20 of the 89 members of his choir to fill in a questionnaire.
Explain how he could select a random sample.

Everyone should have the same chance of being chosen,
so he needs to start with a list of everyone in the population...

1. First, he should make a list of all the people in the choir and assign everyone a number.
2. Then he could use a calculator or computer to generate 20 random numbers.
3. Finally, he needs to match these numbers to the people on the list to create the sample.

Exercise 2
1 Explain why the following methods of selecting a sample will each result in a biased sample.
a) A library needs to reduce its opening hours. The librarian asks 20 people
on a Monday morning whether the library should close on a Monday or a Friday.

b) At a large company, 72% of the employees are women and 28% are men.
The manager wants to know what employees think about changing the uniform,
so he surveys 20 women and 20 men.

¢) A market research company wants to find out about people’s working hours.
They select 100 home telephone numbers and call them at 2 pm one afternoon.

2 The manager of a health club wants to survey a random sample of 40 female members.
Explain how she could do this.

N 3  George and Stuart want to find out which football team is most popular at
& o their school. George asks a random selection of 30 pupils and Stuart asks
: the first 5 pupils he sees at lunchtime. Give two reasons why George’s
@ sample is likely to be more representative of the whole school.

4 Seema wants to find out about the religious beliefs of people in her street, so she stands outside
her house on a Sunday morning and interviews the first 20 people she sees. Explain all the reasons
why her sample is likely to be biased and suggest a better method for selecting her sample.

5 A company has 5 branches across the country. Describe how the management team could select a
representative sample of 100 employees to question about pay and working conditions.

6 A factory makes hundreds of the same component each day. Describe how a representative sample
of 50 components could be tested each day to make sure the machinery is working propetly.
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Stratified Sampling

To select a stratified sample, you divide the population you want to sample into categories.
The proportion of things from each category is the same in the sample and the population. The sample taken
from each category is selected at random. This makes the sample more representative of the population.

Example 3 -
L Year Group | No. of pupils

A teacher wants to take a stratified sample of 7 250

60 pupils in the school. The table shows the 3 150

number of pupils in each year group. 9 216

Calculate how many people from each year 10 204

group should be in the sample. 1 180

L. Calculate the total number of pupils. Total number of pupils = 250 + 150 + 216 + 204 + 180 = 1000

2. The number of pupils that need to Number of no. of pupils in year group sample
be picked from each year group is stude-nf(s :io be = total no. of pupils size
the proportion of the total number of picke
pupils that the year group makes up, _ 250 1
multiplied by the sample size. Year 1000 ~ ‘o

_ 150 a
Year 8 = 1000 > 60=9

3. You can only have whole numbers of Year 9 = 120%60 x60=12.96=13
pupils, so round any decimal answers
to the nearest number. Year 10 = 120%‘:) x60=1224=12

Year 11 = 180 x 60~ 108 ~ 11

4. Double-check that your rounded

answers give the correct sample size. (I5+9+13+ 12+ 11=60V)
Exercise 3

1 A rowing club has 105 male and 45 female club members. The club wants to survey a stratified sample made
up of 20 club members. Work out how many male and female club members should be in the sample.

2 A sixth form has 54 boys and 36 girls in Year 12 and 45 boys and 45 girls in Year 13. 25 pupils are to be
selected using a stratified sample. Work out how many of each sex and year group should be selected.

3 The table shows the number of members of a gym in different age groups. Age (@) in years | No. of members
The gym wants to survey a stratified sample of 100 of their members. a<1% 40
< 0
a) Use the table to work out how many members ;2 z - z iz f/io
of each age group should be selected to be in the sample. —-
. . 35<a<50 460
b) Suggest how the members in the sample could be picked. S0t 180
4 A school wants to survey a stratified sample of 50 pupils. Year group No. of boys | No. of girls
a) Explain why there shouldn’t be an equal number of Year 7 100 95
pupils from Year 7 and Year § in the sample. Year 8 76 67
b) Use the information in the table to work out how Year 9 144 136
many boys and girls from each year group should be Xear 1) 98 108
in the sample. Year 11 112 114
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Systematic Sampling

When your population is large you can generate your sample using systematic sampling.

Choose a random starting point and take a sample at regular intervals
— e.g. every 10th member of the population.

Example 4

A telephone directory consist of 80 000 names listed in alphabetical order.

Stacey wants to take a random sample of 500 people from the telephone directory.
Explain how she could select the sample using systematic sampling.

You need to make sure there are 500 people in your sample and that your sample is random.

1. The names are already ordered so just number them 1-80 000.

2. 80 000 + 500 = 160 — use a calculator or computer to
randomly generate a number between 1 and 160.

3. Use that number as your starting point and add every 160th name after it to the sample —
e.g. the names in her sample might be 78th (starting point), 238th, 398th, 558th, ..., 79 918th.

4. This would give her a sample of 500 names.

Exercise 4

1 A list of 100 cars are each given a number from 1-100.

a) Alan wants to take a systematic sample of 5 cars, starting with the 8th car.
What are the numbers of the other 4 cars that should be in his sample?

b) John takes a systematic sample of 4 cars. The 34th, 59th and 84th cars are each in the sample.
Which other car should be in John’s sample?

2 Give one reason why systematic sampling might result in a biased sample in each of these cases.

a) The number of people standing at a bus stop was recorded every minute for a whole day.
A bus company analyses how busy the bus stop is by systematically sampling
the number of people standing at the bus stop every 12 minutes.

b) Quality control is done on the weight of ball bearings produced by a machine.
Every 100th ball bearing is sampled and its weight is checked.

¢) Anenergy company wants to check the energy usage of houses on a street.
There are 380 terraced houses on the street and they systematically sample every 6th house.

3 A journalist wants to interview a random sample of 50 out of 650 politicians.
Explain how he could do this using systematic sampling.

4 A water company wants to assess the condition of its underground water pipes along
a 200 m stretch of pipe. They decide to take 10 random samples of 1 m sections of the pipe. ‘
Explain why it might be better to use systematic sampling rather than random sampling.

5 The town council wants to know people’s opinions on some new wind turbines.
It decides to take a random sample of 200 of the 6000 residents.
Explain why the council might choose to use a systematic sample rather than a stratified sample.
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Section 34 — Averages and Range

34.1 Averages and Range

An average is a way of representing a whole set of data using just one number.
The mode, median and mean are three different types of average.

mode (or modal value) = the most common value
median = the middle value once the items have been put in size order

mean = the total of all the values + the number of values

The range tells you how spread out your values are: range = largest value — smallest value

Example 1

20 customers each gave a restaurant a mark out of 10. Their marks are shown below.

Find a) the modal mark,
b) the median mark, 37 4 8 3 7 5
c) the mean mark, 9 6 1 3 4 5 ¢
d) the range.

1. Put the numbers in order first. From smaliest to largest, the numbers are:

1,2,3,3,3,4,4,5,55,6,6,7,7,7,7,8,8,9,9

2 8 9
5 7 7

2. The mode is the most common number. a) The modeis 7.
3. Ifthere’s an even number of values, b) There are 20 values, so the median will be

the median will be halfway between between the 10th and 11th values.

the two middle numbers. 10th mark = 5, 11th mark = 6, median = 5—'5—6 = 5.5
4. Divide the total of the values by the c) Total=1+24+3+3+3+44+4+5+5+5

number of values to find the mean. T6+6+7+7+7+7+8+8+9+9=109

=109,
Mean 20 5.45

5. Subtract the lowest value from the highest. d) Range=9-1=8§

Exercise 1

1 For the following sets of data: (i) Find the mode. (i) Find the range.
a) 6,9,2,7,7,6,5,9,6 b) 16,8, 12,13, 13,8, 8, 17 ¢) 82,81,8.1,82,8.1,8.2,82

2 Find the median of the following sets of data.
a) 3,3,3,3,3,3,4,4,4,4,4 b) 2,4,7,1,5,9,2,7,8,0 ©) 5.85,6.96,2.04,745,69,7.8

3 The times (to the nearest second) of athletes running the 400 m hurdles are: 78 78 84 81 90 79 84 78 95
a) Find the range of times taken to run the 400 m hurdles. b) Find the median time.

4 Nine students score the following marks on a test: 34 67 86 58 51 52 71 65 58
Find the mean score.
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5  Abdul counts the number of crisps in 28 packets. 6 Look at this data set: 6, 5,8, 8,5, ?

His results are shown below. a) If the range of this data set is 6, what are the

1220 21 15 18 20 21 20 159 22 16 18 19 two possible values for the missing number?
20 18 13 15 18 20 17 16 15 16 16 18 21 20 b) If the mean of the setis 7,
find the missing value.

a) Find the modal number of crisps in a packet.
b) Calculate: 7 The heights (in metres) of a class of students are
(i) the range of the data, given bglow. Which is greater — the mean or
(ii) the median number of crisps in a packet, the median height of the students?
(iii) the mean number of crisps in a packet. 1.68 145 1.70 1.30 172 1.80 1.29 1.40 1.42
1.60 1.65 175 1.67 1.69 1.72 1.72 1.63 1.63
1.78 1.70 1.50 1.65 1.40 1.36 1.69

Example 2
This frequency table shows the number of | Number of mobile phones | 0 [1 | 2 -:_ 3 ' 4 |
mobile phones owned by a group of people. Frequency 4 {8 5] 2] 1]
a) How many people were in the group surveyed?

Find the total frequency. Total number of people =4 +8+5+2+1=20

b) Find the modal number of mobile phones owned.
This is the number with the highest frequency. Modal number of phones owned =1

¢) What is the median number of mobile phones owned?

ey cpey il _ 10thvalue + llthvalue _ 1+]1
So the median is halfway between the Median = = =1

10th and the 11th values in the table. . 5

d) Find the range for this data. Range =4-0=4

¢) What is the total number of mobile phones

) Number of mobile phones| 0 | 1 | 2 ‘ 3 | 4 |
) — 1 1 —
owned by this group of people’ | Frequency 4|85 ]2]1
First multiply the number of mobile phones Phones * frequency 0l 8[10]6]4|
by its frequency, then add the results together. '
Total no. of mobile phones =0+ 8+ 10+ 6 +4 =28

f) Find the mean number of mobile phones owned by a person.

) Total number of mobile phones 28 A
Mean no. of mobile phones owned = = 22 = 1.4 mobile phones
Total number of people 0

Exercise 2

1 The table shows the number of people | Number of | peol;le 1|
living in each of 30 houses. Frequency 4 |
a) Write down the modal number of people per house.
b) Find the median number of people per house.
¢) Calculate the mean number of people per house.
d) Work out the range of the data.
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2 This table shows the number of goals scored one week by 18 teams in the premier division.

a) Write down the modal number of goals. Number of goals

o 1]2]
Number of teams 1

| 3| 4

¢) The mean number of goals scored in the same week last year was 2.4, How do these results compare?

3145
b) Find the mean number of goals. 51312
Give your answer to one decimal place.

3 A student wrote down the temperature in his garden in Aberdeen every Temperature (°C) Fr:quency '
day at noon during the summer. His results are shown in the table. ‘— 16 18 .
a) Find the median noon temperature. 17 [ 27 |
b) Find the mean temperature. ! 18 7 :
¢) The mean midday temperature during the summer in the UK is | 19 15 [
approximately 18.5 °C. What does this suggest about the femperature l 20 -_ 12 _‘

in the student’s garden? | 21 11

4 Use the data in the table to calculate the mean number of eggs laid by a hen on a farm in a month.

tGivedYOPfafSYe”O No.ofeggslaid | 24 = 25 | 26 = 27 | 28 | 29 [ 30 | 31 |
wo dectmal places. | b o quency 7 023 | 45 | 109 | 541 | 1894 | 3561 | 2670 |

e A survey asked 200 people, ‘How many televisions
do you own?”. The results are shown in this table.

a) Show that p + g = 109.
b) The mean number of televisions is 1.88. Show that 2p + 3q = 240.

¢) Use your answers to a) and b) to find the number of people who own: (i) 2 televisions,  (ii) 3 televisions.

' No. of Televisions
Frequency

1]2]3 4_15,|
77‘_£|67_.!. 1] 3 |

Moving Averages
Sometimes data will be affected by the time it is collected, e.g. a shop will sell more wellies in winter than summer.
It can be sensible to calculate a moving average to remove this effect so that you can compare data.

To work out how many data points you should average over, look at how many points make up
a repeating pattern. E.g. the number of wellies sold will change each season, so it would be
sensible to do a 4-point moving average (i.e. average over 4 points, one for each season).

Example 3

The table shows the number of people that signed up to tango lessons each term over the past two years.
a) The dance school want to use the

data to predict how many people will | : Year 1 | Year2 |
sign up for tango lessons next year. _ Term | Term I | Term 2 | Term 3 | Term 1 ‘ Term 2 | Term 3 |
Explain why it would be appropriate [N, ¢ beople 10 | 142 ‘ 64 | 167 | 135 ‘ 49 |
to use a 3-point moving average. f . : = =

b) Calculate the last 3-point moving average for the data.

l. Look at the data and see if a) There are three terms in each year. Which term it is may
there’s a pattern in the data. affect the number signing up, e.g. the number signing up in

term 1 is larger than the number in term 3 in both years.
2. Calculate the mean of the

last 3 terms. b) w =117

- Section 34 — Averages and Range



Exercise 3

1 The table shows the number of scarves sold by a shop over 2 years. —— |

Year 2 l

The shop wants to use the data to estimate ==
how many scarves they should stock next year.
a) Explain why it would be appropriate

Season

spring / | autumn/ |spring/ autumn /
summer |winter | summer |winter

to use a 2-point moving average. |No.of people| 82 | 784 |

b) Calculate the three 2-point moving averages for the data shown.

34.2 Averages for Grouped Data

If your data is grouped, then you can only estimate the mean using the midpoint of each group.

For the median, you can only say which group it lies in — not the exact value.
And instead of a mode, you can only find a modal group.

100

| 987

Example 1

The table shows a summary of the times taken by 20 people to eat three crackers without having a drink.

‘Time (1) in's | 50<¢<60 [60<7<70| 70<¢<80 |8051<90 90 << 100 |100 < ¢ < 120|
Frequency 2 3 6 | 4 | 4 1

a) Write down the modal group.
The modal group is the one with the highest frequency. Modal group is 70 < ¢ < 80.

b) Which group contains the median?

Both the 10th and 11th values are in the There are 20 values, so the median lies
group for 70 < ¢ < 80 marks. So the halfway between the 10th and 11th values.
median must lie in that group too. This means the median is in the group 70 < £ < 80.

¢) Find an estimate for the mean.
Find the midpoint for each group — add together the highest and lowest values then divide by 2.

'Time (f) in's 50St<60[60£t<_70‘ 70<<80 [ 80<t<90 | 90<¢<100 | 100<¢<120
Frequency 5 2 | 3 _ 6 4 _ 4 1
‘Midpointofgmup 04 60 _ s5 i60 : 70 _ 65‘ 080 _ 75 B¢ 0 _gs,| 90 +2100 — 951004 120 _110

Now find the mean as before, using the midpoints instead of the actual data values.
‘zd;dp‘"“t 2% 55=110 3><65=195‘6><75=450|4><85=340 4x95-380 | 1x110=110 |
requency | : |

110 + 195 + 450 + 340 + 380 + 110 B 1585-_ 79.25
2+3+6+4+4+1 T 20

Estimated mean =

Exercise 1 | Weight (w) in grams | Frequency ‘

1 The table on the right shows some 0<w<?20 ' 1 '
information about the weights of some | 20 < w < 40 ‘ 6
tangerines in a supermarket. Find an ‘ 20<w<60 | 9 ‘
estimate for the mean tangerine weight. | 60<w<80 | 2%

Troy collected some information about the number

. s Time (¢) in hours | Frequenc
of hours students spent watching television over a week. U . 4 L

His results are shown in the table = 50<S t<<T50 i_ z _‘

a) Write down the modal group. - =1 . |

b) Which group contains the median? ‘ By | it
& ‘ 15<1<20 | 4 |

¢) Find an estimate for the mean to 1 decimal place.
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3 This table shows information about the heights of 200 people. | Height () in metres | Frequency |

a) Write down the modal group. ' 1.50 <A< 1.60 27 _

b) Which group contains the median? ' 1.60<h<170 ‘ 92 |

¢) Find an estimate for the mean. ' 1L70<h<180 | 63
1.80 < A< 1.90 ' 18

4 The table below shows the times taken to deliver pizzas in one week.

‘ Time (7) in minutes

0<r<5 | 5<¢<10 [10<¢<15|15<7<20(20 <¢<2525 <1<30] '
Frequency ' ' ‘ [

40 64 | 8 | 34 |18 |

a) Which group contains the median time taken to deliver a pizza?
b) Estimate the mean time taken to deliver a pizza.

¢) The pizza company guarantee to deliver your pizza in less than 15 minutes or
your pizza is free. What percentage of the pizzas delivered that week were free?

34.3 Interpreting Data Sets

Choosing the Right Average

Averages are a good way to summarise and represent data, but using the wrong average can be misleading.
The mode, median and mean averages all have different advantages and disadvantages.

| Advantages . Disadvantages
| - b — - 1 , . _—
| L. Tt’s easy to find. . It doesn’t always exist, or therc? are several modes.
Mode } 2. Not always a good representation of the data
| 2. It’s always a data set value. . ,
‘_ B N - - | —itdoesn’t use all the data values. B
1. Easy to find for ungrouped data. '1. Not always a good representation of the data
| Median |2 [t doesn’t get distorted by — it doesn’t use all the data values.
‘ extreme data points. ‘ 2. Itisn’t always a data set value.
It is usually the most representative L. It can be distorted by extreme data points.
Mean | Y p

| average — it uses all the data set values. ‘ 2. Itisn’t always a data set value.

Exercise 1
1 The clothes sizes of 20 women are shown on the left,

10 10 16 a) (i) Find the mode.

14 6 18 (i) Find the median clothes size.

12 8 16 (iii) Calculate the mean clothes size.

12 14 14 b) Suggest why you might choose to use the mode

= instead of the median or mean to represent this data.

2 The ages of the 30 audience members at
a McBeetle concert are shown on the right.

a) (i) Find the modal age. 60 12 17 60 14 16 29 15 12 F
(i) Work out the median age. 60 60 16 17 16 14 13 14 10 16
(iii) Calculate thc mcan age. LS Y 7 0 O PO 80 V5 [ )

b) A slightly embarrassed 29-year-old says, ‘The mean age is the most representative
of the ages of the people at the concert.” Do you agree? Explain your answer.
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3 A company asked 190 women to test their latest wrinkle cream and give it a mark out of 10.
The table shows their results. |

a) Find the mode, ‘Mark L2 | 3| 4 ‘

median and mean for the data. \Frequency | 31 | 34 | 35 | 34 | 4

b) (i) The company claims, ‘On average, women gave our product 7 out of 10,
Which average has it used in its claim?

5167 | 10
6

[ 36

~ o0
N O
—

(ii) Do you think this average represents the data well? Explain your answer.

Measures of Spread — Interquartile Range

The upper quartile, the median and the Jower quartile are values that divide a data set into four equal groups.

For a data set in ascending order with » values, .
you can work out the position of the quartiles using these formulas: lower quartile Q, = (n +1) + 4
The quartiles are 25%, 50% and 75% through the data. median Q, = (n +1) +2

The interquartile range is the difference between the upper quartile (Q,)

upper quartile Q,=3(n +1) ~ 4
and the lower quartile (Q,). It is a measure of how spread out data is.

Example 1
The data on the right shows the goals scored | Game 11213 | 415 | 6 |7 | 819 |
by Team A at each hockey game in a season. | Goals scored| 2 | 4 | 0 13| 4 2121312
a) Calculate the interquartile range for this data.
1. Put the data in ascending order, 02222334414
then find the positions of Q, and Q,. Q, position = (9 + 1) = 4=2.5
Q, position =3(9 + 1) =4 =75
2. The positions are midway between 0 2 4’2 2 233414
data values. Find the halfway
= =3+4)+2=3.
point between the two numbers Q52— QS E 2 .
on cither side of these positions. Interquartile range = Q, - Q, =3.5-2=15

b) Team B scores the same total number of goals as Team A, but their scores have an
interquartile range of 0.5. Which team scored the most consistent number of goals per game?

The lower the interquartile range, the less Team B - their interquartile range is
spread out the data values are. much lower than for Team A.
Exercise 2

1 Calculate the interquartile range for each of the following data sets.
a) 89991010 121516 17 19 b) 1515 13 14 16 1.8 1.2
¢) 80 70 34 21 21 56 75 89 84 20 17 45 87 d)19393456901995925

2 The table shows the number of spots on 79 ladybirds.

No. of Spots

2|3‘4 s 6 7.48  o%0]
Frequency

3 160 9 18]09 6/_9&7'2_
1

Find the interquartile range for the data.

Section 34 — Averages and Range -



3 Look at the data on the right. 13 28 893 192 89 98 67 45 78 90 34 56 78 20 783
a) (i) Calculate the range for the data. 60 33 45 12 67 54 58 101 56 89 708 9 82 76 90
(ii) Calculate the interquartile range. 55 89 347 104 43 76 38 13 27 51 92 18 44 87 71

b) Which of the ranges you calculated in part a) do you think represents the data best? Explain your answer.

4 The list on the right shows th Its for the students in class 3A.
¢ list on the right shows the exam results for the students in class 30 36 89 92 76 20 57 89 23

55 56 56 98 35 20 86 38 25
13 90 54 67 67 34 78 72 53
88 24 40 76 20 24

a) Only students with a mark in the upper quartile of the class results
passed the exam. What was the pass mark for this exam?

b) Calculate how many people passed the exam.

¢) (i) Find the interquartile range for this data.

(ii) Class 3B’s results for the same exam have an interquartile range of 20.
Comment on how the spread of the exam results for the two classes differs.

Measures of Spread — Percentiles

Percentiles P, to P, divide data into 100 equal groups. P = a(n+1)+100
Example 2
The data on the right shows 24 student’s scores 19 23 26 28 32 33 44 47 56 56 57 60
on a test. Caleulate the 80th percentile, 62 63 63 66 67 67 7I @ 82 90 91 Y6
Find the position of P, There are 24 values, so the n=20
using P, = a(n + 1) + 100 position of P, = 80 x (24 + 1) + 100 = 20. So P, =176
Exercise 3

1 a) Calculate the 20th percentile of this dataset: 3 3 3 5 8 9 20 42 50
b) Calculate the 80th percentile of this data set: 450 95 102 120 210 220 80 240 26 280 290 30 320 46

¢) Calculate the 92nd percentile of this data set:
1214 1.8 1.6 1.8 1.9 1.0 1.0 2.5 45 2.1 03 2.5 46 2.1 43 50 1.8 34 1.1 32 33 41 0.2

Exercise 4 — Mixed Exercise

1 A company asks 40 people to taste ‘Peanut Better’ peanut butter and give it a mark out of 10.
Their results are shown in the box.
4) (i) Find the modal score.

Scores for Peanut Better:;
52895578123468153245

(ii) Calculate the median score.
77862728925789857826

(iii) Calculate the mean score.

b) The company want to quote an average score in their next advertisin g campaign.
Which average best represents the data? Explain your answer.

¢) Give one reason why the company may choose to use a different average.

2 A group of 17 pantomime horses were timed as they _15 3 189 402 20.5 14.0 173 17.8 30.5 60.2
ran 100 m. The finishing times for the pantomime ’ ' ) ' ‘ ' ’ ’ ’
horses (in seconds) are shown on the right.

56.0 32.1 34.2 227 362 19.2 41.1 264

17 kittens ran the same course. The mean time it took a kitten to run 100 m was 24.6 seconds.
The interquartile range of the kittens’ times was 48.6 seconds.
Use this data to investigate the hypothesis ‘Pantomime horses run faster than kittens’.
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Section 35 — Displaying Data

35.1

Tables and Charts

Two-Way Tables

A two-way table shows frequencies for two different variables.

Example 1 Walk | Bus | Car _ Total
. |
This table shows how students ‘ E?ys 8 i 1 | D
in a class travel to school il 2 2
| Total 12 -
a) Complete the table. B .
Add entries to find Walk | Bus | Car Total
row/column totals. ‘ Boys 8 | 7 | 19-8-7=4 19 |
Subtract from row/column |_Girls 6 12-7=3 | 2 6+5+2=13 |
totals to find other entries. | Total | 8+6=14 12 4+2=6 | 19+13=32 |
b) How many girls take the bus to school? 5
¢) What percentage of students take the bus to school?
Vi 12 _ 0375 = 37.5%
Divide the total of the Bus column by the overall total. 3 (]

Exercise 1

1

This two-way table gives information about the colours of the vehicles in a car park.

a) Copy and complete the table. . “Red | Black | Blue | White | Total
b) How many motorbikes were blue? | Cars 8 7 | 4 | 22
¢) How many vans were there? Vans 2 ‘ 1 | 10
. Motorbikes 2 1 2
d) What percentage of vehicles were: | Total 12 . T '.

(i) cars?  (ii) vans?  (iii) red?

A group of schoolchildren were asked if they have been ice skating before. Copy the two-way table below,

then use the following information to complete it.

e 20 girls were asked.

= Half as many boys as girls were asked.

18 of the children have been ice skating.

+ One fifth of the girls haven’t been ice skating.

Have been | Haven’t been | Total
ice skating | ice skating
Boys |
Girls I i -
Total

This two-way table shows the heights | [h<160]160 < h<170| 170 < h < 180[180 <k <190 190 < & | Total |

in centimetres of 50 people. Women| 4 | | |0 24|
Men | 6 5

a) Copy and complete the table. Total | 4 | 50

b) How many of the people are smaller than 170 cm?
¢) What fraction of the women are at least 180 cm tall?

d) Comment on the difference between the heights of the men and the women.
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Bar Charts

Bar charts are used to display discrete data. They show the
number (or frequency) of items in different categories.

oo

Frequency
S N R

To show the categories for two different people or groups, you can draw a
dual bar chart, which has two bars per category — one for each person or group.
Or you can draw a composite bar chart, which has single bars split into different sections.

I 2
‘\’.;_,\\‘- W Car colour

o Qe

Example 2 il .

Manpreet and Jack recorded how many TV Day |Mon | Tues | Wed | Thur | Fri | Sat | Sun |

programmes they watched each day for a week. ~ NO- Watched by Manpreet | 1 | 2 | 4 ‘ 2 ‘ L7 4
No. watched by Jack 2 |1 0| 2 3 410

Their results are shown in this table.

a) Draw a dual bar chart to display this information. :ﬁ 8 [ Manpreel
1. Each day should have two bars 5 6| [lJack
— one for Manpreet and one for Jack. g 4 W] W
2. Use different colours for Manpreet and Jack’s bars g 2 dl [ H J] ‘ ‘ l ’ {
— and include a key to show which is which. :%0 0"Mon Tues Wed Thur Fri Sat Sun
Day
2 3 Manpreet b) The composite bar chart on the left shows the number of TV
e ]80 s programmes that Manpreet and Jack watched in a different week.
; ) Use the chart to draw a frequency table to show the data.
B ol — The frequencies are shown by the heights of the sections of the bars.
g" 2 1 =i ’7 \- ‘I( Day Mon | Tues | Wed | Thur | Fri | Sat | Sun
. Gt L:[S \'\I/éd L;" = No. watched by Manpreet | 3 1 4 2 2 6|3
Day No. watched by Jack 2 1 1 0 2|5 1
Exercise 2
1 The eye colour of 50 students is shown in the table opposite. Eye colour | Blue |Brown|Green| Other
a) Draw a dual bar chart to display the data. Igz Zi?:ﬁnl:lses' 3 | 172 . g ‘ ‘21 ‘
b) Draw a composite bar chart to display the data. '
2 A group of children and adults were asked to rate a music magazine N ii : ‘ | i D:\ﬂ::ﬂ':"
on a scale from 1 to 5. This dual bar chart shows the results. g 8 [ || I :
a) How many children gave the magazine a score of 1? 6| | ‘ (W |
b) How many adults rated the magazine? é 3 | ‘ ‘ '
¢) Which score did no children give? 8 3 i ' J
d) Which score was given by twice as many children as adults? b Score o

€) Make one comment about the scores given by the adults compared to those given by the children.

3 This composite bar chart shows the ages in whole years of 2] 0 Men
the members of a small gym. 10 [ Women

a) How many members are in the age range 26-35 years?
b) How many members does the gym have in total?

Number of people
(=23
|

¢ What is the modal age range for the female members?

d) Which age range has the greatest difference in numbers
of men and women?

0 =20 3
LRI .*\gl;'
AT AT ™ (whole years)
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Pie Charts

Like bar charts, pie charts show how data is divided into categories, but they show the proportion in each
category, rather than the actual frequency. The sizes of the angles of the sectors represent the frequencies,
s0 you can compare the frequencies of categories in the same chart by comparing their angles.

Example 3

Jake asked everyone in his class to name their favourite colour.
The frequency table on the right shows his results.

iCoIour Red | Green | Blue Pinki
]Erequency 12 7 5 6_‘

Draw a pie chart to show his results.

1. Calculate the total frequency — the
total number of people in Jake’s class. Total frequency = 12+ 7+ 5+ 6 =30

2. Divide 360° by the total frequency to find the

Each person represented by 360° + 30 = 12°
number of degrees needed to represent each person.

3. Multiply each frequency by the number ._Colour Red | Green | Blue | Pink
of degrees for one person to get the angle. Frequency | 12 7 5 6
(Check that the angles add up to 360°.) Angle 144° | 84° 60° | 72°

4. Draw the pie chart — using the angles you’ve
just calculated to mark out the sectors.

Exercise 3

1 Daisy asked a group of people where they went on N
holiday last year. Her results are shown in the table. rDestination UK | Europe | USA | Other | Nowhere

a) Calculate the angle needed to represent each | Frequency | 22 31 8 11 18
place on a pie chart.

b) Draw a pie chart to show Daisy’s data.

2 Vicky asked people entering a sports centre what activity they were going to do.

» 33 were going to play squash » 52 were going to use the gym
+ 21 were going swimming + 14 had come to play table tennis.

a) Calculate the angle needed to represent each activity on a pie chart.
b) Draw a pie chart to show the data.

3 Peter surveyed his friends to find out how they travel NTECAOf ¢ Twalkine | Bus | Car | Bik S
to school. The table opposite shows his results. \: Ethod of transpor Al us b oo L eﬂ
Draw a pie chart to represent Peter’s data. Frequency 2 16 )12 ] 16

4 Basil used a questionnaire to find out which subject pupils at his school enjoyed the most.
His data is shown in the frequency table below. Show this data in a pie chart.

-Subject Maths | Art | PE | English | Science | Other
Frequency | 348 | 297 | 195 87 108 45
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Example 4

A head teacher carries out a survey to find out how pupils travel to school.
The pie chart on the right shows the results of the survey.

a) What is the most popular way to travel to school?
This is the sector with the largest angle. Walking

b) Which method of transport is twice as common as cycling?
Cycling is represented by a sector with an angle of 45°.
Travelling by car is represented by a sector with an angle of 90°.  Travelling by ear

¢) 280 pupils said they walk to school. How many pupils took part in the survey altogether?

1. The 280 pupils who walk are 140° represents 280 pupils

epresented b le of 140°.
W .n N LS So 1° represents 280 + 140 = 2 pupils.
2. Use this to work out how many

pupils the whole pie chart represents. This means 360° represents 360 x 2 = 720 pupils

Exercise 4

1 Jennifer asked pupils in her school to name their favourite type of pizza.

The pie chart on the right shows the results. Pepperoni

a) Which was the most popular type of pizza? BEom

b) What fraction of the pupils said cheese and tomato was their favourite?

Vegetable

©) Jennifer asked 60 pupils altogether.
Calculate the number of pupils who said vegetable was their favourite.

2 Andy and Beth record the number of homework tasks they are Andy
set in their Maths, English and Science lessons during one term.
Their data is displayed in the pie charts on the right.

a) Andy says: “Half of all the homework tasks I was given S.cience
from these three subjects were in Maths”” Is he correct? =y

b) Beth says: “I was given the same number of Maths tasks and English tasks.” Ts she correct?
¢) Do the pie charts tell you who spent more time on their English homework? Explain your answer,

3 Alibrarian carried out a survey of the ages of people using the library. Chart A below shows the results.

a) There were 18 people aged 17-29 who took part in the survey.
How many people took part in the survey altogether?

b) Use your answer to part a) to calculate the number of people surveyed who were;
(i)Under 11 (ii) 11-16 (iii) 30-49 (iv) 50+
Leaflets were handed out to persuade more young people to use the library.

Another survey was then carried out to find the ages of library users.
The results are shown in chart B on the right.

¢) What fraction of the people who took part in the second survey were aged 11-16?

d) Compare the fraction of people aged 11-16 in the second survey with the fraction
of people aged 11-16 in the first survey,

) Do these pie charts show that there were more people aged 11-16 in the second
survey than in the first survey? Explain your answer.
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35.2 Stem and Leaf Diagrams

Stem and leaf diagrams are a bit like bar charts, but the bars are made out of the actual data.
Displaying data in an ordered stem and leaf diagram makes it easy to find the mode and the median.
And you can quickly work out the range and interquartile range for the data.

Example 1 56, 52, 82, 65, 76, 82, 57, 63, 69, 73,
The marks scored by pupils in a class test are shown here. 58, 81,73, 52, 73, 71, 67, 59, 63

a) Use this data to draw an ordered stem and leaf diagram.

1. Write down the ‘stems’ —=9» 5 6 2 7 8 2 9 a==— 2. Make a ‘leaf’ for each
— here use the first 6l 5 3 9 7 3 data value by adding
digit of the marks. 716 3 3 3 1 the second digit to the

correct stem.
8| 2 2 1
5122 6 7 8 9

3. Put the leaves in each row in order = = 6 335 7 9
— from lowest to highest.

711 3 3 3 6

4. And remember to include a key. \_—_-)‘ Key: 5| 2 means SA 8 1 2 2

b) Use your stem and leaf diagram to find the mode, median and range of the data.

1. Find the mode by looking for the ‘leaf” that repeats most often in

one of the rows — here, there are three 3’s in the third row. Mode =173
There are 19 data values, so the median is the 10th value. Median = 67
3. Find the range by subtracting the first number from the last. Range=82-52=30

Exercise 1

1

Use the data scts below to draw ordered stem and leaf diagrams.

a) 41,48, 51, 54,59, 65, 65, 69, 74, 80, 86, 89 by 12, 15,26, 15, 39, 24, 41, 41, 27, 17, 36, 31
¢) 3.1,4.0,44,53,57,59,60,77,34,49,54 d) 203, 205, 221, 232, 203, 234, 240, 207, 225, 236, 221
Use the key: 3 | 1 means 3.1 Use the key: 20 | 3 means 203

The amount of rainfall in cm over Morecambe Bay was recorded every week for 16 weeks.
The measurements are shown below. Use this data to draw an ordered stem and leaf diagram.

0.0 3.8 3.6 0.1 2.7 0.6 0.3 1.1
2.0 1.3 0.0 1.6 4.1 0.0 2.5 3.1

Use this diagram showing 12 pupils’ test marks to find:

a) the modal mark 512 5 5 7 8
b) the median mark 6 1 1 8 9
¢) the number of marks above 60 7) L7/

d) the number of marks between 53 and 63

lﬂy: 2|1 means 21
¢) the range of marks
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4 The times (in seconds) that 15 people took to run a 100 m race are shown in the box.

a) Use these times to create an ordered stem and leaf diagram.

b) Find the mode of the times, 102 131 139 142 173

¢) Find the median time. 117 114 129 154 136

d) Find the lower and upper quartiles of the data 139 106 128 124 133 |
and calculate the interquartile range.

Back-to-Back Stem and Leaf Diagrams

Back-to-back stem and leaf diagrams can be used to compare two sets of data alongside each other.
One set of data is read as usual, while the other is read “backwards”.

Example 2
14 girls and 14 boys completed a puzzle. The time in seconds it took each pupil to finish was recorded.
This ordered back-to-back stem and leaf diagram girls | | boys
shows the results. Ljf 4 4779
Key: 1|2 for girls means 21 G Cn g 2 P
I'|2 for boys means 12 8 7 4 2 1 3 2 3 8
4 2 2 4 56 6 7 9

a) Find the median times for the girls and the boys. Median for girls = 31 er 32 _ 31.5 seconds

There are 14 data values for each set of data, so 32 4 33

the median is between the 7th and 8th values. Median for boys = =5 = 32.5 seconds
b) Find the range of times for the girls and the boys. Range for girls = 44 - 23 = 21 seconds
Subtract the first number from the last. Range for boys = 49 — 14 = 35 seconds

¢) Use your answers to parts a) and b) to make two comparisons between the times for the girls and boys.
Compare the median and the range and interpret what the numbers show about the times.

The median for the boys is slightly higher than for the girls, which suggests that on average the
boys took slightly longer to complete the puzzle. The range for the girls is much smaller than
for the boys, which shows that the girls’ times were a lot more consistent.

Exercise 2

1 Use these two data sets to draw an ordered back-to-back stem and leaf diagram.

Set I: [ 12, 18, 29, 24, 28, 33, 38, 37, 32, 41, 48 ] Set 2: | 13,19, 13, 15, 18, 23, 22, 25, 27, 22, 32 ]
Babatunde measured the heart rates in beats per minute heart rate at rest | | heart rate after exercise
(bpm) of 15 people at rest, and then again after they’d 8 7 6 4 3 2 2]/6/5 8 8 9
exercised. His results are shown in the diagram. 9 8 6 3 2 2(7|4 5 7 7 8
a) Find the median of each set of data. 4 1/8(5 6 7

911 3 7

b) Calculate the interquartile range of each set of data.

¢) What conclusions can you draw from
your answers to parts a) and b)?

Key: 7|6 at rest means 67
7|6 after exercise means 76

in Dundee and in London during the same period. Dundee 31 15 5

The data on the right shows daily temperatures (in °C) 12 19 6 7 23 4
2 3
a) Draw a back-lo-back stem and leaf diagram to show the data.
’ London 13

b) By calculating the median and range for each set of data,

9 18 7 24 12 }
compare the temperatures in the two places.

12 15 21 11 16
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35.3 Frequency Polygons

Frequency polygons are used to show continuous data, so they have a continuous scale on the horizontal axis.

Each frequency is plotted at the midpoint of the class and the points are joined with straight lines.

You can compare two distributions by drawing a frequency polygon for each and comparing their shapes.

Example 1
Amin recorded the speeds of the cars that passed outside his house one day.
The results are shown in the grouped frequency table below.

Draw a frequency polygon to represent this information.

16 )
Speed (s) 1. Find the midpoint of each " / '
in mph Frequency class by adding the endpoints, 12 VAl
25 < 5 < 30 1 and d1v1d1ng by 2. 10
— >
30<s<35 b) 2. For each class, plot the g 2
35 <s5<40 12 frequency at the midpoint. g4 |
< e
05545 16 3. Join your points with 2 '
45 <5< 50 9 traioht li 0 W : 11
S0<s<55 5 straight lines. 25 30 35 40 45 SD 55
= Speed in mph
Exercise 1
Floor area (@) in
1 Some students recorded the total floor thousands|of squaredfeet Frequency
area of local supermarkets for a project. 9<g<13 3
Their results are shown in the table. 13<a<l4 7
Draw a frequency polygon to show this information. l4<a<l5 5
15<a<l16 2

An airline recorded the delay in minutes of all of its flights one day, using class intervals 5 minutes wide.
Their results are shown in this frequency polygon. [ i

a) How many flights had a delay that was 40 minutes or longer?

b) What is the modal class for this data?

¢) The airline gets fined if 8 or more of its flights on a
day are delayed by more than 20 minutes. Should the
airline have been fined that day? Explain your answer.

T T TR
0 5 101520 25 30 35 40 45
Delay in minutes

Frequency
S = N W A
‘

Emma recorded the number of hours (%) of sunshine each day in February and July.
She used classes with a width of 1 hour, starting with0 < A< 1,1 <2 <2,2 < h <3, and so on.
The frequency polygons on the right show her results.

a) How many days with 4 or more hours of 2 fpeﬁl;my

sunshine were there in February? o 5 —quly L1}

Q
b) How many days were there in February? § 4 i ‘
¢) What is the modal class for February? g3
d) What is the modal class for July? 2 s
Y! 1 /)(—-—)(/\(

¢) Use your answers to parts ¢) and d) to compare 0 |l

the daily hours of sunshine in February and July,
and compare the spread of the data for the two months.

| I s a1 (U
234 5 6 7 8 910111213 14
Hours of sunshine
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35.4 Histograms

Histograms are a bit like bar charts, but they’re used to show continuous data. Instead of plotting frequency
on the vertical axis, you plot frequency density, which is calculated using the formula:

Frequency density =

Frequency

Class width

So the frequency of data values in each class is shown by the area of each bar, not the height.

Example 1

This frequency table shows some information about the heights of 30 adults.

Draw a histogram to represent this information.

Height (k) Frequency | Frequency
in cm Density

155 < h< 165 4 4+10=04
165 <h <170 3 3+5=06
170 < h <175 4 4+5=0.8
175 < h <180 9 9+5=138
180 < h <185 7 7+5=14
185 < h <200 3 3-15=0.2

1. Add a ‘frequency density’ column to the table and

use the formula to work out the value for each class.

2. Draw axes with a continuous scale for height along
the bottom and frequency density up the side.

3. Draw a bar for each class and check
that the area equals the frequency.

E.g. the area of the first bar=10 x 0.4 =4 v

Exercise 1

1 The grouped frequency tables below show data on the heights of some plants. Copy and complete each table.

a)

Height (#) in cm | Frequency | Frequency Density
0<h<5 4
5<h<10 6
10<h<15 3
15<h<20 2

b)

1.8
1.6
1.4
1.2
1.0
5

g 08
o 0.6
04

density

0.2
0%

S 2

9
Height in cm

&
<

f_qf_,

Lt
i

Height (4) in cm | Frequency | Frequency Density
10<h<20 5
20<h<25 15
25<h <30 12 |
30<h <40 8

2 Each grouped frequency table below shows some information about the volume of tea drunk each day by a
group of people. Copy and complete each table and use it to draw a histogram to represent the information.

a)
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Volume (v) in ml | Frequency | Frequency Density
0<vy<500 50

500 < v < 1000 75 |

1000 < v < 1500 70

1500 < v <2000 55

b)

Volume (v) in ml | Frequency | Frequency Density
0 <v<300 30
300 < v <600 15
600 < v <900 24
900 < v <1500 42
1500 < v <2100 12




3 The table on the right shows some information about the weights (w) in kg Weight () in kg | Frequency
of 22 pigs on a farm. Draw a histogram to represent this information. 10 = w<20 5 |
20 < w<30 7 |
30 <w<50 10
Time (¢) in seconds | Frequency
0<t<4 _ 18 4 Participants in a circus skills workshop were asked to juggle three balls
4<¢<8 12 | for as long as possible without dropping them. The table on the left
| 8=t<12 6 | shows some information about how long they were able to do this for.
12<<20 4 . . .
20 <7<30 1 Draw a histogram to represent this information.
o . Ti in h ™
e This incomplete table and histogram jme () in houpy | freqpieny 2 | |
show information about the length of 0<¢t<l 8 el A
time (in hours) that some people s by '
. 2<t<4 16 g
spend watching the TV programme £ |
‘Celebrity Ironing Challenge’ each week A 14 £ |
' 6<t<10 12 1 {ri
o S 14 5067 &0

a) Copy the histogram and use the information given to label the vertical axis. Time (hours)

b) Copy the table and use the information in the histogram to fill in the gaps.
¢) Use the table to add the missing bars to your histogram.

Interpreting Histograms

You can use histograms to estimate things about the data they represent. For example, the number of
data values that are in a particular interval, or values for the mean or median.

Example 2 z° ]
13
Some students were asked the length of their journey to university. % 3
: . . . 2
The histogram opposite shows the information. 2
L)
: o) & o4+ T1 111
a) Estimate the number of students with a journey of 1.5 km or less. HhlL 2345678

. Journey length in km
1. Work out the number of journeys between

0 and 1 km by finding the area of the first bar. 1 x 2 =2 journeys between 0 and 1 km

2. Estimate how many are between 1 and 1.5 km by

. =2]j | 1.5k
finding the area of the second bar up to 1.5 km. Ot moureyEIbEbECCn Bad EPRC

3. Add the two values you’ve calculated together. 2 + 2 = 4 students

b) Estimate the mean journey length for the students.

Frequency
(class width x
frequency density)

Midpoint

1. Draw a grouped frequency table using .
x frequency

the classes shown on the histogram.

Journey () inkm Midpoint

g ~ I | |
Work out the frequency and midpoint (1)—: i ; = i (T)g ; é
= . |
for eé_ich class, then add a column to 2<j=3 | 3 | 25 ‘__L 75
multiply them together. 3<j<4 | 5 35 | 175
 4<j<6 | 3 5 | 15 _‘
. :  6<j<8 | 1 | 7 1 7
2. Estimate thf: mean in the usual way — Totals| 18| 54 |
total the ‘midpoint x frequency’ column
and divide by the total frequency. Estimated mean = ?—% =3 km
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Exercise 2

1 For each of the histograms below, work out the frequency represented by each bar.

a) 220 b) 220 1
W | w)
g 1.5 g 1.5
5 1.0 > 1.0
5 0.5 505 ——
= =
g O T T g 0 R
SR R RN IR ORI R O E SORS oY
Height in cm Weight in g
. . . 220
2 Use the histogram on the right to estimate the g _ )
number of data values in the following intervals. 210
a) 150-155 cm b) 150-160 cm g 05| = _'
a:'; 0 A"-"_II T AT ]
©) 145-160 cm d) 120-126 cm L S PDP PP EE
Height in cm
e _ . )
2 UL ° The histogram on the left represents the diameters in
2 6 centimetres of all the cakes made at a bakery one day.
g) 5 . a) Estimate the number of cakes with a diameter of less than 16 cm.
8 4 b) Estimate the number of cakes with a diameter in the range 20-30 cm.
£h 3 ' ¢) Work out the total number of cakes made.
W
& 27 d) Calculate an estimate of the mean diameter of the cakes.
1

b T T T T
00 T 20 30 40

Diameter in cm - 3_] T
2o |
o The histogram on the right represents the heights in centimetres 2 57
of all the penguins at a wildlife park. g4
a) Estimate the number of penguins with a height of less than 56 cm. E:} ; |
b) Work out the total number of penguins at the wildlife park. I il
¢) 24 of the penguins have a height of less than H cm. Estimate the value of H. -

'S0 52 54 56 58 60 62 64 6

d) Use your answers to b) and ¢) to write down an estimate of the median height. Height in cm
Exercise 3 — Mixed Exercise
a The grouped frequency table opposite shows the distances that - - —
260 people in the same city live from their nearest supermarket. Distance () in metres | Frequency
a) Draw a histogram to show the data. U a=gun 60
b) Estimate th b £ le who i ithi 1000 <d < 1500 40
) Estimate en;m er of people who live within 1500 <4 < 2000 s
2800 metres of a supermarket. 2000 <d < 2500 35
¢ Estimate, to 3 s.f,, the mean distance that these L2500 <d <3500 80

people live from a supermarket.

e 100 people take part in a ‘guess the weight of the Shetland pony’ competition. : =
This grouped frequency table shows information about the weights they guessed. | "Veight () in kg | Frequency

a) Draw a histogram to represent the data. | 100=w <140 20

: : . , . 140 < w < 160 |
b) Write down the interval containing the median weight guessed. LA A

-y hist B I d 160 < w < 170 18
1en use your histogram to estimate the median welg tguesse . 170 < w < 180 18

¢) Thirteen people guessed a weight that was heavier than the actual weight, W [ 180< w <200 4
Use this information and your histogram to estimate the actual weight . o o
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35.5 Cumulative Frequency Diagrams

Cumulative frequency is the running total of frequencies for a set of data. You can use a cumulative frequency
table to draw a cumulative frequency diagram, which you can use to find the median and interquartile range.
(If the data is grouped, you can only estimate the median and interquartile range.)

There are two types of cumulative frequency diagram:

+ a cumulative frequency curve — the points are joined with a smooth curve.

« acumulative frequency polygon — the points are joined with straight lines instead of a curve.

Example 1

The table below shows the heights of a set of plants, measured to the nearest cm.

a) Complete the cumulative frequency column for the table.

|0 T I T '[
Height, 4 (cm) | Frequency CFI;;?;?I:IC‘;C _ =LA

Upper E‘?uihti!c | ‘ ‘

1IS<h<18 3
18<h<21 12 3+12=1
21 <h <24 35 15+35=50
24<h<27 26 50 +26=716
27 <h <30 4 76 +4 =80

[oN]
(=

Cumulative Frequency
=
(e}
=0

40f=———— == LIl
fil
BT e
LESES o
| i ==l
[ ¥
I

e

(]
(=

b) (i) Draw a cumulative frequency diagram for the data.
Always put the cumulative frequency on the !
vertical axis. For grouped data, plot the frequency / ‘ _ |
for each group using the highest value in the group. ”()J\’l—s 20 25 i0

Height (cm)

(ii) Estimate the median and interquartile range for the data.
1. Median — read off the plant height that corresponds
to a cumulative frequency of 40 (half of 80). Median = 23.25 em

2. Interquartile range (IQR) — read off the plant height that
corresponds to 60 (= ¥ of 80) for the upper quartile and
20 (= Y of 80) for the lower quartile. Then find the difference. IQR=2475-21.75=3 cm

Exercise 1
1 The cumulative frequency graph on the right shows ¢
the monthly earnings for a group of 16-year-olds. B [Fd] ‘

a) How many 16-year-olds took | |
part in the survey? :
b) Estimate how many earned less than £20. 60 =t ‘

¢) Estimate how many earned less than £80.

40

d) Estimate how many earned
between £40 and £100.

¢) Estimate the median earnings 20 il ‘ . ‘ L]
for a 16-year-old. ‘ |

Cumulative Frequency

f) Estimate the lower quartile, the upper quartile ' | ‘ ' ' HH
and the interquartile range for this data. o 20 40 60 80 100 120 140

Monthly earnings (£)

Section 35 — Displaying Data



2 This table shows Year 11 marks in a Maths test. Marks, m | Frequency | Cumulative Fre quency'
a) Copy the tal?le and complete 0<m=<10 0
the cumulative frequency column. 10<m <20 >
b) Draw a cumulative frequency curve for the marks. 20<m <30 4
¢) Estimate the median mark. 30 <m < 40 5
d) Estirpate the upper and lower quartiles 40<m < 50 19
and .1nterquart11.e range for the data. 50 2= 50 =
€) Puplls who achleyed less than 45 marks haye to . 60 <m=70 5
resit the test. Estimate how many pupils will resit.
f) Pupils who achieved more than 55 marks will et =
sit the higher tier exam. Estimate how many 80 s =0 : 1
will be entered for the higher tier. 90 <m < 100 1 ]
Mfr e 3 This cumulative frequency diagram . |7No. of hours, k| Frequency '
| e | shows thé number of hours of television h<o 35
' (i Watched in a week by a group of 200 r<hed 76
! girls. The table shows the number of e =
| L hours of TV watched by 200 boys.
| | ) ) 6<h<8 34 ]
150 ‘ a) Use the cumulative frequency diagram 8 <h<10 3
to estimate how many girls watched:
g - (@) Stless tian 9 hour); i Wee\r};’(at ’ o L
g Hte (ii) more than 11 hours a we:ak 2 =hs 1
& L1} . ‘ ' 14<h<16 0
s ‘ b) Estimate the median, upper and 16<h<18 0
k= 1ao | ' : lower quartiles. and interquartile 8= h<20 7
g | ' | range for the girls’ data.
| ¢) Copy the girls’ cumulative frequency

| diagram and the boys’ frequency table.

= column for the boys’ data table.

Ii e)

o Compare the amounts of television
16 18 20

watched by the groups of boys and girls.

AN
07 4 % 101214

Number of hours

(i) Add and complete a cumulative frequency

4 Some students are asked to pour out a sample of sand that Mass, m, in g | Frequency
they estimate will have a mass of 25 g. The table shows a m<s 2
summary of the masses of their samples. P >
a) Draw a cumulative frequency curve for this data. 10<m=<15 4
b) Use your diagram to: 15<m <20 7

(i) estimate the median and interquartile range, 20<m<25 25
(ii) estimate the 70th percentile. | 25<m <30 51

¢) Estimate how many students’ samples were within 10 g of the median. | 30<m <35 3l
d) Comment on the accuracy of the students’ estimates. TR .
40 <m <45 5

45<m <50 3
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(if) Plot a cumulative frequency diagram for the boys’ data
on the same axes as the girls’ cumulative frequency diagram.

d) Estimate the median and interquartile range for the boys’ data.




Box Plots i Uper
gquartite  Misdian yuartile
Lowest

Highest
value
'

A box plot can be used to summarise the distribution of data in a data set. !
A ViU

If the data is grouped, the highest and lowest data values are unknown.

In this case, the highest and lowest possible values are used. o ——r ; ; .
o 20 30 40 50 60

Example 2
The box plots below show the distribution of time it took to answer calls to a call centre over two weeks.
The call centre manager says, ‘The data shows the times taken to answer calls in Week 1 were greater
but more consistent than those in Week 2°. Do you agree? Use the data to explain your answer.

Compare the medians, quartiles, interquartile ranges,
Week | minimum and maximum values of the data sets. E.g.

— ] The median, the quartiles and the minimum and
maximum times are greater for Week 1 than Week 2,
so the data supports the first part of the manager’s
statement. However, the interquartile range for Week 2

Weak 2

™ 20 30 40 350 60 70 s 90 100

g calls were more consistent during Week 2.
Exercise 2
1 For each of the following box plots, find: 2 The box plots below show the distributions of
(i) the median, (ii) the upper quartile, the times a group of busybodies and a group of
(iii) the lower quartile, (iv) the interquartile range, chatterboxes were able to stay silent.
(v) the lowest value, (vi) the highest value. I i '
. i : busybodies et
a) [T il il | | | | | !
| | AL | 1) | = chatterboxes |
} ! | | | | | | | i | fe— . '.._._|
20 30 40 50 60 70 80 90 /L] pL )
Marks | e | : | | |
b) | | e A Y Jo 20 30 40 30 60
b - Seconds
| ' 1L T - | ' | A busybody says, ‘The busybodies were definitely
g 5 H' 5 2 23 3 better at staying silent than the chatterboxes’.
ours

Exercise 3 — Mixed Exercise

1 The table shows the battery life for two types of battery. 200 of each type of battery were tested.

is smaller than for Week 1, so the times taken to answer

Do you agree? Use the data to support your answer.

5000 <k | 6000<h | 7000</ | 8000<h |9000<h | 10000<h | 11000 <h

Hours of use, & | A <5000 | ~_ <000 | <7000 | <8000 | <9000 | <10000| <11000 | < 12000

Type A 25 15 23 17 50 41 24 5
Type B 13 13 18 21 36 72 19 8

a) Copy the table. Add rows to your table to show the cumulative frequencies for each type of battery.
b) Draw a cumulative frequency curve for each battery type.

¢) Estimate the median and interquartile range for each type of battery.

d) Draw a box plot to summarise the data for each type of battery.

) Use your box plots to compare the battery lives of the two types of battery.
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2 A store manager is analysing the sales figures of two assistants,
Their weekly figures for last year are shown in the table below.

Sales, £5 000 | <100 | 100 <5 <200 | 200 < s <300 | 300 < s <400 | 400 < s < 500
Sean 0 5 29 15 3
Maria 4 17 21 10 0

a) Construct cumulative frequency diagrams for both sets of sales figures on the same axes.

b) Estimate the median and interquartile range for each assistant.

¢) Sean’s lowest weekly figure was £160 000 and his highest was £490 000. Maria’s lowest was
£95 000 and her highest was £360 000. Draw box plots to illustrate each assistant’s sales figures.

d) Sean and Maria are currently both paid the same salary.
Who would you suggest deserves a pay rise, Sean or Maria? Use the data to support your answer.

35.6 Time Series

A time series is a set of data collected at regular intervals over a period of time.
Time series are usually shown as a line graph. You can use time series graphs to find trends in the data.

Example 1 4{;\ _ _
The graph on the right shows the midday temperatures in Athens ! | | | ;L 1t T
every day during the first week of July. The table below gives the L /x I 3 gl
corresponding temperatures for Oslo on the same days. 8 307 T Athens—
Date | Ist | 2nd | 3rd | 4th | 5th [ 6th | 7th o ‘ Wil
Temperature (°C) | 20 | 18 [ 15 | 17 [ 21 | 22 | 20 g 20 *’“\ 7] '/T\*J‘
'/,ai""ﬁy g 1\ S ’/ Oslo_|
a) Draw the time series for Oslo on the same axes. === g ‘
: L B0 ‘ -
b) Use your graph to comment on the temperatures in the two cities. . | ‘
Some comments you could make on the graph: | |
*  The recorded temperature in Oslo was always at least 01 2 3 4 % s 7=
10 °C lower than that in Athens. Da
*  The greatest difference in recorded temperatures during the week was 18 °C,
Exercise 1
1 The graph shows the average rainfall in London. 60 ‘ | ‘ ' [
The average rainfall for Glasgow is shown below. _- e ‘ £ gl NG l
E 20 % | {f—‘mT_ London™
Month | Jan | Feb | Mar | Apr | May | Jun E N Nimmr riae b P8 |
: = N 1111
Rainfall (mm) | 111 | 85 | 69 | 67 | 63 70 X 40 ‘ -_\T__ wedn | I | il
G
Month | Jul | Aug | Sep | Oct | Nov | Dec | # 30 | i ‘ - iili i |
Rainfall (mm) | 97 | 93 | 102 | 119 | 106 | 127 e T F M AMIJ J AS OND
a) Copy the time series graph for London and draw on the data for Glasgow. et
b) Write two sentences to compare the rainfall in the two cities.
¢) Find the range of each set of data.
2 A shop records its sales (in £) of two different brands wek| L1213 T 77T 6 . =
over an &-week period in the table on the right. L nee - =
: . . . Impact | 520 | 365 | 815 | 960 | 985 | 1245 | 1505 | 1820
a) Draw a comparative time series graph of this data. —
On Trend | 840 | 795 | 830 | 925 | 960 | 875 | 905 | 965

b) Comment on the sales of the two brands.
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The graph shows how the value of £1 sterling in US dollars varied during 2010.

The conversion rates for the previous year are given in the table below.

Month (09) | Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct Nov | Dec
US dollars ($) | 1.45 | 1.44 | 1.42 | 1.47 | 1.54 | 1.63 | 1.64 1.65 | 1.63 | 1.62 | 1.66 1.62J

a) Copy the original graph, and add a line 1704 5 :

showing the data from the table. 2 s 0508 k=S fRe a1 1A bo NI pRUES
b) What was the highest value of £1 in dollars in 2010? __E 160 ke ' ‘ | ! | f”_'.'i] .
¢) What was the highest value of £1 in dollars i s \\‘-. | JERN]LEESY | ) N “,!(

in 2009? When did it occur? - NG
d) Work out the mean value of £1 in dollars 150 ILFE] | Ny I : ‘

for both periods shown on the graph. igh ! | . 1 | ‘
) A businesswoman always travels to New York in June. ] F M AMJ J AS ON D

She changes £500 into dollars each time. How much less
is it worth in dollars in June 2010 than in June 2009?

Moving Averages

Calculating moving averages can make it casier to see trends in data sets. You can make predictions
from moving averages by drawing a trend line — a line of best fit through the moving average points.

The number of data points the average is calculated over depends on how many points make a repeating pattern.

Example 2

The graph on the right shows the profits made in
the summer (S) and winter (W) sales of a clothes
company over three years. The 2-point moving
averages are also plotted (¥).

a) (i) Show how the last moving
average has been calculated.
It’s a 2-point moving average, so
find the mean of the last two points.

Year 3 S profit = £22 000, Year 3 W profit = £38 000

Average = (22 000 + 38 000) + 2 = £30 000

Use the moving averages shown on the graph
to describe the trend shown by the data.

(i1)

Drawing a trend line can help you
clearly see any trends in the data.

|
40 t]m] - | ;

£ 30000
&£
(=]
I
-9
20 000
10 000 ‘ |
|
=L 1iE] | |
9§ W S W 5 W §
Year ! Year 2 Year3  Year4

The profit per year has increased.

b) By predicting the next moving average, estimate the amount of
profit the company will make in the Year 4 summer sale.

1. Read off the profit shown by the trend line
from the graph at the point halfway
between Year 3 W and Year 4 S. Thisis a

prediction for the next moving average.
Write an equation for your predicted
moving average. Solve this equation
to estimate the profit.

The trend line suggests the moving average
will probably be around £34 000.

x = estimate of the profit for Summer of Year 4.
34 000 = (38 000 +x) ~ 2

68 000 =38 000 + x

x=£30000
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Exercise 2
1 a) Use the moving averages plotted (e) to describe the general trend in the data shown by each graph.

U]

Umbrella sales

b) Explain what causes the pattern in the data points shown in graph (i).

400

200

51](.'IT X

300

100

k-

LA

(ORI

No. of sick days taken

_<term1

2 A museum has recorded the number of visitors for
the past three years. The data for the first two and
a half years is shown on the graph on the right.
The 4-point moving averages are also plotted (o).

a) The table below shows the number of visitors

to the museum in the last year. Calculate the £
next two 4-point moving averages. =
Year 3 §

Quarter Q1 Q2 Q3 Q4 E
No. of visitors | 10 000 | 7500 | 10 500 | 18800 |
Z

b) Copy and complete the graph shown on the
right to include all the visitor data for Year 3 and
the moving averages you calculated in part a).

¢) Use the moving average data to describe the
trend in the number of visitors to the museum
over the last three years.

Ln
——

& term 2

(iii) T X
; -~ T
1"? ¥ éEL
\ / CR O < @l
£ 5
1 t 30
x %
40
y
30
> i - >
N~ N~ N e 0 = b = =
5 k2] 5] 38 (¥}
EEEEEEE £ E H g E
38358885 s § & 5
. L 17 &=
I Year2 Year3 Year 1 Year 2 Year 3
A
20 000 |
18 000
16 000
14 000
12 000
10 000
BO00 | =
0l Q2 Q4 0 0 DI o QI Q2 ()_1""3'4_"
Year 1 Year 2 Year 3

o A college runs a cake decorating course A
each term. The graph shows the number i
of entrants that registered for the course 90
each term for the past two years.
a) (i) Copy the graph on the right. 80
Calculate each of the 3-point £ 70
moving averages for this data g
and plot them on your graph. B 60
(if) Explain why it’s appropriate to Z
use a 3-point moving average. 0
b) The college only wants to run the course 40
next year if they can expect at least 200
students to take the course. Should they gL
run the course next ycar? Show how you R ' | |
worked out your answer. 0 .I Telrm T62rm Te:;'m Telrm Tezrm Te}rm Telrm Tezrm Te;m
Year | Year 2 Year 3
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35.7 Scatter Graphs

Correlation

A scatter graph shows two variables plotted against each other.

Two variables are correlated if they are related to each other.
« Positive correlation means that the variables increase and decrease together.
« Negative correlation means that as one variable increases, the other decreases.

Example 1 a)ty b) ty ) 1y
Describe the relationship
shown by each of the graphs.

As x increases, y also increases. Asx increases, y decreases.  There’s no pattern.
Positive correlation Negative correlation No correlation

Exercise 1

1 State whether each of the scatter graphs  a)
on the right show positive correlation,
negative correlation or no correlation.

2 The outside temperature and the number of ice
creams sold in a cafe were recorded for six days.
The results are shown in the table on the right.
a) Use the data from the table to plot a scatter graph.
b) Is there a correlation between the outside temperature and the number of ice creams sold?
If so, describe the type of correlation.

[ Temp (°C) |28 | 25 | 26 | 21 | 23 [ 29 |

| Ice creams sold 30 |22 |27 [ 5 |13

3 Ten children of different ages were asked [Age (years) 5 ] 67| 8777 9 | i 1“()"”I i 6‘ B i
how many baby teeth they still had. | Baby teeth | 20 | 17 ] 11 | 15 1L ‘ 19|13 |
a) Use the results in the table to plot a scatter graph.

b) Describe the relationship between the age of the children and the number of baby teeth they have.

Example 2 9 1r
Describe the strength and ¥ ]
type of correlation shown %
by each scatter graph. 5 T
S EA LI 1
The closer the points are to being a) Strong positive correlation

in a straight line, the stronger the

N b) Moderate negative correlation
correlation of the graph. )

¢) Weak positive correlation
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x

4 Describe the strength and a) Sup | b) 1w
type of correlation shown 2‘”‘"' | M40
by each of the scatter B | o120

. S 500 5100

graphs shown on the right. 5 400 | il

Smu = i | E 60

53 200! [ 40

G |

o. (TN ¥ 20

S |

4

| Height (cm)
[ Shoe size

0100 200 300 400 500 600 700 800 900 1000
No. of people that caught flu

Jeremy measured the height and shoe size of 10 people.

165 159 ‘ 173 ‘ 186176 | 172 181 ] 169 | 179 | 194
6 [5]8]olas|7]

8168 |11

a) Use his results in the table to plot a scatter graph of

shoe size against height in cm.

b) Is there evidence to show that height and shoe size are

correlated? Explain your answer.

Lines of Best Fit

0
0 50 100 150 200 250 300 350 400 450 500
distance travelled (miles)

If two variables are correlated, then you can draw a line of best fit on their scatter graph.

Example 3 80
The scatter graph shows the marks for a class of 70|

pupils in a Maths test plotted against the marks

they got in an English test.

a) Draw a line of best fit on the graph.

b) Jimmy was ill on the day of the Maths test.
If he scored 75 in his English test, predict
what his Maths mark would have been.

¢) Elena was ill on the day of the English test.
If she scored 35 on her Maths test, predict
what her English result would have been.

i)

¥, =N =-J
= = =, =
(=] = = =

Maths test (out of 100)
bW

L) |

i

fnd
=

Maths test (out of 100)
A &

S

x

x

I i :
10) ! | iteed fosirddl | | i
9 ! ‘ | i [ |
I
Sg B RS |
o | | |
a7 i il
6 | i i i |
[
4lal ! | |
0 150 160 170 180 190 200
Height (cm)
IEEITEI x|
| ‘ |
i Mg
il RS
: i |
| x X
| 3-43¢ {4
| 29 ‘ | |

| et il

VG HAIES
B

20 30 40 30 60
English test (out of 100)
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7080 90 100
English test (out of 100)

1. Draw a line of best fit — there should be
about the same number of points on either
side of the line.

2. Use the line of best fit to predict
Jimmy’s and Elena’s results.

Predicted Maths mark for Jimmy = 56
Predicted English mark for Elena = 51



Exercise 2 25
1 The graph on the right shows the height of a number
of trees plotted against the width of their trunks. 20
a) Describe the strength and type of correlation between @
the width of the trunks and the height of the trees. 8 I5
b) Point A does not fit the correlation pattern shown G
by the rest of the data. Suggest a reason for this. 510
¢) Use the graph to predict the width of a tree’s T
trunk if it is 13 m tall. 5
d) A tree has grown into power lines, meaning that
measuring its height would be dangerous. 0 20 40 60 80 100 120
If the trunk is 100 cm wide, predict the tree’s height. Width of tree trunk (cm)

2 Anton wants to buy a particular model of car. The table below shows the
cost of several of these cars that are for sale, as well as their mileage.

| Mileage | 5000 | 20000 | 10000 | 12000 5000 | 25000 27000
Cost(£) | 3500 | 2000 | 3000 | 2500 | 3900 | 1000 | 500

a) Draw a scatter graph to show this data.

b) Draw a line of best fit through your points.

¢) Thelma has seen a car of this model with a mileage of 15000 miles. Predict the cost of this car.

3 The outside temperature and the number of drinks sold by two vending machines
were recorded over a 10-day period. The results are shown in these tables.

 Temperature (°C) 141292319 223133 ‘ 18|27/ 21
|Dr1nks sold from Machlne 1 | 6 |24 16 | 13 ‘ 15 ‘ 28(3113 22| 14 ‘

| Temperature (°C) 14]29[23[19 (22|31 [33]18]27]21 ‘
Drinks sold from Machine 2] 7 | 25 | 18 15117132 | 3514 (24|17
For each machine;

a) Draw a scatter graph to represent the data. Draw a line of best fit for the data.
b) Predict the number of drinks that would be sold if the outside temperature was 25 °C.

¢) Explain why it might not be appropriate to use your lines of best fit to estimate the number of drinks sold
from each machine if the outside temperature was 3 °C.

d) Lucas says, “An increase in temperature causes more vending machine drinks to be sold.”
Do you agree with Lucas’s statement? Explain your answer.

4 Craig measures the leg length of 10 members of a running club. He then times how
long it takes each member to run 100 m. His results are shown below.

Club member 1 [ 27345 7]c¢ 7]8|9‘10
Leg length (in cm) 60.0 | 65 | 75 | 90 ‘ 80 | 69 | 96 | 765 | 85 | 66
Time taken to run 100 m (ins) | 1690 | 12.80  15.60 | 13.50| 1430 | 15.40 | 13.0 | 14.80 ] 14.40 | 16.30

a) Plot a scatter graph of this data.
b) Describe the relationship shown by the scatter graph.
¢) Circle any outlier data points and draw a line of best fit for the data.

d) Use your graph to predict how long it would take for a running club
member with a leg length of 87 cm to run 100 m.

e) (i) Estimate how long it would take a running club member with a leg length of 100 cm to run 100 m.
(ii) Is your answer to part (i) a reliable estimate? Explain your answer.
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35.8 Displaying Data Problems

Exercise 1

1 The children at a youth club were asked to name their favourite flavour of ice cream.
The dual bar chart opposite shows the results.

> 10
a) How many girls were asked altogether? g 8 Bg::\l:
b) How many boys were asked altogether? £ 6
¢) How many more boys than girls chose chocolate? 4
d) Which three answers were given by twice as many girls as boys? 5 ‘l D—] m i
€) Which flavour did no boys choose? §§’ & & §§q Qig\?’ d@@“ e
f) What is the modal flavour for the girls? = @g E’.f ﬁ? OE,G\

: RY

The pie chart below shows the data for the girls.

g) Work out the number of degrees used to represent one girl.
h) Draw a pie chart to show the data for the boys.

i) Rocky road was chosen by the same number of girls and boys.
Explain why the sectors representing rocky road
in each pie chart are different sizes.

2 The data on the right shows the ages of people 10 am: 65,48, 51, 27, 29, 35, 58, 51, 54, 60, 59
queuing in a post office at 10 am and 3 pm. 3pm: 15,23,32,31,35,22,23, 18, 27

a) Draw a back-to-back stem and leaf diagram to show the data.
b) Find the modal age of the people queuing at each time.
¢) By calculating measures of average and spread, compare the ages of the people queuing at 10 am and 3 pm.

3 Ten people competed in a quiz. Their scores for the Plaver |A|B|C[D[E[F[GlH[TI ]
first two rounds are shown in the table opposite. Round 1]12] 19| 6 | 11|16 15118113112

Round2| 9 |16| 1 | 8 |I15|11]13|10| 7 | 4

=

a) Copy the two-way table below and use the scores to fill in the missing frequencies.

| _0-3 points | 4-7 points | 8-11 points | 12-15 points | 16-20 points Total |
Round 1 0 ; ail | - I
| Round 2 1 | |
[Total | 1 | i 1 —

b) What percentage of people scored 12 or more in round 1?
¢) How many of the 20 scores were less than 8?

d) The questions in one of the rounds were easier than in the other round.
Use your two-way table to suggest which round was easier and explain your answer.

¢) Draw a scatter graph showing the scores for round 1 against the scores for round 2.
f) Describe the relationship between the scores people got in round 1 and the scores they got in round 2.

- Section 35 — Displaying Data



4 The table opposite shows the number of components  |Hour tJ2]3]la4als]e6|l7[8]9]10

made by a machine each hour for 10 hours. Number of
components

148 | 151 | 150 | 150 | 149 | 150 | 147 | 142 | 136 | 131

a) Draw a time series graph to show this data.

b) The machine is designed to produce 150 components per hour.
Draw a line on your graph to show the target number of components for each hour.

¢) A factory worker thinks the machine should be checked for faults.
Do you agree? Use the data to explain your answer.

5 The histogram below shows information about the heights of all the members of a netball club.

a) Copy this grouped frequency table and use the histogram to fill in the frequencies.

[ Height (4) in cm | Frequency ‘g 25 |
155 < h < 160 g 201 | |
160 < /i < 165 i o ETTLi

| 165<h<170 g L0
170< h < 175 2 0.5 1
175 < h <180 o I___I_
180 < 1 < 185 S e - gy

. RS
b) Estimate the number of netball players who are taller than 172 cm. Height in cm

The frequency polygon below shows information on the heights of all the members of a gymnastics club.

A

‘ ¢) What is the modal class for the gymnasts’ heights?

& 84 L d) How many gymnasts are there in the club?
=
S i i ‘ ¢) Copy the frequency polygon for the gymnasts and draw a frequency
B At ‘ L it polygon for the heights of the netball players on the same axes.
i L ’ | | ) Use the frequency polygons to compare the heights
E T T 1 1 Ll T T i
R 6’ &S R \,\t—, S& of the netball players and the gymnasts.
Height in cm
6 The cumulative frequency graph on the right shows the 100
distances that 100 school children travel to school. 90+

a) Use the graph to estimate the median distance travelled.
b) Use the graph to estimate the interquartile range.

¢) Children who live more than 4 km away get the school bus.
How many children get the school bus?

The box plot below shows the distribution of the distances
that 100 children at a second school travel to school.

Cumulative Frequency

|

[T

‘ gt f

T _ LR
| | | T T T s T WS
|‘ ‘||‘ 024 6 8 10121416

i —1 | ! — 1 Distance in km
01 2 34 5 6 78 91011121314 1516
Distance in km

d) How many of the children at the second school travel less than 4 km to school?

¢) Copy the box plot for the second school and draw a box plot for the first school above it.
Use 1 km as the shortest distance travelled and 15.5 km as the longest distance travelled.

f) Use your box plots to compare the distances travelled by the children at the two schools.
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35.9 Misrepresentation of Data

Exercise 1

1 This box plot shows information about the temperature
inside a fridge, measured at hourly intervals during a day.

1 A¥LL l | 1 p———
a) Explain why the range might not be a good representation e 5 i I —]
of the spread of temperatures inside the fridge. il | | i il

b) Do you think the mean would be a better or i T T e P
; . -2 0 2 4 6 8 10
worse average to use than the median for this data? Temperature (°C)
Explain your answer. p

2 The grouped frequency table and histogram below show the scores hit per dart by a darts player during a match.

Score (s) Frequency 35

0<s<20 13 o
20 <5 <30 35 g%

2,20
30<s<40 15 o

=~ 15
40<s<50 3 T
50 <s <55 20 ; 1

0 10 20 30 35 40 50 55 60

55 <s <60 35 Seore

a) Give four criticisms of the histogram. Draw a more appropriate histogram.

b) Would a pie chart be a good way to represent this data? Explain your answer.

3 The histograms below show information about the weights of employees at company A and company B.
Company A Company B a) Petra says, “More people in company A were
; | . between 60 kg and 80 kg than in company B.”
2 ' | ‘ 2 Is Petra’s statement correct? Explain your answer.
& ' 2
[ [5)
. ' S | b) Gary claims that the range of weights of
g g [l employees in company B is exactly 10 kg more
& ’ ‘ g than the weights of employees in company A.
| —~ . .
= = Is Gary likely to be correct? Explain your answer.
1 ¥ T T l—'{l T T T T T T 1 . . . .
40 Wﬁ(l " .HIL 100 40060 80100 ¢) In which company is the median weight of the
FEEE Weight in kg employees the greatest? Explain your answer.
4 The scatter graphs below show how the scores on a maths test relate
to both the score on an IQ test and the percentage of maths lesson attended.
60 ; i | 70 I e a) Describe the correlation shown
Sl | HRIIAIL | S &1 | L x%‘:i:%::“ by each of the scatter graphs.
Y x G x
; 561 L 3 x g 56 xl: ,?‘;&’ﬁ',:f’; :L b) Jenny says, “Maths Fest scores are more
& Bkl | = [ onogis v closely correlated with IQ test scores than
% 54 xl P11} KR SR B, 4 : »
e ‘ | Wk 8 | A7 4 with percentage of lessons attended.
é’ 52 i * i g 30 e ! Do the scatter graphs support her claim?
= 50 e IR | >0 ‘ | | | Explain your answer.
i | LR

S0 60 70 80 90 100
% of lessons attended

40 60 80 100 120 140
1Q test (out of 150)

=
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Section 36 — Probability

All probabilities are between 0 and 1. An event that’s impossible has a probability of 0 and an event that’s
certain to happen has a probability of 1. You can write probabilities as fractions, decimals or percentages.

The different things that could possibly happen are called outcomes. When all the possible outcomes
are equally likely, you can work out probabilitics of events using this formula:

number of ways the event can happen
total number of possible outcomes

Probability of event =

The probability of an event can be written as P(event).

Example 1

A box contains 20 counters, numbered 1 to 20. If one counter is selected at random,
work out the probability that the number is less than 12.

1. All the possible outcomes are equally likely, so use the formula.
The total number of possible outcomes is the number of counters.  Total possible outcomes = 20

2. Count the number of outcomes that are less than 12. 11 ways of getting less than 12

3. Put the numbers into the formula. P(less than 12) = %

Exercise 1

1 Calculate the probability of rolling a fair, six-sided dice and getting each of the following.
a) 6 b) 2 c) 7
d) 4or5 ¢) a multiple of 3 f) afactor of 6

2 A standard pack of 52 playing cards is shuffled and one card is selected at random.
Find the probability of selecting each of the following.

a) aclub b) anace ¢) ared card
d) the two of hearts €) not a spade f) adoras

3 A bag contains some coloured balls — 2 black, 4 blue, 2 green, 3 red, 2 yellow, 1 orange, 1 brown and
1 purple. If one ball is selected at random, find the probabilities of getting the following colours.

a) green b) red ¢) orange d) black
e) blue or green f) red, greenorbrown  g) not purple h) white
4 Tor each of these questions, draw a copy of this spinner and —

number the sections in a way that fits the given rule.

a) The probability of getting 2 is %

b) The probability of getting 3 is % \

¢) The probability of getting 5 and the probability of getting 6 are both %‘
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5 Diane has 20 pairs of socks and each pair is different. She picks one sock at random. If she then picks
another sock at random from the remaining socks, what is the probability that the 2 socks make a pair?

6 A box of identically wrapped chocolates contains 8 caramels, 6 truffles and 4 pralines. Half of each
type of chocolate are coated in milk chocolate and half are coated in white chocolate. Chelsea selects a
chocolate at random. She doesn’t like pralines or white chocolate, but she likes all the others.

a) What is the probability that she gets a white chocolate coated praline?
b) What is the probability that she gets a chocolate she likes?

7 This table shows information about the books Harry owns.

If one of Harry’s books is selected at random, find the probability it’s: Eaperbackifl Hardback

Fiction | 14 6
Non-fiction 2 8

a) a paperback fiction book

b) a non-fiction book

Probabilities That Add Up to 1

Events that can’t happen at the same time are called mutually exclusive.
For example, rolling a 1 and rolling a 3 in one dice roll are mutually exclusive events.

The probabilities of mutually exclusive events that cover all possible outcomes always add up to 1.
For any event there are only two possibilities — it either happens or it doesn’t happen.

So: The probability an event doesn’t happen is equal to 1 minus the probability it does happen.

Example 2
The probability that Kamui’s train is late is 0.05. Work out the probability that his train is not late.
The train is either late or not late. P(train is not late) = 1 — P(train is late)
So P(late) + P(not late) = 1. =1-0.05=0.95
Example 3
A bag contains red, green, blue and white counters. This table shows the probabilities of
randomly selecting a red, green or white counter from the bag.  [Colonr Red | Green | Blue | White
Work out the probability of selecting a blue counter. Probability | 0.2 | 0.1 05 |
The probabilities of the 4 colours add up to 1. So the P(blue)=1-(0.2+0.1 +0.5)
probability of blue is | minus the other 3 probabilities. =1-08=0.2

Exercise 2

1 The probability that it will snow in a particular Canadian town on a particular day is %
What is the probability that it won’t snow there on that day?

2 The probability that Clara wins a raffle prize is 25%. Find the probability that she doesn’t win a prize.
3 If'the probability that Jed doesn’t finish a crossword is 0.74, what’s the probability he does finish it?

4 The probability that Gary wins a tennis match is twice the probability that he loses it.
Work out the probability that he wins a tennis match.
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5 Everyone taking part in a certain lucky dip wins a prize.
The table below shows the probabilities of winning the four possible prizes.

a) Find the missing probability. |I.Prize _ Lollipop. Pen | Cuddly toy | Gift voucher
b) What’s the probability of winning a prize that’s not a pen? | Probability | 04 | 01 02 |

6 When two football teams play each other the probability that Team A wins is 0.4 and the probability
that Team B wins is 0.15. What is the probability that the match is a draw?

One counter is selected at random from a box containing blue, green and red counters.
The probability that it’s a blue counter is 0.5 and the probability that it’s a green counter is 0.4.
If there are four red counters in the box, how many counters are there altogether?

A spinner has three sections, coloured pink, blue and green. The probability it lands on pink is 0.1.
If the probability it lands on blue is half the probability it lands on green,
find the probability that it lands on green.

36.2 Listing Outcomes

When two things are happening at once, for example a coin toss and a dice roll,
it’s much easier to work out probabilities if you list all the possible outcomes in a logical way.

It’s often a good idea to use a sample space diagram (also called a possibility diagram),
which can be in the form of a two-way table or grid.

Example 1
Anne has three tickets for a theme park. She chooses two friends at random to go with her.
She chooses one girl from Belinda, Claire and Dee, and one boy from Fred and Greg.

What is the probability that Anne chooses Claire and Fred to go with her? Girls Boys |
Belinda Fred
1. Use a simple two-column table to list the outcomes. Belinda | Greg
Write in each girl in turn and fill in all the possibilities for the boys. Sl il
Each row of the table is a possible outcome. cate | O
L D Gre_
2. Count the number of rows that Claire e —
and Fred both appear in. Then divide There’s 1 outcome that includes both Claire and Fred,
by the total number of rows. and 6 outcomes in total. So P(Claire and Fred) = %

Exercise 1

1 A burger bar offers the meal deal shown on the right. Choose 1 burger and 1 drink
Jana picks one combination of burger and drink at rand Burgers b
ana picks one combination of burger and drink at random. Hamburger Cola
a) What is the probability she chooses a veggic burger and cola? Cheescburger Lemonade
. - i fi
b) What is the probability she chooses at least one of Veggie burger Coffee
cheeseburger and coffee?
2 The fair spinner shown opposite is spun twice. ’ \\ 1 \
a) What is the probability of spinning 1 on both spins? ‘f > /\LX
b) What is the probability of getting less than 3 on both spins? \"\ / 2 /'f
\/_ 4/
3 A fair coin is tossed three times. Work out the probability of getting:
a) three tails b) no tails ¢) one head and two tails
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Example 2

Two fair, four-sided dice, one white and one blue, are rolled together. Both are numbered 1-4.

a) List all the possible total scores. ST
1. Draw a two-way table with the outcomes for one dice {IFS R |4
across the top and those for the other dice down the side. T TaT213 1405
2. Fill in each square with the score for the row ‘ E 2|5 a5
plus the score for the column. g 3|4]s|6|7
| |4]s]6]7]s

b) What is the probability of scoring a total of 4?
Count how many times a total of 4 appears in the table. 3 of the outcomes are 4 and there are
Then divide by the total number of outcomes. 16 outcomes in total. So P(total of 4) = %

Example 3

A spinner with three equal sections — red, white and blue, is spun twice.
Find the probability of spinning the same colour both times.

1. Draw a two-way table or grid to show
all the possible outcomes.

2. Count the number of ways of spinning
the same colour both times, then divide There are 3 ways of spinning the same colour and there

by the total number of outcomes. are 9 outcomes in total. So P(same colour) = % or%
Exercise 2
1 Two fair six-sided dice are rolled. 9 21 O )
a) Copy and complete this table to show all the possible total scores. I
b) Find the probability of each of the following total scores. : ——
i o (ii) 12 (iii) 1 4
(iv) less than 8 (v) more than 8 (vi) an even number z -

2 Craig likes to eat curries, but he always finds it difficult to choose what type of rice to have.
He is equally happy to eat boiled, lemon, pilau or vegetable rice. He decides that from now on,
he’s going to select his rice at random from those four options.

a) Draw a diagram to show all the possible combinations of rice he could eat with his next two curries.
b) Find the probability that he eats the following types of rice with his next two curries:
(i) pilau rice both times (ii) the same type both times (iii) lemon rice at least once

3 Tomrolls a fair six-sided dice and spins a spinner with four equal sections labelled A, B, C and D.
Find the probability that Tom gets each of the following.

a) 6and A b) B and less than 3 ¢) Cand an even number

o Hayley and Asha are playing a game. In each round they both spin a spinner with five equal sections labelled
1 to 5, and whoever gets the higher score wins the round. If the winner spins a 5, she scores 2 points, and if
the winner spins less than 5, she scores 1 point. I both players spin the same number, no one wins a point.

a) What is the probability that Hayley wins 1 point in the first round?
b) What is the probability that Hayley wins 2 points in the first round?
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Product Rule for Counting Outcomes

Example 4 How many different six-digit numbers are there
that only include the digits 1, 2 and 3?

For each digit in the six-digit number
there are three choices (1, 2 or 3). 3x3x%x3x3x3x3=729

Exercise 3

1 Onamenu in a restaurant there are 4 starters, 8 main courses and 3 desserts to choose from.
a) How many different three-course meals could you have?

b) In a two-course meal one of the meals has to be a main course.
How many different two-course meals could you have?

2 A combination lock has five rotating wheels which can each be set to one of the numbers 0-6.
a) How many different combinations could you set for the lock?
b) How many different combinations could you set that only include odd numbers?
¢) If you randomly choose a combination, what is the probability that all wheels are set to odd numbers?

3 A vending machine contains 6 different flavours of fruit juice. Trish buys 4 cans of fruit juice from
the vending machine. She says, “There are 1296 different combinations of fruit juice I could get.”
Is Trish correct? Explain your answer.

36.3 Probability from Experiments

Relative Frequency

You can estimate probabilities using the results of an experiment or what you know has already happened.
Your estimate is the relative frequency (also called the experimental probability), which you work out

usingithistiormula: Number of times the result happens

Ll i) = Number of times the experiment is done

The more times you do the experiment, the more accurate the estimate should be.

Example 1

A biased dice is rolled 100 times. Here are the results.
Estimate the probability of rolling a 1 with this dice.

[ Score 1]2]3]4]5]s]
| Frequency [ 11 | 14 |27 | 15| 17 16 |

Divide the number of times 1 was rolled 1 was rolled 11 times.
11
by the total number of rolls. So P(1) = 1pg
Exercise 1

1 A spinner with four sections is spun 100 times. The results are shown in the table below.

a) Estimate the probability of spinning each colour. Colour Red l'Green Yellow |

Blue
9

b) How could the estimates be made more accurate? Frequency | 49 | 34 8

2 Stacy rolls a six-sided dice 50 times and 2 comes up 13 times.
Jason rolls the same dice 100 times and 2 comes up 18 times.

a) Use Stacy’s results to estimate the probability of rolling a 2 on this dice.
b) Use Jason’s results to estimate the probability of rolling a 2 on this dice.
¢) Explain whose estimate should be more accurate.
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3 Jamal records the colours of the cars passing his school. Estimate the Colour Silver | Black
probability, as a decimal, that the next car passing Jamal’s school will be: | Frequency | 452 | 124 I

237 | 98 89

Red | Blue Other_:_

a) silver b) red ¢) not silver, black, red or blue

4 Jack and his dad have played golf against each other 15 times. Jack has won 8 times.
a) Estimate the probability that Jack will win the next time they play.
b) Estimate the probability that Jack’s dad will win the next time they play.

5 Describe how Lilia could estimate the probability that the football team she supports will win a match.

Expected Frequency
You can estimate the number of times an event will happen by working out its expected frequency.

Expected frequency = number of times the experiment is done x probability of the event happening

Example 2 The probability that a biased dice lands on 1 is 0.2.
How many times would you expect to roll a 1 if you roll the dice 50 times?

Multiply the number of rolls by the probability of rolling a 1. 50 x 0.2 = 10 times
Exercise 2
1 The probability that a biased dice lands on 4 is 0.75. How many times would you expect to roll 4 in:
a) 20 rolls? b) 60 rolls? ¢) 100 rolls? d) 1000 rolls?

2 The spinner on the right has three equal sections.
How many times would you expect to spin ‘penguin’ in:

a) 60 spins? b) 300 spins? ¢) 480 spins?

3 A fair, six-sided dice is rolled 120 times. How many times would you expect to roll:
a) as? b) a6? ¢) an even number? d) higher than 1?

Frequency Trees

When an experiment has two or more steps, you can record your results in a frequency tree.

Example 3 James asks 200 people of various ages to roll a dice.
There were 120 people under the age of 20 and 16 of them rolled a six.

Of the people aged 20 and over, 18 rolled a six.

Fill in the frequency tree below to show this information.

Rolled a six?

Fill in the bits of the tree given in the question first Under 20?

— the total number of people goes in this box, «

Yes
The numbers at the end of a set of branches should\

always add up to the number at the start of the branches. @

200 — 120 = 80 people are aged 20 and over
120 — 16 = 104 people under 20 didn’t roll a six
80 — 18 = 62 people aged 20 and over didn’t roll a six
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Exercise 3

1 720 truck drivers were asked to do an eye test. 640 said their vision was fine.
180 of the drivers who said their vision was fine failed the eye test.
30 of the drivers who said their vision wasn’t fine passed the eye test.
Draw and complete a frequency tree to represent this information.

Has brown hair?
2 Information on 800 UK residents’ hair and eye colour was collected. NS No

The data was .recorded' in the two—.way table shown on the right. T Ves 220 105
a) Show the information from this

two-way table on a frequency tree. Syl No 335 140
b) Find the relative frequency of someone having brown hair and brown eyes.
¢) If you collected the same data on another group of 2000 UK residents,

how many would you estimate won’t have brown eyes or brown hair?

Fair or Biased?

Things like dice and spinners are fair if they have the same chance of landing on each side or section.

To decide whether something is fair or biased, you need to do an experiment. Then you can compare the
experimental results with what you would expect in theory.

For example, if you roll a six-sided dice, you expect it to land on 6 about % of the time. So if you rolled it 120 times,
you'd expect about 20 sixes. If 60 of the rolls were 6 (relative frequency of 6 = %), yowd say the dice was biased.

Example 4 -
. Score 112]3)415|6
Here are the results of 60 dice rolls. « %re quency | 12| 3| 9 |10|14]12

a) Work out the relative frequencies of each score.

2 3 9
1. Work out frequency + 60 for each score. 1= é_o =02 2=%7=005 3=50=0.15
2. Write the probabilities as decimals so 10 14 12
they’re easier to compare. 4=50=017 5= =023 6=¢0=02

b) Do you think the dice is fair or biased? Explain your answer.
Compare the relative frequencies to the theoretical probability of % =0.17.

The relative frequency of a score of 2 is very different from the theoretical probability,
so the experiment suggests that the dice is biased.

Exercise 4

1 A spinner has four sections coloured blue, green, white and pink. This table shows the results of 100 spins.

a) Work out the relative frequencies of the four colours. Colour Blue | Green | White | Pink |

b) Explain whether you think the spinner is fair or biased. Frequency | 22 | 21 | 18 | 39 |

2 A six-sided dice is rolled 120 times and 4 comes up 32 times.
a) How many times would you expect 4 to come up on a fair dice in 120 rolls?
b) Use your answer to part a) to explain whether you think the dice is fair or biased.

3 Three friends cach toss a coin and record the number of heads they get. This table shows their results.

a) Copy and complete the table. Amy | Steve | Hal
No. of tosses 20 60 100
No. of heads 12 33 49

R_elative frequency
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36.4 The AND Rule for Independent Events

Two events are independent if one of them happening has no effect on the probability that the other happens.

If A and B are independent events:  P(A and B) = P(A) x P(B)

Example 1
A biased dice has a probability of 0.2 of landing on 6. The dice is rolled twice.
a) What is the probability that two sixes are rolled?

The first roll has no effect on the second P(6 on 1* roll and 6 on 2™ roll) = P(6 on 1*) x P(6 on 2"¢)
roll, so the events ‘6 on first roll’ and =0.2x0.2
‘6 on second roll’ are independent. =0.04

b) What is the probability that neither roll is a 6?
1. Onanyroll, eithera 6 isrolledora6  Pmot6)=1—-P®6)=1-0.2=0.8

isn’t rolled, so P(6) + P(not 6) = 1. P(neither roll is a 6) = P(not 6 on 1%) x P(not 6 on 2™)
2. The events ‘not 6 on first roll’ and =0.8x0.8
‘not 6 on second roll” are independent. =0.64

Exercise 1

1

Say whether each of these pairs of events are independent or not.
a) Tossing a coin and getting heads, then tossing the coin again and getting tails.

b) Selecting a coffee-flavoured chocolate at random from a box of chocolates. Then, after eating the first
chocolate, randomly selecting another coffee-flavoured chocolate from the same box.

¢) Rolling a 6 on a dice and randomly selecting a king from a pack of cards.

A fair coin is tossed and a fair, six-sided dice is rolled. Find the probability that the results are:
a) aheadandaé6 b) a head and an odd number ¢) atail and a square number
d) atail and a prime number e) ahead and a multiple of 3 f) atail and a factor of 5

10% of the pupils in a school are left-handed and 15% wear glasses. Assuming that the hand they write
with and glasses wearing are independent, find the probability that a pupil picked at random:

a) isright-handed b) doesn’t wear glasses
¢) wears glasses and is left-handed d) doesn’t wear glasses and is right-handed

A bag contains ten coloured balls. Five of them are red and three of them are blue. A ball is taken from the
bag at random, then replaced. A second ball is then selected at random. Find the probability that:

a) both balls are red b) neither ball is red ¢) the first ball is red and the second ball is blue

The probability of Selvi passing some exams is shown in the table.
Assuming that her passing any subject is independent of her
passing any of the other subjects, find the probability that she:

Subject Maths | English Geography"_ Science]
Probability | 0.8 0.6 0.3 04 |

a) passes English and Maths b) passes Maths and Geography ¢) passes Maths and fails Science

The probability of randomly selecting an ace from a pack of cards is %. Len says the probability of randoml
p 57 Yy

selecting an ace, then randomly selecting another ace (without replacing the first ace) is % X % = 1‘%9

Say whether you agree with Len and explain why.
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36.5 The OR Rule

The OR Rule for Mutually Exclusive Events

Two events are mutually exclusive if they can’t both happen at the same time — they have no common outcomes.

If A and B are mutually exclusive events: P(A or B) = P(A) + P(B)

Example 1

A bag contains red, yellow and blue counters. The probabilities of
randomly selecting each colour are shown in the table opposite.

Red | Yellow | Blue
0.3 0.5 0.2

Find the probability that a randomly selected counter is red or blue. P(red or blue) = P(red) + P(bluc)

The counter can’t be both red and blue, so the events —034+02
‘counter is red’ and ‘counter is blue’ are mutually exclusive. =05
Exercise 1

1 A fair spinner has eight sections labelled 1 to 8. Say whether these pairs of events are mutually exclusive or not.
a) The spinner landing on 6 and the spinner landing on 3.
b) The spinner landing on 2 and the spinner landing on a factor of 6.
¢) The spinner landing on a number less than 4 and the spinner landing on a number greater than 3.

2 A bag contains some coloured balls. The probability of randomly selecting a pink ball is 0.5, a red ball is
0.4 and an orange ball is 0.1. Find the probability that a ball picked out at random will be:

a) pink or orange b) pink or red ¢) red or orange

3 Chocolates in a box are wrapped in four different colours of foil :
— gold, silver, red and blue. The table shows the probabilities Colour Gold | Silver | Red | Blue
of randomly picking a chocolate wrapped in each colour. Probability [ 04 | 0.26 |0.14] 0.2

Find the probability of picking a chocolate wrapped in:
a) red or gold foil b) silver or red foil ¢) gold or blue foil d) silver or gold foil

4 On sports day, pupils are split into three equal teams — the Eagles, the Falcons and the Ospreys.
What is the probability that a pupil picked at random belongs to:

a) the Eagles? b) the Eagles or the Falcons? ¢) the Falcons or the Ospreys?

5 Jane is told that in a class of 30 pupils, 4 wear glasses and 10 have blonde hair. She says that the probability

that a pupil picked at random from the class will have blonde hair or wear glasses is % + % = %%.

Say whether you agree with Jane and explain why.

0 The owner of a cafe records the sandwich fillings chosen by customers who buy a sandwich one lunchtime.
The table shows the probabilities that a randomly chosen sandwich buyer chose each of five fillings.
Customers can choose any combination of fillings, apart from pickle and mayonnaise together.

a) Find the probability that a randomly selected

. . Cheese | Tuna | Salad | Pickle | Mayo
customer chose pickle or mayonnaise.

0.54 0.5 | 026 | 022 | 0.28

b) Explain why the probabilities add up to more than 1.
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The General OR Rule

When two events are not mutually exclusive (i.c. they can both happen at the same time);

P(A or B) = P(A) + P(B) - P(A and B)

Example 2 The fair spinner shown is spun once. Vs l I 2 A
What is the probability that it lands on a 2 or a shaded sector? 7 2 7
The spinner can land on both 2 and a shaded sector at the same time. ; I — \ A
P(2 or shaded) = P(2) + P(shaded) — P(2 and shaded) — ' T
_ 6 51 Yol #ol s A -\\2 l B
10 10 10 10 == N _2
Exercise 2
1 A fair 20-sided dice is rolled. What is the probability that it lands on:
a) a multiple of 3 or an odd number? b) a factor of 20 or a multiple of 4?
2 A card is randomly chosen from a standard pack of 52 playing cards.
a) What’s the probability that it’s a red suit or a queen?
b) What’s the probability that it’s a club or a picture card?
3 The table shows the number of boys and girls in each year group at a school. B Girl
What is the probability that a randomly chosen pupil is: 0ys s
a) in Year 11 or a girl? Year 9 20 10
b) a boy or not in Year 9? oo 1 50 287
Year 11 212 146

4 Sumi organises some elements into two sets, A and B.
n(A) = 28, n(B) = 34, n(A N B) = 12, n(£) = 100.
Calculate the probability that a randomly chosen element is in set A or set B.

5 The frequency tree shows some information about scores achieved by girls and boys on a maths test.

Score Use the frequency tree to find the probability

that a randomly chosen student is:

Gender

> T0%

a) a girl or scored < 70% on the maths test.

<70% b) a boy or scored > 70% on the maths test.

> T70%

¢) aboy who scored < 70% or a girl who scored > 70%.

o The Venn diagram on the right shows three events A, B and C.
A and B are not mutually exclusive.
A and C are mutually exclusive.

B and C are mutually exclusive,
Use the Venn diagram to derive an expression for P(A U B U C). QC
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36.6 Using the AND / OR Rules

You can work out trickier probability questions by breaking them down into smaller chunks.

Example 1

A biased dice lands on each number with the probabilities
shown in the table opposite. The dice is rolled twice.

Find the probability of rolling one 2 and one 3. 0.1 |015] 02 | 02 ] 03 [005

1. There are two options for rolling one 2 and one 3.

2. Find the probability of getting 2 on the first roll and P(2, then 3) = P(2) x P(3)
3 on the second roll. These events are independent, =0.15%x0.2
so you can multiply the probabilities. =0.03
3. Find the probability of getting 3 on the first roll P(3, then 2) = P(3) x P(2)
and 2 on the second roll. =0.2x0.15
=0.03
4. Find the probability of getting the first option or the
second option. These events are mutually exclusive, P(2 then 3 or 3 then 2) = 0.03 + 0.03
so you can add the probabilities. =0.06

Exercise 1

1 A fair coin is tossed twice. Work out the probability of getting:
a) 2 heads b) 2 tails ¢) both tosses the same

2 All of Justin’s shirts are either white or black and all his trousers are either black or grey. The probability that
he chooses a white shirt on any day is 0.8. The probability he chooses black trousers is 0.55. His choice of
shirt colour is independent of his choice of trousers colour.

On any given day, find the probability that Justin chooses:
a) a white shirt and black trousers b) a black shirt and black trousers
¢) a black shirt and grey trousers d) either a black shirt or black trousers, but not both

3 A spinner has four sections labelled A, B, C and D.

The probabilities of landing on each section are shown in the table. A B C D

If the spinner is spun twice, find the probability of spinning: | 05 ] 015 0.05] 03

a) A both times b) B both times ¢) not C on either spin

d) C, thennotC ¢) not C, then C f) C on exactly one spin
o This table shows how a class of pupils travel to school. Car | Bus | Walk [ Cycle.

One boy and one girl from the class are picked at random. Girls | 5 | 6 | 3 1

Find the probability that: Boys| 2 17 -2 1 24

a) both travel by bus b) the girl walks and the boy travels by car

©) exactly one of them cycles d) at least one of them cycles
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36.7 Tree Diagrams

Tree diagrams show all the possible results for a series of experiments or situations.
They’re really useful for working out probabilities of combinations of events.

Example 1

Two fair coins are tossed.

a) Draw a tree diagram showing all the possible results for the two tosses.

1. Draw a set of branches for the first toss. 05 H
You need 1 branch for each of the 2 result‘s-\\ 05 -H <

2. Draw a set of branches for the second toss. X
Again, there are two possible results.

05T % H
3. Write on the probability for each branch. 0.5

b) Find the probability of getting 2 Heads.

Multiply along the branches for Heads and Heads. P(H and H)=0.5 x 0.5 = 0.25

¢) Find the probability of getting heads and tails in any order.

P(Hand T)=0.5x0.5=10.25

2. Multiply along the branches for Tails and Heads. P(Tand H)=0.5x0.5=0.25

3. Both these results give H and T, so add the probabilitics. ~P(1H and 1T) = 0.25 + 0.25 = 0.5

1. Multiply along the branches for Heads and Tails.

Exercise 1
1 Copy and complete the following tree diagrams.

b) A bag contains ten coloured balls — five red,
three blue and two green. A ball is sclected
at random and replaced, then a second ball is

selected.
st 2nd 1st 2nd

a) A fair spinner has five equal sections
— three are red and two are blue.
The spinner is spun twice.

06 _-R

/%
AWA
N

2 For each of these questions, draw a tree diagram showing all the possible results.
Write the probability on each branch.

a) A biased coin lands on heads with a probability b) A spinner with pink and blue sections is spun

of 0.65. The coin is tossed twice.

¢) A fair six-sided spinner has two sections
labelled 1, two labelled 2 and two labelled 3.
The spinner is spun twice.
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twice. The probability it lands on pink is 0.3.

d) The probability a football team wins is 0.7,
draws is 0.1 and loses is 0.2. The team plays
three matches.



3 The probability that Freddie beats James at snooker is 0.8. They play two games of snooker.
a) Draw a tree diagram to show all the possible results for the two games.
b) Find the probability that Freddie wins both games.
¢) Find the probability that Freddie wins exactly one of the games.

4 Clayton has two fair spinners. Spinner A has six equal sections — five red and one black.
Spinner B has five equal sections — three red and two black. He spins spinner A, then spinner B.

a) Draw a tree diagram to show all the possible results of the two spins.

b) Find the probability that:
(i) both land on black (ii) both land on red (iii) exactly one lands on red
(iv) exactly one lands on black  (v) both land on the same colour  (vi) at least one lands on black

5 On any Saturday, the probability that Alex goes to the cinema is 0.7. Use a tree diagram to work
out the probability that Alex either goes to the cinema on all three of the next three Saturdays,
or doesn’t go to the cinema on any of the next three Saturdays.

6 Layla rolls a fair six-sided dice three times. Use a tree diagram to find the probability that she rolls:

a) ‘less than 3’ on all three rolls b) ‘less than 3’ once and ‘3 or more’ twice
Example 2 1st bag 2nd bag
Two bags each contain red, green and white balls. This trec diagram shows 025 lé
all the possible results when one ball is picked at random from each bag. 04 -R 0.7 w

0.2 R

Find the probability that the two balls picked are different colours. @G <Ll g
™ 07 W

1. The quickest way to do this is to work out the probability that EE\“‘W 0.2 R
they’re the same colour, then subtract this from 1. %li

0.7 W

2. There are 3 combinations which give the
same colour — (R,R), (G,G) and (W,W). P(same) = (0.4 x 0.2) + (0.4 x 0.1) + (0.2 x 0.7) = 0.26

3. P(different colours) = 1 — P(same colour) P(different colours) = 1 — 0.26 = 0.74

Exercise 2

1 Sally owns 12 DVDs, four of which are comedies, and Jesse owns 20 DVDs, eight of which are comedies.
They each select one of their DVDs at random to watch over the weekend.

a) Draw a tree diagram showing the probabilities of each choice being ‘comedy’ or ‘not a comedy”.
b) Find the probability that neither of them chooses a comedy.
¢) Find the probability that at least one of them chooses a comedy.

a A fair spinner has six equal sections — three red, two blue and one yellow. It is spun twice.

Use a tree diagram to find the probability of spinning:

a) redthen red b) blue then red ¢) yellow then blue
d) red once and blue once e) the same colour twice f) two different colours
g) red at least once h) blue at least once i) not yellow then not yellow
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36.8 Conditional Probability

The AND Rule for Dependent Events

When probabilities depend on what’s already happened, they’re called conditional.

Conditional probabilities often come up in situations where objects are selected without replacement.
The probabilities for the second selection depend on what happened in the first selection.

If A and B are dependent events: P(A and B) = P(A) x P(B given A)

Example 1

A box of chocolates contains 10 white chocolates and 10 milk chocolates.
a) Jane picks a chocolate at random. Find the probability that it’s a white chocolate.
Use the formula for equally likely outcomes. 20 possible outcomes and 10 are white chocolates

So P(white choc) = % or %

b) Given that Jane has taken a white chocolate, what’s the probability
that Geoff randomly selects a white chocolate?

This probability is conditional — there 19 possible outcomes and 9 are white chocolates
are now 19 chocolates left and 9 are white. So P(white choc given white choc taken) = 12
¢) Use a tree diagram to find the probability that Jane Geoff
both Jane and Geoff select a white chocolate. %f/w
Use the probabilities you’ve worked out to -1-% Wi~
20— 10 M
label the branches. Then multiply along < :é B(Regnd ) I
the branches for white and white. B ~mMm E<_'?:f"’ W =P(W)x P(W given W)
= T — 10K 1011 11901 -2 94
[m "M T2 X715 =350 33

Exercise 1

1 A bag contains ten balls numbered 1 to 10. Ball 8 is selected at random and not replaced.
Find the probability that the next ball selected at random is ball 7.

2 Ina Year 11 class there are 16 boys and 14 girls. Two names are picked at random.
Given that the first student picked is a girl, what is the probability that the second student picked is:

a) agirl? b) aboy?

3 The members of a drama group are choosing their characters for a pantomime. There are nine left to choose
— four wizards, three elves and two toadstools. Nobody wants to play the toadstools, so the names of the nine
characters are put into a bag so they can be selected at random. John is going to pick first, followed by Kerry.

a) If John picks an elf, what is the probability that Kerry also picks an elf?

b) If John picks an elf, what is the probability that Kerry picks a wizard?

¢) If John picks an elf, what is the probability that Kerry picks a toadstool?

d) If John picks a toadstool, what is the probability that Kerry also picks a toadstool?
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4 A standard pack of 52 cards contains 13 cards of each of the four suits — hearts, diamonds,
clubs and spades. A club is drawn at random from the pack and not replaced.
Find the probability that the next card drawn at random:

a) isaclub b) is not a club ¢) isadiamond
d) is a black card e) isared card f) has the same value as the st card

5 The probability of rolling a 4 on an unfair dice is 0.1.
The probability that in two rolls you score a total of 10, given that a 4 is rolled first, is 0.4.
What is the probability of rolling a 4 on your first roll and having a total score of 10 after two rolls?

6 The probability that Shaun has a stressful day at work is 0.6.
Given that Shaun doesn’t have a stressful day at work, the probability he eats ice cream in the evening is 0.2.
What is the probability that Shaun doesn’t have a stressful day and eats ice cream?

Exercise 2

1 A school quiz team is chosen by randomly selecting two students from each class.
In class A there are 12 boys and 8 girls.
a) If the first student chosen from class A is a girl, find the probability that the second one chosen is a girl.
b) If the first student chosen from class A is a boy, find the probability that the second one chosen is a girl.
¢) Draw a tree diagram showing all the possible results for the two choices from class A.
d) Find the probability that two girls are chosen from class A.
¢) Find the probability that two boys are chosen from class A.

2 Two balls are chosen at random from a bag containing five red balls and three blue balls.
a) Draw a tree diagram showing all the possible results for the two choices.
b) Find the probability that both balls are red.
¢) Find the probability that both balls are the same colour.

3 The probability that a school bus is late is 0.6 if it was late the day before, but 0.3 if it was not late
the day before. Given that the bus is late today:

a) Draw a tree diagram showing all the possible results for the next two days.
b) Find the probability that the bus will be late on both of the next two days.
¢) Find the probability that the bus will be late on one of the days, but not late on the other day.

4 A drawer contains 12 socks — 8 blue and 4 grey. Two socks are picked at random.
Use a tree diagram to work out the following probabilities.

a) both socks are blue b) at least one of the socks is blue ¢) both socks are the same colour

5 Latifah has three classical music CDs, four jazz CDs and three pop CDs. She chooses two of these
CDs at random to listen to in the car. Use a tree diagram to work out the following probabilities.

a) both CDs are classical b) one CD is jazz and one CD is pop ¢) at least one of the CDs is jazz
d) both CDs are the same style e) the CDs are different styles f) neither CD is pop

o Three children are chosen at random from a class of 15 boys and 12 girls. Find the probability that:
a) no girls are chosen b) two girls and one boy are chosen
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0 Three cards are selected at random from ten cards labelled 1 to 10. Find the probability that:
a) all three cards are even numbers b) one card is odd and the other two are even

e When Tom goes to his favourite Italian restaurant he always orders pizza or pasta. The probability that he
orders pizza is 0.5 if he ate pizza last time, but 0.9 if he ate pasta last time. Given that he ate pizza last time,
find the probability that:

a) He orders pizza on each of the next three times he eats there.
b) He orders pizza on two of the next three times he eats there.
©) He doesn’t order pizza on any of the next three times he eats there,

Conditional Probability using Venn Diagrams

Example 2

The Venn diagram shows the number of males (M) and the £ M C
number of people who are drinking coffee (C) at a cafe.

What is the probability that a randomly selected person
at the cafe is male given that they are drinking coffec?

Divide the number of males drinking coffee 32
by the total number of people drinking coffee.

n(MandC) 12 —2—06
n(C) C12+8 20 2

P(M given C) =

Exercise 3

1 A survey was taken at a hotel in a ski resort which asked people if they could ski and if they could snowboard.
The results are shown in the Venn diagram on the right.

What is the probability that a randomly chosen hotel guest: £ ski Snowboard
a) can ski? b) can snowboard?

¢) can ski and can snowboard? e

d) can ski given that they can snowboard? 36

€) can’t snowboard given that they can’t ski?

e The Venn diagram below shows the number of members
in a drama group who can act (A), dance (D) and sing (S).

£ A n What is the probability that a randomly chosen member:
A a) can act given that they can dance?
b) can sing given that they can’t dance?

NA ¢) can’t dance given that they can act?
d) can’t act given that they can’t sing?
€) can act and dance given that they can sing?

S f) cansing and act given that they can’t dance?

-
YO

g) can act or dance given that they can’t sing?
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36.9 Probability Problems

Exercise 1

1

280 pupils have to choose whether to study history or geography. | History | Geography
The numbers choosing each subject are shown in the table opposite. Girls | 77 56
One pupil is chosen at random. Find the probability that the pupil is: Boys | 63 84

a) a girl studying geography b) a boy studying geography ¢) agirl

d) aboy e) studying history

f) not studying history

Amy’s CD collection is organised into four categories — groups, male vocal, female vocal and compilations.

ategory | Groups | Male vocal

Female vocal

Compilations

The table shows the probability that she randomly }L

selects a CD of each category. Probability | 0.45

0.15

0.1

a) Find the missing probability from the table.

b) Amy selects one CD at random. What is the probability that it isn’t a male vocal CD?

¢) Given that Amy has 80 CDs in total, how many female vocal CDs does she have?

There is a 0.002 probability that a particular component produced in a factory is faulty.

a) What is the probability that the component is not faulty?
b) 60 000 of these components are produced in a week.
(i) How many of the components would you expect to be faulty?
(i) How many of the components would you expect not to be faulty?

These two fair spinners are both spun once.
a) Show all the possible outcomes using a sample space diagram.
b) Find the probabilities of spinning the following:

(i) double 4 (ii)a2anda3

(iv) two different numbers (v) at least one 5 (vi) no fives

(iii) both numbers the same

¢) If the five-sided spinner above is spun 100 times, how many times would you expect to spin 37

One fair spinner has five equal sections numbered from 1 to 5 and a second fair spinner
has eight equal sections numbered from 1 to 8. The spinners are both spun once and

the (non-negative) difference between the two scores is found.
a) Draw a two-way table to show all the possible outcomes.

b) Find the probability of getting each of the following differences.

@ o (ii) 2 (iii) 5
(v) 3 (vi) 1 (vii) 4
(ix) less than 2 (x) 2 or more (xi) 4 or more

At a fast food restaurant there are two options for side dishes — fries or salad.
The side dish choices of 200 customers are recorded in this Venn diagram.

What is the probability that a randomly chosen customer:
b) only had fries?
d) had fries and salad?

a) only had salad?
¢) didn’t have a side?

(iv) 6
(viii) 7
(xii) less than 4

£ Fries

Salad

Y

10
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7 Kate and Sarah are members of a snail-racing club. Their snails have raced each other 30 times.
Kate’s snail has won 17 of the races, Sarah’s snail has won 12 of the races and one memorable race was a tie.

a) Estimate the probability that:
(i) Kate’s snail will win their next race (ii) the snails will tie their next race

b) How many of their next ten races would you expect Sarah’s snail to win?

8 The results of rolling a four-sided dice 200 times are shown in the table.

Score 1

a) Work out the relative frequencies of the dice scores.

Frequency | 56 | 34 | 54 | 56

b) Explain whether these results suggest that the dice is fair or biased.
¢) Estimate the probability or rolling a 1 or a 2 with this dice.
d) Salim rolls this dice and tosses a fair coin. Estimate the probability that he gets a 2 and heads.

9 The probability that Colin wins any game of chess is 0.8. Work out the following probabilities.
a) He wins both of his next two games. b) He wins neither of his next two games.

¢) He wins his next game but loses the one after. d) He wins one of his next two games.

10 A box contains ten coloured marbles — five blue, four white and one red. Two marbles are picked at random.
a) Draw a tree diagram showing all the possible results.
b) Work out the following probabilities.
(i) Both are blue (ii) Neither is blue (iii) Exactly one is blue
(iv) At least one is blue (v) One is red and one is white (vi) They are different colours

0 A board game has four categories of question, each split Easy | Challenge
into two difficulty levels. The table shows the probability v 020 010
of randomly selecting a question card of each type.

Music 0.15 0.07
Sport 0.12 0.08
Literature | 0.15

a) Find the missing probability from the table.

b) Which of the four categories has the most easy questions?
¢) Mark randomly selects one card from all the question cards. What is the probability that he selects:
(i) a music question? (ii) a sport question? (iii) a music or a sport question?
(iv) a music question or a challenging question? (v) an easy question or a sport question?

d) Dabhlia plays two games of the board game. Each game starts with the first question card being randomly
selected from all the cards. Find the probability that the two starting cards are:

(i) both challenge music questions (ii) both easy literature questions

Eight friends have to pick three from the group to represent them at a meeting. Five of the friends are in
Year 10 and three are in Year 11. If they pick the three representatives at random, find the probability that:

a) all three are in Year 10 b) all three are in Year 11
¢) two are in Year 10 and one is in Year 11 d) two are in Year 11 and one is in Year 10
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Answers

Section 1 — Arithmetic,
Multiples and Factors

1.1 Calculations

Page 2 Exercise 1

128 bl 916 d)8 e9
f) 33 g)28 hy15 i) 10 j 7
K25 1)1l m17 n)26 o)3
P55 ql4 N3 2 6§13

282 b2 04 d) 4%

3 2
€) 3 f) 5 g3 h) 1

Page 2 Exercise 2

1 a)-1 b) -5 03 d) —11
e 6 f) -4 g-10 ho
iy 12 j) 26 K -60 Ty 90

Page 3 Exercise 3

1a-12 bs ¢) -3 d)-16
¢ 12 f) -7 g) 48 h) 9
i) 39 ) 42 k) -5 1) —68

2 a)l b) -1 c) 45 d) 90
e) —49 f) 40 g) 50 h) 72

3 a2 b) 7 ¢ -4 d) 10
e} 3 n -6 g) -12 h) =77

Page 3 Exercise 4

1 a)38 b) 0.9 ¢) 1974  d) 4409
¢) 6.9 f) 1.7 g 35 h) 0.77
i) 1823 j) 1829 Kk)92.192 1) 7.394
m)63.19 n) 11.14  0) 6.441 p) 0.876

2 a) 7.61 +0.60=8.21 b) 598+ 0.42=6.40

1.2 Multiples and Factors

Page 6 Exercise 1

1 a) 9, 18,27, 36,45
¢) 16, 32, 48, 64, 80

2 a) 16 b) 24, 36. 48. 60, 72, 84, 96
¢) 28, 42, 56, 70, 84

3 a) 10, 20, 30, 40, 50, 60, 70, 80, 90, 100
b) 15, 30, 45, 60, 75, 90, 105

b) 13,26, 39, 52, 65

¢) 30, 60, 90
4 a) 21, 24,27, 30, 33
b) 20, 24, 28, 32 c) 24
5 30 6 None
7 None 8 18,36,54,72,90

Page 6 Exercise 2

1 21,2510 b) 1,2, 4
oL13 d) 1,2,4,5,10,20
e 1,525 ) 1,2,3,4,6,8, 12,24
g 1,5,7,35 h) 1,2,4,8,16,32
i) 1,2,4,5,8, 10, 20, 40
) 1,2,5,10,25, 50
K 1,39 ) 1,3,515
m1,2,3,4,6,9,12,18,36  n) 1,749
0) 1,2,3,4,6,8, 12, 16, 24, 48

221 BL2 L5 d)L2510

3 6—1x12,2%6,3x4,4x3,6x2,12x 1
4 9—1x100,2 x 50,4 x 25,5 x 20, 10 x 10,
20 x 5,25 x 4, 50 x 2, 100 x |

¢) 6.75+2.48=9.23
3 69km

d) 543 -2.12=331
4 £50.49

5 1.45m 6 £51.24

Page 4 Exercise5

1 a) 3141.6 b) 31.416
¢) 0.31416 d) 0,031416

2 a)92 b) 141 ¢) 72500 d) 133.6
€) 187.2 1) 2064 g)124  h) 420
i) 018  j) 0,002 Kk)0.04 1) 00008
m)1.26  n) 405 o) 1.08  p)0.064
q) 0.366 ) 0.468 ) 13.23 ) 3.22
u) 4.32 v) 32.37  w)0.528 x) 0.2688

3 8.8 pints 4 5.6 km

5 £12.42 6 £295

Page 4 Exercise 6

1 a)2.59 b) 2.13 ¢) 0.535 d) 1.724
€) 285 ) 0.009 g)705  h)1.5075

2 a) 32 b) 7.8 c) 2.08 d) 44
¢ 885 ) 9435 g) 115  h)0.55
i 752 ) 821 K514 1) 135
m)255.5 n)0.65 o) 150  p) 720
q) 30 r) 355 s) 700 t) 270
u) 220 v) 40.03 w)2880 x) L.2

3 £137.62 4 £3.95

5 34 6 £1.98

Page 5 Exercise 7

1 -1°C 2 =375 3 £83.21

4 14855 5 £6.33

6 £13.65 7 £0.86

- Answers

5 a)(@)1,3,5 15 ) 1,3,7,21
b3
6 a)yl,5 by 1,3
0 1,3,5 15 d)1,2,5, 10
e 1,525 01,2,4,8
2 1,2,3,4,6,12 h1,2,4,8, 16
iy 1,3,9 D 1,2,3,4,6, 12
7 a)l,5 b) 1,2 LS
d) | e 1,2,4 ) 1,3,9
g) 1,2,3,4,6,8,12,24 w1, 11

1.3 Prime Numbers and
Prime Factors

Page 7 Exercise 1

1 a) 15 b) 3,5

2 a) 33,3539
b) 33=3x11,35=5x7,39=3x13

3 547,59

4 a)2,3,57 b) 23,29, 31,37,41,43,47

5 a) ()2 (ii)2,7 (i) 2,17 (iv) 2,37
b) Numbers ending in 4 are even, so they are

divisible by 2.

6 E.g. They all end in zero, and are therefore

divisible by 10.

Page 8 Exercise 2

1 2)2x7 b)3Ix1l ¢ 2x5 d)5x5
@ 5x1l f)3x5 g3x7 hy2xll
) 5x7 P3xI13 KWTx1 1 1x1l
2a@ M
@y 32
@ n_
2 16
@ /N
2) 8
/N
2) 4
=N
21 2)

@i 64
PN
4 i6
/\ /\
ONONON
@)/\
4
/\
ONO)
(i) /64\
8 8
/\@) / N\
4 4
d N /\
@0 OO0
b) 2¢

All the factor trees give the same answer,
however you break the number down.

3 a)2x3
€) 2x3x7
e) 2x5x7
g)2x5x11
i) 2x5x19
k) 2 x3 %23

4 a2
d) 2
g)2x32x5
D 2x7
m)2 x 72
p) 2x3x11
s) 5% 13

5 2)3x5

b) 22 x 11
€ 2¢x3
h) 2 x 32
K 3 ) 2x3x5
n) 22x 3
q)22x3x7 1) 3¥x5
ty 22x 5

b)2x3x5
d)2x3x11

f) 2x23
hy2x3x13

D) 2x3x5x7

) 3x5x17

¢ 2'x3
f) 2 x 3
i) 2x %

0)2%x3x5

b) 3 — This way it would be (3 x 5)* = 152,

6 25 b)lo

92 dy21 e 15

1.4 LCM and HCF

Page 9 Exercise 1

1a)12 b) 15
) 42 £) 36
2 a) 24
d) 36

) 24 d) 10
g) 30 h) 60
b) 30 o 30
e) 70 f) 90

3 a) 8,16, 24, 32, 40, 48, 56, 64, 72, 80
b) 12, 24, 36, 48, 60, 72, 84, 96, 108, 120

¢) After 24 minutes.

4 20 5 150

6 280 7

Page 10 Exercise 2

1 a)l1,2,4 b4

2 a)4 b) 8 0 6 d) 12
¢ 1 f) 12 g) 7 hy 7
3 a2 b) 3 06
d) 18 e 12 f) 25
4 19
5 a)9 b) 13
6 20
Page 11 Exercise 3
1 a)2x3x5, 2x5 b) 50
2 a) 22x3x5, 5x31 b) 5
3 a)22x19, 22x 11 b) 1672
4 a)2x3x5%7, 22x5x7 b) 2100
5 a) (i) 12 (ii) 144
b) (i) 15 (ii) 300
o (i)6 (ii) 864
d) (i) 36 (i) 432
¢) (i) 40 (ii) 1200
f) (i) 28 (i) 1176
) () 14 (ii) 4620
h) (i) 30 (ii) 900
6 31 7 32232 8 156



9 105 10 10 152
112) 30=2x3x5
140=22x5x7
210=2x3x5x%7
b) 10
12a) 121 =112

280=2>x5x7
550=2x 52 x 11
b) 169 400
13a) (i) 1 (i) 15 015
b) (i) 63 (ii) 3969
o ()35 (i) 1225
d) ()3 (ii) 154 350
e) (i)2 (i) 728 728
f) ()17 (ii) 235 620
@) ()385  (ii)20020
h) (i) 11 (i) 2 166 021

14 a) 12, 120 or 24, 60
b) 20, 300 or 60, 100

Section 2 — Approximations

2 a) 6.57 <5<6.58
¢) 3347 <u<3348
e) 51.00 < w< 5101

3 9.95km <d<10.05km
4 14.635 < 2x+y<14.845

b) 25.71 < <2572
d) 99.99 < v< 100

Section 3 — Fractions

3.1 Equivalent Fractions

21 Rounding

Page 12 Exercise 1

1 a) (i) 10 @) 8
(iv) 46 W !
b) (i) 30 (i) 30
(iv) 660 (v) 187520
o) (i) 200 (i) 600
(iv) 2400 () 12300
d) (i) 3000 (i) 9000
(iv) 10000 (v) 57000

2 301 000 km?
3 391 000 000 miles

Page 12 Exercise 2

1 a) (i) 27 (ii) 2.689
b) (i) 0 (ii) 0.032
o @) 56 (i) 5.602
d) (i) 0 (i) 0.043
e (i) 63 (i) 6.257
f) (i) 0.4 (i) 0.353
g) (i) 0.1 (i) 0.080
h) () 1.0 (i) 0.967
i) (@) 03 (ii) 0.255
) @) 2.4 (i) 2.437
K (i) 6.5 (i) 6.533
@) o (i) 0,009

2 0.04kg 3 12m

Page 13 Exercise 3

1 a) 500 b) 30
d) 900 e) 4000
g) 100 000 h) 1000
P03 k) 0.0006
m)0.5 n) 0.0008

2 a) 740 b) 6600
d) 2600 e 12
g) 140 000 h) 970
j) 0.026 k) 0.00018
m)3600 n) 0.56

3 a) 4760 b) 46.9
d) 595 €) 35700
g) 80.6 h) 925 000
j) 0.0852 k) 0.107
m) 147 n) 347

4 1200 km/h

5 121 000 km

6 0,09 kg/m’

@iy 12
(iii) 50
@ii) 4700

(i) 0

¢) 7000

f) 80 000
i) 0.07

1) 0.02

0) 0.1

) 7100

f) 670

i) 0.0038
1) 0.087
0) 0.00070
) 5070

£) 694 000
i) 0.579
1) 0.000418
0) 0.00845

7 | Mammal Mass (kg)
Common Vole 0.028
Badger 9.1
Meerkat 0.78
| Red Squirrel 020 |
Shrew 0.0061
Hare 37

Page 13 Exercise 4

1 a) 400 b) 2400 c) 40
d) 1000 e) 50 f) 0.8
g) 100 h) 25 i 5
j) 32 k) 1000 1) 4

2 a) 5252 b) 47.04 ¢) 1115.52
d) 1259.50 e) 3.04 f) 47.42
g) 0.255 h) 95.55

3 a) 50 b) 1.8 c) 0.3
d)3 e) 20 f) 75
g) 200 h) %

Page 14 Exercise 5

1 a)4 b) 8 c) 7
d)9 e) 11

2 a) 33 b) 5.5 ¢) 4.5
d) 6.1 e) 6.7

2.2 Upper and Lower Bounds

Page 14 Exercise 1

1 a) 95,105 b) 14.5,15.5
¢) 33.5,34.5 d) 25.5,26.5
€) 75.5,76.5 f) 101.5, 102.5
g) 98.5,99.5 h) 998.5,999.5

i) 248.5,249.5

2 a) 644.5 kg, 645.5 kg

) 164.5g,1655¢

j) 2499.5,2500.5
b) 254.51,255.51
d) 750 g, 850 g

¢) 154.5cm, 155.5 cm f) 129.5 km, 130.5 km

3 a) £14.50, £15.50
¢) £76.65, £76.75

Page 15 Exercise 2

1 a) maximum 24 cm,

b) £315, £325
d) £575, £625

minimum 20 cm

b) maximum 18 m, minimum 14 m

¢) maximum 22.5 cm, minimum 19.5 cm
d) maximum 36.4 cm, minimum 36 cm

€) maximum 62.75 cm, minimum 62.25 cm

2 a) 675 sweets b) 665 sweets
3 12.02m

4 tallest 1.405 m, shortest 1.295 m

5 0395

Page 15 Exercise 3

1 a) @) 1.5m @it) 15.5m, 125 m
(i) 14m (iv) 54.5m
b) 49.5m

2 maximum 16.15 m, minimum 15.65 m

Page 17 Exercise 1
1a)2 b) 3 o 12 d)3
e) 25 f) 18 g) 60 h) 90
i3 DS K 2 n3
m)5 n) 27 0) 16 p 11
2 Dev
Page 18 Exercise 2
L S 3 4 3
las by 97 935 93
3 4 3 p 2 3
hg ®©35 Mg by Dy
S (6 _15_ 19 _1
LT (18 320 %27 3)
ns (§-32-31-2
g8 \ 8 #13°525 53
0o (£-34-22%-3)
33 \I8 933 102709
0% (E.380-32_Y
20 \24- 48 440 5
7 35 17 49
AT s 92 Dig
3.2 Mixed Numbers
Page 18 Exercise 1
1 a)4 b) 9 ¢) S d) 25
9 17 29 33
23 b 1 9 1 D To
19 59 62 110
o2 02 9% wnk
h 4 o 28 103 23
DI D5 K 15 h 3
Page 19 Exercise 2
1a12 it 9l d)l% o 13
n2t g2l w3t n2f 32
13 I
2w Y b)6;
3ayll w2y 935 D4 13
ni12 gp2; W4y D 53 ) 124
5 1 15 10
4 a3 b) 335 ¢ 7 d) 3

3.3 Ordering Fractions

max, 22.93 m*, min, 22.67 m* (both to 2 d.p.)
a) maximum 35.75 cm?, minimum 24.75 cm?
b) max, 274.625 cm?, min. 166.375 cm’

¢) maximum 89.26 cm’, minimum 83,29 cm’
68.25m

max. 5.80 m/s, min. 5.74 m/s (both to 2 d.p.)
0.187 cm/s (to 3 d.p.)

5
6
7
8 1.64 litres (to 2 d.p.)
Page 16 Exercise 4

1 a)13 b) 19.] ¢) 55.7
d) 103.6 e) 85.9

2 a) 273829 b) 1.24 0 3.38
d) 17.16 e) 100.09

Page 16 Exercise 5
1 a) 7.55<m<7.65

) 37.05 < p <3715

€) 69.95 < r<70.05

b) 15.15<n<15.25
d) 109.85 < g < 109.95

Page 20 Exercise 1

1 a)Eg. %% b) Eg. % %
c)E.g.%,f—z d)E.g.%,%
g)E-g-%,% h)E-g-%,%

Answers -




Page 20 Exercise 2 15

) 14 _ 42 9 _»13 S ol
p 4 i ) 3w 2=7; b) 3 =45 7 8 15 =24 b) 5 =23
Lag i 973 93 17 20 10 385 _ oyl 2_,2
© o5 d) 55 ¢ o 9 T %5 d) = =45
o 3 f 2 I W 3 21 27 51 1 5
6 3 4 4 fy 2L g 28 n 22 8 412 inches
715 3 7 2 116 217 549 16
228 =, -, % b) =, 5=, £ 7 23 3
162" 8 10°20° 5 l)§= L4 j)ﬂzzi 9 a) L b) 22 0 2
91,53 gl 242 15 b e . B ;
12°8 4 24°6° 12 2 1 4 _3 914 27 L
5 42 4 9 1 33 =20 D P76 95715 DTy
33)5’5’5 b)g,m,ﬁ m)ﬂ=4l n)ﬁ:ZQ g)é h)155—9:2‘5ﬁ
513 7 4 13 4 74 23 B 36
)5 Do s 20 .6 7 5 2 9 17
2274 11 9°'35° 15 0) 2 -8 ml-1Z 10 2 and § 11a) 1055 cm  b) 555 cm
9337 3 7112 ok
166 8 157277 45 12 10 (93 tins are needed.)
CRE AR 1 !
8 7¢ 20°25 W15 36° 24 3.6 Fractions and Decimals 1316 uil
4 Charlene Page 24 Exercise 1 159) b) 80 0 112

1 a) 0.658 b) 0.7578125 c) 2.125

5 41 3
3.4 Adding and d) 6,35 e) 2.37 f) 4719 162) 3 D& 931
) : . ) 7.34375  h) 8.4375 17a) & b) 20 red, 24 blue, 16 yell
Subtracting Fractions ) = ) 13 ) 20 re ue, 16 yellow

a) 0.83 b) 04 ¢) 0.603 d) 0.1234 2% 8x3 3 3

Page 21 Exercise 1 § 026 ) 00234 g) 293 ) 350730 Ba) {5 -gx14"12%%
s 2,1 87 196 167 5 16 9 pixl L1
13 b) 15 =155 396300287 D517 i 115 545 25 ,
26 _ 10 3_.5 13 77 963 lL,1_5. 2 7
9 =13 d5=lx 9V 555 25 c)27*5 107*10 10
e)lg%l=l% f) %=1% Page 25 Exercise 2 07230
51_41s W 12348 1 a) 65 b) 0.65 50 % is halfway between % and %
8 35 =155 ) 5o~ 1w 2 2) 046 b)) 0492 ¢ 0.3 d) 0.6 L_s_ 1
23_,5 11 1 3 €034 1) 088 g 086 h)0.32 4720720 D
2 a) 18 1 18 b) 20 c) 16 d) 7 i) 0.002 J) 0.132 k) 0.515 ]) 0.102 S0 1 1s not halfway between 2 and 5-
743 11 19 0.4 n) 048  0) 0.666 p) 0.48 8 _ 04 37
e 1= il g) 2 m) p d) £=0.8>087
4 4 15 60 Q009 1) 062 s 035 1) 0615 . o s 5l BB
h) 2—; =12 3 a)002  b)0.025 ¢ 045  d)0.0625 192) 75, 0.54, 71,5 b) 175, 046, 335, 15
. € 0875 1) 0175 g 0008 h)0.1625 20 Jess and Eric.
Page 21 Exercise 2 i) 0.09375 J) 0.65625
13 PRE U B ) .
10 56 3 180 Page 26 Exercise 3
Page 22 Exercise 3 1204 1016 o 005 d)o06 Section 4 — Ratio and
Lyl bl o2y @5k © 036 oA @08 W7 Proportion
. ) & o i 036 ) 062 K052 1) 0243
2925 bB3E  9SZ g5 Sl el i . _
! 5 5 ; 2 8) () 0142857 i) 0385714 41 Ratios
93% DIE 5  Wosp (iii) 0.428571 (iv) 0571428 )
B g3 0 31 K 5 B 317 ™) 0714285 Page 29 Exercise 1
80 Z 63 30 b) In each case it is the same pattern 1 a)1:3 b)1:3 ¢ 4:l q) 2:3 f’) 4:1
3 674 with a different start point, 0 5:2 g4 h)5:3 §)4:3 j) 25:3
¢ 0.857142 k)4:3 1) 1:4 m)5:2 n)3:7 o) 11:3
n— ) 2 a)3:1:2  b)5:4:1 ) 2:3:10
3.5 g_ulltélnlyn::g ar:-d Page 27 Exercise 4 d)3:7:6 ¢) 3:8:4
ividing Fractions 3 59 21 .
: 1 a) 55 b 356 9 350 8 (623
Page 23 Exercise 1 3 7654321 4 13:8
5 1 1 1 3 ¢ 10000000 g
1 a) 133 b) 45 ¢) 213 d) 275 Page 29 Exercise 2
2 1 23 800 1 . . . .
9175 n1sd o m3sl 2o Mo 997 Vip 97 1 a)l:10 b)l:2 ¢ 1:100 d)2:1
; : 1 : 14 863 N 48 e) 2:5 f)3:20 g 3:10 h)2:7
2 @2 H7s 9 18l d)2s g5 b 955 Vg O 2003 §) 1:10 K)4:55 1) 3:100
€) 20 f) 12 g) 223 h) 57% m)l5:2  n)5:3 0 1:24 p)s5:2

Page 23 Exercise 2 3.7 Fractions Problems 2 1:9

1 a) ol b) 1 €) el d) 3 e) 1 Page 27 Exercise 1 e
10 9 16 4 4 i
h , " ] T L2113 5_32 33 36 40 Page 30 Exercise 3
2 a)3=]§ b)5=17 c)ﬁ 3°16° 4’6 48’ 43’ 48’ 48 1 a)1:3 b) 1:5 c) 114 d) 1:4
o 5 N N & 1:35 ) 1:65 g 1:325 h)1:05
92 9 55=3% 0D 2 a) 0539’ 3-35’70'323’90-3 D103 ) 1:35 K)1:06251) 1:1.8
323 _ 20 155 _ <11 b) =, %, =&, 2= 2ayl:5 b)1:50 ¢ 1:4  d)l:40
=74 h) == =6, 10’ 25° 20’ 100
G T W56y ¢ 1:80 ) 1:40 g)1:12.5 h)1:0.2
3|lll|I|r|'|.l||‘g'||||5|;r||5||] 3]40000
24 ise 3 0 gL p2 2 1 :
Page Exercise a) 3 ) i3 b) 3 d) 3 4 20ml
4 _41 10 2 1 .
1a)3-13 b3 9 i3 4 15 4 a) %_91’ =13 b) % Page 30 Exercise 4
12 4 3 7 m \ 11 1 50g 2 189 3 18 years
12 b) & = d) 4 1L Ry
2935 T 91 ) 30 9 5= D% 4.19920m 5 £110.50 6 [500ml
7 9_,2 3 8 7 9 slices of courgette and 12 slices of goat’s
2 @) 22 b) 7 15 9 7 9 9 cheese.
6 a)@:sﬂ b)ﬂ 8 459¢m
40 40 40 L i L.
153 _ 13 17 .1 9 Max has been waiting 30 minutes, Maisie has
©) 20 % d) B 23 been waiting 20 minutes,

- Answers



10 7 adults 11 12 over-30s

12 4 aubergines 13 9 minutes
Page 31 Exercise 5
1 9 ¥l
13 213 320
1 1 1
4 3 5 10 6 5
[} 3
7 a7 b) 10
1 3 7
8 a) 7 b) 5y ©) 11
Page 32 Exercise 6
1 1:2 2 3:7 3] 152
4 3:1 5 7:1
6 3:4:1 7 2:3
8 a)5:2 b) 18
9 5:7

4.2 Dividing in a Given Ratio

Page 32 Exercise 1
1 a) £32 and £16 b) £12 and £36
¢) £40 and £8 d) £28 and £20
2 a) 24 cm, 36 cmand 12 cm
b) 16 cm, 16 cm and 40 cm
¢) 30 cm, 18 cm and 24 cm
d) 28 cm, 24 cm and 20 cm
3 a) £15,£60and £75  b) £45, £15 and £90
¢) £60,£70 and £20  d) £65, £55 and £30

4 a)£10  b)198g ¢ 10kg d) 500 ml
5 a) £22.50 b) 21.6g
¢ 5ke d) 15000 ml

Page 33 Exercise 2

12 and 20

Kat gets 18 cupcakes and Lindsay gets 12.

72 men and 40 women

Lauren gets £640 and Cara gets £560.

24 litres of yellow paint and 18 litres of red
paint

6 525 7 £3420 8 20 passengers
9 Length =30 cm, width =6 cm.

W B W N =

Page 33 Exercise 3

1 Gemma is 155 cm, Alisha is 160 cm and Omar
is 175 cm.

2 £25 3 40 4 14

5 150 g of raspberries, 75 g of redcurrants and
225 g of strawberries,

6 Nicky gets 10 sweets, Jacinta gets 20 sweets
and Charlie gets 5 sweets.

7 The angles are 60°, 30° and 90°.

8 The angles are 30°, 150°, 60° and 120°.

9 £5000

10 Ali gets £100, Max gets £75 and Tim gets £25.
11 Stan gets £11.57 and Jan gets £15.43

4.3 More Ratio Problems

Page 34 Exercise 1

1 a) % b) 3:5
2 4:3 3 15:17 4 46:99
Page 35 Exercise 2
1 a) 18 b) 1:2
2 8:3 3 13:14
4 72 58
4.4 Proportion
Page 35 Exercise 1
1 £54 2 3kg 3 3751
4 £12.96 5 982.5 Japanese yen
6 a) £13.50  b) £63 ¢) £59.40

7 £80 8 £13.86

Page 36 Exercise 2

1 a) £8.77 b) £87.72 ¢) £219.30
2 375kg 3 4DVDs

4 13 builders 5 £6.16

Page 36 Exercise 3

1 a) 52min b) 20 km

2 a) 357 km b) 561

3 a)ldg b) 26.4 g (accept 26.3 g)
4 a) 73.5 Swiss francs b) £20

Page 37 Exercise 4
1 20 hotdogs 2 4675 coins
3 198 bulbs 4 42 toy soldiers

Page 37 Exercise 5
1 1 hour, 12 min
3 16min
5 a) 155 days

2 1 hour, 40 min
4 1 hour, 30 min
b) 8 builders

Page 38 Exercise 6

1 1 hour 2 9days 3 128 min
4 1hour,15min 5 20 people

6 a) 6 weecks b) 23 workers

4.5 Ratio and Propartion Problems

Page 38 Exercise 1

1 a)2:5 b) 1:25 ¢ 04:1 d)2:7
2 2)2:5 b %
3 a) 12:35 b) 62mm
43 b
5 a) 1% b)82¢g
6 a) Luiz gets £288, Seth gets £480, Fran gets
£537.60 and Ali gets £134.40.
b) 28:25
7 Caroline’s squash is stronger.
8 36 9 30cm
10 a) £96 b) 18.751
11 a) 5200 rand b) £122.45
122) 80¢g b) 392 g c) 6
132
14 a) 12 trees b) 4 hours c) 12 trees
15 15 min 16 22 min, 51 sec
17 5.5 days

Section 5 — Percentages

5.1 Percentages

Page 40 Exercise 1

1 48% 2 15%

3 a)44% b)66% ¢ 15%  d)80%
e 25% f) 89%  g) 150% h) 60%
i) 84% ) 125% k) 40% 1) 30%

4 a) 75%  b)25%

5 40%

Page 40 Exercise 2

1 a) 62.5% b) 85% ¢) 132,2% d) 41%

e) 63.8% f) 28% g) 38% h) 120.4%
2 60% 3 95%
4 a) 55% b) 32.5% ¢) 12.5% d) 108%
€) 37.5% ) 182.5% g) 32.4% h)3.5%
5 18.5% 6 30%
Page 41 Exercise 3
1 a) 12 b) 9 09 d) 27
e) 15 )7 g) 105 h) 225
2 a9 b) 13 ¢) 117 d) 60

e 77 f)126 g 33 h) 78
3 495m

Page 41 Exercise 4

1 a) 34 b) 11.99 ¢} 217.6  d) 8177
¢) 485.85 f) 584.73 g) 699.79 h) 874.56

2 8.16kg 3 119.35km

4 46% of £28 is larger by 34p.

5 1.584 litres

5.2 Percentages, Fractions
and Decimals
Page 42 Exercise 1

b) (i) 15% (i) 0.15
b) 45.45% (to 2 d.p.)

15
1 a) Tp0
2 a) 045

3
3 a) (1)0.75 (i) 4

9 ()04 (i) %

by ()13 (i) %
d) (i) 0.65 (ii)%
19
o) (i) 0.95 (i) 35
12
g) () 0.48 (i) 25

i) (1)0.02 (i) 5]—0

£) (i)0.34 (i) ;—é
h) (i) 2.05 (ii)%

i 006 Gi)

4 a) (i) 0.3 (ii) 30%
b) (i) 0.2 (ii) 20%
o) (i) 0.875 (i) 87.5%
d) (@) 03 (i) 33.3% (to | d.p.)
e (i) 0.i (i) 11.1% (to 1 d.p))
f) (i) 0.13 (i) 13.3% (to 1 d.p)
g) () 0.63 (ii) 63.6% (to 1 d.p)
h) (i) 0.16 (ii) 16.2% (to 1 d.p)
i) ()04375 (i) 43.75%
D ®o7 (ii) 77.8% (to 1 d.p.)
5 a) (i) 35% (ii)% b) (i) 170% (ii)%

o) (i) 52% (ii)% d) () 60% (i) 2
o) (i) 48% (i) %
2 H40% (i) 2

i) (i) 268% (i) %

£) () 72% (i) %
h) (i) 1% (ii)ﬁ

) 1% G &

6 86% 7 0.08 8 60%
9

9 25 10 68%

Page 43 Exercise 2

1 a) 0.35 b) 68% c) 04 d) 90%

21 1 3 3
9 100 2f) W Bz 1")5
2 a) 25%, 5,042 b) 45%, 5, 0.505

3 2
¢) 037, 3,38% d) 0.2,22%, §

© 125%,013, 5 ) %,23%, 025
1 o 3
g) 2.5%, 35 0.4 h) 0.06%, 0.006, 30
3 No 4 Team X 5 Oliver
Page 43 Exercise 3
1 30% 2 33% 3 21%
4 20% 5 40% 6 25%

5.3 Percentage Increase
and Decrease

Page 44 Exercise 1

1 a) 99 b) 75 c) 140 d) 324
e) 176 f) 1032 g) 203 h) 285

2 a) 49.5 b) 12 ¢ 17.5 d) 48
e) 75 f) 33 g) 67.5 h) 442

3 247 acres 4 2040 5 £582

Answers -



Page 44 Exercise 2

1

3
5
7

a) 543.9 b) 11716 ¢) 13035 d) 143.29
€) 177.92 ) 996.84 g) 1614.06 h) 1346,97
a) 70.84 b) 28.44 ¢) 71.34 d) 57.57
e) 11718 f) 118.94 g) 199.95 h) 75.87

60 inches 4 £31291.40
£400 6 £20
480 frogs, 540 newts

Page 45 Exercise 3

1

Mary earns more by £5.

2 Raj has more money by £250.

3 University A has 465 more students.

4 Meristock has a larger population by 24 265

(accept 24 264).

5 a) £262.50 b) £803.70 ¢) 7.16%
Page 46 Exercise 4

1 a) 20% b) 160%

2 a) 20% b) 12%

3 60% 4 25% 5 15%
6 8% 7 40%

5.4 Compound Percentage Change

Page 46 Exercise 1

1 a) £7.50 b) £4.17 ¢) £6.09
d) £91.35 e) £11.30 f) £57.34
2 a) £3822.09 b) £4361.64
Page 47 Exercise 2
1 a) £41 b) £119.46
¢) £22.73 d) £25.30
2 a) £1246.18 b) £760.95
3 £750.59
4 67 820 565 (accept 67 820 564)
5 £88.97 6 36 people (accept 35)
7 £755.27 8 319 ants
9 108.6cm 10 150 cats
Page 48 Exercise 3
1 a) £48.03 b) £105.70
c) £4437.05 d) £3796.88
2 £26726.72 3 93.6kg(told.p)
4 £77287.80 S £3476.51
6 6463Bq(toldp) 7 £46511.72
8 £3253.25 9 £1037.66
Page 48 Exercise 4
1 14 years 2 15 days
3 4 years 4 Shours

5.5 Percentages Problems

Page 49 Exercise 1

1 a) 26% b) 67.5% ) 80%
d) 33.3% (to 1 d.p.) e) 60%
f) 70% g2) 40% h) 20%
2 a)40% B)20% o 1.25% d) g
€ 8% ) 0615 g022 k) %
3 40% 4 39 games
5 40% 6 300 pupils
1
7 607.5¢ 8 10%,0.11, g
9 2 10 £104
113.36 kg 12 There is no difference,
Page 49 Exercise 2
1 a) 6.3 b) 73.8
©) 34091  d) 405
e) 420.67 f) 674.86
g) 1.8 h) 6.02

2 40.83% (to2d.p) 315

4

47.46% (to 2 d.p)) 5 16.14m (to 2 d.p))

- Answers

6 6% 7 £259.88 8 Kelly
9 6%, &, 0,061 10 £9.50
11 Shop B has the lower price by £16.10.
1271.9%

13a) 76.5% b) 294 525

14 2%

15a) 32% b) 50%

16 12% 17 £706.55
18 56.25%
Page 50 Exercise 3

1 £3526.25

2 a) 14580 b) 18 367 (accept 18 366)
3 a) £71432  b) £88740

4 £39030.69 5 £2518.56
6 Syears 7 £1003,53
8 2 years 9 7 years
10 6 hours 11 10 months
12 No

Section 6 — Expressions

6.1 Simplifying Expressions

Page 51 Exercise 1
1 a)3c+2d b)a+2b ¢) 3x+y
dydm+2n e 8x+2y f) 1la+7b
g) Tp+dg  WY3a+7b i) 3b+3c
2 a)Sxty+12 b) ~4a+3b-8
c) Tx+6y-3 d) Sm+2n+4
€) 8x-3 f) 2la+7b+7
3 a)ldptqg-d b) 4a+136+3
) 8b+3c+7 d) —13x+ 13y + 22§
e —llm—5n—1 ) dp+4g—20r—9
4 a) xr+5x+5 b) »2+7x -2
¢) 222+ 6x+4 d) 32 +x
€) 3p*—2p f) 7p*+2q

g) >+ pg+3 h) p’-pg+4p-2g

i) 262+ 12b+7

5 a) 2x2+2xy+4dab—cd
b) p*+ ¢* + 2pg c) b2+4ab+3b
d) b2+ 6abe + 2ab — 3bc + 5b

Page 52 Exercise 2

1 a)a b) 62 ¢ l6pg  d)2la?
e) 15xy DO m* g) 48ab  h) 48p?
2 a)a’ b) 20a® ©) 14pg®
d) 8a?h? e) Xy f) 2427
g) 3m h) 63x%z i) 20s£
i 3a K) 8pg 1) 30a%h4cs
3 a) 47 b) a* ¢) 27¢° d) 8z¢
€) dab> 1) 54° g) x? h) ij2k?

42 9g-2 by—x-7 ¢ -h-3
d-g-3  &-m-3 f)n+ll
g) —p-4 h)y —g+7 iy -vi—4v
)5 K12+ ) -4y —)y?

5 a) 30g+18 b) -28v-56 ¢) -10—8m

d) 50 +40v € —10— 151 [) 322+ 822

g) —-126+6  h) -8y -24y i) —dpu+28p
P —24+2v K -56+8w 1) 25y + Sxp
Page 53 Exercise 2
1 a)6z+14  b)8c+38 ¢ 12u+64
d) 5¢+ 19 e) 9v+57 f) 10w+ 26
g)8a+25 h)3z-9 i) 4x+3
) 106+15 K)9p+69 1) 416-22
2 ay4p-21  byc-17 ©) 4916
dyj-7 € dy—18  f) 14c—27
g) 4/-21 h) 13d-93 i) 54vr-35
3 2)8g+29 b)-2c-48 ¢ 18¢-8
d)—a-14 € 17z f) 2g+2
g) -9y+96 h)27x—-27 i) 6g-68

4 a) 12p2+17p-3
¢) —Tk*+3k+4
e) 56,2 +8lr+4
g) 36x2+28x
i) 1562+ 1404

b) 14m?+45m + 30
d) 4252+ 696

f) —19h% +24j

h) —401° — 10u -8

Page 54 Exercise 3
I a)yab+t3a+2b+6
c) xy-x—4y+4
€) 16+2y+8x+uxy
g) st+3t—5s-15

b) jk— 5/ +4k-20

d)yxy+2x+6y+12
f) 9b—27 —ab+3a
h) yz-3y+12z-36

2 a)2ap+12a+2p+12
b) 5xy—35x+ 15y - 105
€) 3jk+12j - 6k-24
d) 8gh + 72g + 404 + 360
e) 2wz— 16w —122+96
f) 6xy—12x-30y + 60
g) 27x — 9xy + 108 - 36y
h) 7ab — 56a — 49h + 392

3 ayx+1lx +24  b) b2-2b-8

Q) ata-2 d) P+ 13d + 42
e) —¢*—2¢+15 f) 2+ 14y - 48
g) 2x* +6x+4 h) z2 -3z-108
) 3243y 418 ) 4b*—4b—24

k) 63— 36x + 48

4 a)x?+2x+1
¢) 2+ 10x+25
e) x2—6x+9
g) 4x*+8x+4
i) 3x°-12x+12
k) 5x%—30x +45

) 1242+ 12a - 864

b) a2+ 8x + 16

d)x’—4x+4

f) A1 —12x+36

h) 2x? + 20x + 50

J) 2x2+24x+ 72

1) 2x?—16x+32

Page 55 Exercise 4

1 a) abc+2ab+ac+2a+bc+2b+c+2
b) def+2de + 3df+ 6d ~ 2ef — 4e — 6/ 12
) 4hi—12h +8i—24 + ghi —3gh + 2gi — 6g
d) jkl+ 3jk — 51 — 15/ — 2kl — 6k + 10/ + 30

Page 52 Exercise 1

1 2)2a+10  b)4b
dy3p+12 ¢ 4v

6.2 Expanding Brackets

+12 ¢) 54+35
32 ) 306

g) 46— 16 h) 15-5y i) 8y—40
§) 3x+3y k) 94 - 81 ) 4x+28
m)3x + 36 n) 12t—12r o) x-7y
p) 44-11b

2 a) 6n—18m b) 20u+40v ¢) 351 —42m
d) 3u+24y  e) 16x—-28y f) 6p—33¢
g) 16s—-96¢ h) 24x + 30y

3 a) xy+5x b) pq
d) mp+8m
g) 8x—x? h) ab
D xwtix K)pg
m)3pg —8p
P) 2ab~4a

e) x*—2x

n) 5r—rs

+2p ¢ abtda
f) 8p-pg
—12a i) ab+12a
+3p ) xy+6x
0) 14t-7

€) mnp=3mn—mp+3m—>Snp+15n+5p—15
f) 2rs— 12r+ 85— 48 — grs + 6qr — 4qs + 24q
g) 126+ 30w + 12tm + 3tuv + 8 + 2v + 8u + 2uy
h) 2wxy —dwx + 14wy —28w+2xy —dx+ 14y - 28
i) ~15b—45+6ab+ 18a
+5bz+ 15z - 2abz — 6az
a) Xy +2x" +4xy +8x+ 3y +6
b) pg+p*+2pg+2p-8q -8
¢) 52t —3s*+ 3st— 95— 10 + 30
d) 12— 10,2+ 31¢-30
e) 3’132+ 54y - 72
f) 3¢ +204>+ 279+ 10
g) 21 + 6u’ —20u — 48
h) v+ +4v—4
i) 32°-522+47:-15



3 a) 22+ 1222+222+ 12
b) 5 +45u® + 120u + 100
¢) 6¢>+18c2—24c-172
d) 3 — 32— 420+ 72
) 4w’ —44w? + 152w — 160
f) 2% +x2+37x+35
g) —8s® + 3652 — 285 — 24
h) —6y° - 15y2 + 12y +9
i) —18¢"+45¢% +9¢ - 54

4 a) ¥ +9x2+27x+27
b) X'+ 627+ 12x+8
¢) X' -6x2+12xv—8
d) ¥+ 1222 + 48x + 64
e) x>+ 9x2—27x+27
f) a3+ 1522 — 75x + 125
g) 3> - 9x?+9x -3
h) 2x*+ 30x% + 150x + 250
i) 24X+ 72x%+ 72x + 24
j) 8x*—60x2+ [50x — 125
k) 108x? — 32422 + 324x — 108
1) 23°+12x2+24x + 16

6.3 Factorising — Common Factors

Page 56 Exercise 1

1 a)2a+5 b30b+4 3G+
d)7@4+v) € Sa+3b) f) 3(3c-4d)
g) 3(x+4y) h) TCu-v) i) 4a*>-3b)
i) 3c+5d k) SE-5H 1 6(x-2yY)
2 a)x b) 2y ¢) 8p d) 5n
e) 5d f) 8m g) 6a h) 2b
3 a)aBa+T) b) b(4b+19)
¢) x(2x+9) d) x(4x - 9)
€) g21g - 16) fy y(15-7y)

g) y(7+ 15) h) 227z + 11)
i) d10a2+27)  j) ydy—13)

K) (11 + 3y) D w22 - 5w

4 a) 5a(3+2b) b)3b(4+3c) ¢ 4y(dx-1)
d)3x(7+y) € Ta(2+b) 1) 3c(5-4d)
g) 3x(1 -5y h) 6v(du+1)

5 a) 5p(2p +3q) b) 4y(3x + 2p)
¢) 5a(3b—4a) d) 6429 -3p)
€) Sab(6b +5) f) 14x(x—2y?)
g) 4xy(3y +2x) h) 2ab(4b + 5a)
i) 3a*(2+3b) ) 4p3q-2p")
K) 2a%(4 + 326 1) 8x2(3xy—2)

Page 57 Exercise 2

1 a)4 b) y?
€) x d) 4xp*(x? + 297

2 a) x'(x2+1-x) b) ¢*(8 + 17a)
¢) 5x}x-3) d) 62+ 1)

€) 8c(3b* - 1)
g) 2x°(1 —2xY)

f) 64°(4 -3¢

h) 2225 + 132%)

i) 3p’@+5p°¢’) 1) 9ab(@® +3b%

k) 3(5b° = Ta2+ 6ab) 1) 1lpg2 —p*q)
m)xy(p? +x+x?+y%) n) 2xp(8x — 4y + xy?)
0) 4x2(9x° +2y7) p) ¥*(5x + 3y - 25y)

3 a) AH2(13 +22x'y +20x%)
b) ab*(164'b* — a*b* — 1)
<) Tpg(3p*q —2q + p?)

d) xp’(14y + 1337 - 5x%y)
€) ¥y (Tx + 4y + 17%%)

£) 2638 d = T + 4d°)

g) 8a'h*2ah* + 1)

h) 3jk(6 + T2k — 5ik?)

i) 18xp°Q2xy—4xhy' + 1)
i) @’b"(20ab +4 - 5a3b")
k) 1lxy2(xy + x>+ 6y7)

1) k297 — 12jk)

6.4 Factorising — Quadratics

Page 57 Exercise 1
1 a) (x+3)(x+2)
O x+NE+1)
e) (x+4Hx+1)

2 a) (x+3)x+1)
9 x-5)x-2)
&) (x+5)(x-2)
g) (s +6)s—3)
i) (t+2)(t-6)

Page 58 Exercise 2
1 a) Qx+ Dx+1)
¢) (5x-2)(x-3)
e) 2x—D(x-6)
g) Sx-3)(x+3)
i) (Ta—2)a+3)
k) (7z+3)(z+5)

2 a) Bx+DRx+1)
¢ 5x-2)(3x+1)
e) (Sa+HSa+9)
g) Bu+3)4u-2)

b) (a+3)a+4)
d) (z+06)(z+2)
f) v+3)

b) x-4)x-2)
d) (x—4x-1)
f) (x +4)(x-2)
h) (v +3)(x-3)

b) Gx - 1)(x - 5)
dy 2 +3)(—4)
) 36+ 2)(b—3)
hy @x— 1) 1)
D (x+4)(x-6)
D G-2(y-8)

b) Gx—-2)2x-3)
d) Sx—-2)(2x-3)
f) Gx— D@dx-5)
h) (Fw + 92w + 1)

Page 59 Exercise 3
1 a) (x+5)(x—5)
¢ (x+06)(x—06)

2 a) 4x
& (@x+3)@dx—3)

b) (v + 3 —3)
d) (x+ 9N -9)

b) (@x)2 -3

3x-5 3
3D eThen P o he D
9 5a°+1la -5 @) Sx' ~fhr B
(@+2)(a+3) (Bx—2¥(2x4 1)
65’ —25 -5 w 3 -x45
) Gs-DE+y 1 T
y —+7 S £
& o nr+3) TR D)
i) M i5x+ |
-2 +3)
Page 61 Exercise 3
6x +3 4y + 1
L) ao5csn D arherd
5
) FFHGEI)
11z + 20 f g Te -3
2D e D D3
4x -3 [
) x(x+4) 9 fa— et +3)
38 i herD P ae. dr -2
9 4 — 15x
@-Ne-DHx-4)
27
d ¥y =5y+2

G-Doy-20-3
Page 62 Exercise 4

3 a) Qv+ NEx—7)

¢) (6x+2)(6x—2)
e) (b+ 1D -11)
g) (Sx+4)5x—4)

Page 59 Exercise 4

1

a) (x+ D(x—-3)

) (v+6)(x—06)

&) (-4 +3)

g) (xt+6)x—1)

i) -8)(—-2)

K) (b-2)(b+3)

a) (4a +5)4a->5)
¢) (10x+ 8)(10x - 8)
e) (z+Diz-1)

g) Gx+t(x—1)

i) Qc+14)(2c—14)
k) z—T)z-8)
m)(2z + 5)(z+ 8)

0) (x—1y

Q@+ -1)

s) (Bx+3)(x+2)

b) (x +8)(x—8)

d) (3x + 10)(3x — 10)
f) (@z+ D@z 1)

h) (¢ + 12)(¢— 12)

b) (1 — 47

d) (y-5)y+4)

) (y+6)y+2)

h) -9+ 5)

D E+8)x+4)

N ¢—7-2)

b) (b-9)(b+2)

Q) y+NDy+12)

£) (6x + 13)(6x — 13)
h) (9f + 11)(9¢ — 11)
§) @+ 12)@-3)

1) (12y +15)(12y - 15)
n) G+ —7)

p) (7t-8)t+2)

r) (6z—3)z—-4)

) Qx-7)(x-3)

6.5 Algebraic Fractions

Page 59 Exercise 1

2.3
192 b)% c)37V d) 55 e) L5

2
7 38-9 3d
2z Dg 9 3@ 130
x-—2 3
Ly & FH r 205
5 2 I+ 1)
3 )y b) 5 9 5E-D
d) 2 o %
2 3 x+2
L oy b -5 9 i3
x-3 X t+5
d)x+2 9 x+3 )2t+9
Page 60 Exercise 2
9x X 199 1z
LR D% ) I3
8x—1 106 -1
AT LT
13x -1 3¢+5
9 =3 D=5

1 a) f—y b) ﬁ 92t d) %‘Z
R s 04(5; 5

9 G+ 53)Z(z7 5 9 t;((tl- tf))
3933 ) 2€v++12)

Jeden &
sy nl 92 gl
5 a) 3—;‘% b) %LD
Rl e LY =

B b

v+ Dx+2) f) ¢-3)+7

) -G

1 a) 5x
¢) —6a
€) 4x+2y
g) 12p+7¢—-12
i) ¥?+3x+11

2 a)8x—7

¢) 2a+8

e) —2x+3
g)-b+12

i) 4x2+9x-12
(6x+5)cm

a) (4x+6)cm
a) (12x—8)cm
£(18x-7)

(8x +40) miles
(11x + 6) pence
a) Bx—4)m

o o N W

10 (36y — 100x) pence

Answers -

(F+2)(t+3)

6.6 Expressions Problems

Page 63 Exercise 1

b) 8y

d) —x+7y

£) 65— 20+6
h) 5x?+2x-3

b) 9x+6
dy2p+22
f) 22x-13
h) x2+5x-2

b) (x* +3x - 10) cm?

b) (9x* - 12x + 4) cm?

b) @4x’—4x—15) m?



11a) (4> +2x - 12) m?
b) (4000x* + 2000x — 12000) litres

12 (13x + 35) cm

13a) x? +4x+3
c) W +x-12
e) x2—9x+20

14 2a) 2x’ - 3x -9
0 64-1-2
€) 4x’+ 13x+3
g) ¥ -25
i) 4’ +4x+1
k) 9x?— 12x+ 4
m)x® +2x* - 5y~ 6
0) ~£+82+/-8
Page 64 Exercise 2
1 a)4(x-2)
) 5(-2)
e) 32x-5y+4)
2 a) 5x(3-2x)
&) y(y+4x)
) pq(g-p)

b) s>+ 75 + 10
d) y*—4y—12
f) P-5t-6

b) 6x2+17x+5

d) 64> 19a + 10

f) 47 dy—3

h) 4z2—-9

) B2+ 10b+25

1) 9x2+24x+ 16

n) ¥’ =6y’ —y+30

p) 32 +922-30z-72

b) 3(2a + 1)

d) 3x(1 +2y)

f) 4QRa+3b-4)
b) 4x(2y — 3x)

d) 3xy(2 +3xy)
) abla-2+b)

g) 3cQ2ed - 3d* +4c?)
h) 4x(4x + 3xp - 2p?)

i) jk(k—2j)
3 a) Sxy(x2+ 5y
b) 2p’¢*(2p* ~ 1)

©) 2ab*(3b—2b*+ 4)
d) 3¢’3d - 3c°d* + 5¢)

e) Tx(2x* +xy~y")
£) 2K 4 - 3)

4 a) (a+4)a+2)
©) z-3-2)
€) (x-5)x-3)
g) (x+6)(x-4)

5 a) (t+7)-2)
¢ (@-5)a+1)
€) (x+7)(x-3)
g) (r—6)(r+3)

6 a) 2x+N(x+2)
¢) Bx+1)(x-2)
e) B3n+2)2n+3)
g Gx-3)x+1)

b) (x+3)(x+ 1)
d) (x+6)x-3)
f) 0 +5)x+4)
h) (x-5)(x+2)

b) (v + 5)(x - 4)
d) (m -+ 5)(m+2)
f) (x+10)(x - 10)
h) (x -9 -3)

b) (3m —2)(m —2)
d) 2g + 1)

f) (4k+3)(@4k-3)
h) (5z-2)2z+3)

Page 64 Exercise 3
3u P13 p
1 a) < b) ) ] &
8¢ -l 190 7
D51 9 =5 ) T
_t+18 oy 4 16
8- W EhG=T
i) 2z+9
(z+2)(z+3)
27 + 4z — | Sy —4
2930y P edeheh
9 t-9 ) 2 +x—8
{t+3)° G+HE-HE-1)
o 3p’-2p"+8p -8 3(x+2)
Pp-2) 2(x-1
x—4 alx—3)
39 R Tr— )
(@—-2)a-1) dx
) G- W3
3p-1 a3
Ty e
3(b+2) x5+ 2)
8 7G5 b =D

- Answers

Section 7 — Powers and

Roots

7.1 Squares, Cubes and Roots

Page 65 Exercise 1

1 a)25 b) 49 ¢) 10000  d) 400
) 4 f) 25 g) 121 h) 900
i) 0.01 j) 025
2 a)8 b) 125 ¢) —1000 d) 216
¢ 512 f) -1 g) 729 h) 8000
i) —27 000 000 1) —0.001
3 a9 b) 27 ¢ 27 d)9
¢) 64 f) 144 gy —-125  h)-1000
i) 64 j) 64
Page 65 Exercise 2
1 a6 by 100 ¢) -4 d)9
¢ 11 13 212 h20
i) 7and-7 j) 3000 and -3000
2 a)2 b) 3 c) 10 d) -1
e) -5 f) 8 g) 6 h) -2
Page 66 Exercise 3
1 a)17 b) 25 ¢ 113 d) 125
Q) 4 f) s g) 12 h) 3
6 j) 20 K) 4 N6
2 a) 1.44 b) 11.56  ¢) 39.06 d) 20.98
€) 585.64 f) 1855 g) 946  h)3.16
i) 5.66 i) 3930 k) 636.06 1) 5.24
m)3.38 n) 4.33 0) 592.70
7.2 Indices and Index Laws
Page 66 Exercise 1
1 a)3’ b) 2} 7
d) ¢ ) 12¢ )17
2 a) ! b) c)s’
d) a?b® e) [ f) mn?
3 a) 100 b) 107 ¢ 10° d)10° &) 10
Page 67 Exercise 2
1 a) 8l b) 256 ¢) 7776
d) 512 ¢ 256 f) 371293
2) 30 000 000 000 h) 59 049
i) 768 j) 5000 k) 40
1) 69 m)100 128 ) 2592
0) 20903  p) 512 q) 10 000 000
r) 64 s) 537289 1) 0.1296
Page 67 Exercise 3
1 1 1 4
1 = b) 1 L dy &
2 g ) g 9 6 5
9 27 65 pls
90 0% 9% Wi
i o4 iy 216
i) 27 1} 343
Page 68 Exercise 4
1 a) 3 b) 10 ¢) a" d) 4
¢) 4° f) 6 g7 h) 8
i) ¢ e K 11° oy 2n
mfm n) 20 0) g“ p) ¥
Q) 1009 1) 17 §) 348 g 14%
2 2)9 b) 5 ) 2 d) 40
€9 f) 4 g) 3 h) 6
i) 13 j) 7 K) 6 N7
m)7 n 5 05 p)3
3 a) 31 b) 513 c) p|7 d) [o22]
Q7 f) 8 g) 122 h) g™
4 a3 b) ¢) 8 d) 6"
Q) s f) 2¢ g) 4 hy 74
i 5 j) 10° K) 7 ) 8’
5 @) ()22 ()29 (ii) 2"
b) ()3 ()56 (iii) 4°
o) (i) 64 (i) 1000000000  (iii) 216

Page 68 Exercise 5

1al pl 11
D g ) 7 9 5(=7)
_ 1 2
9 ?(‘ 125) ) 3
2 a) 57 b) 11- ¢ 3
d) 27 € 5x772
3 a2 b) % 09
4 8 100
vl
4 a) 5 b) 8- 0 g? d) 3-1
e I f) 2% g) 176 h) 70
Dy )k k) 4 o
m)12' n) 6% 0) 3¢ p) m?
Q7 v n's $) 10% ) 13
5 a) (i) ﬁ ) 1_(1]2 (iii) 102
b) () 107 (i) 10 (i) 10 (iv) 10°
6 a)l b) L X dy 7
) 3 )5 9 25 )%

4 f L ~81 p 27
93 Y B Mg
p__ 1 j) L6
) 10 000 000 b 81
k) 36/ 9 1
) 1000(‘ 250) ) 6

Page 70 Exercise 6

1 2)%a b) Wa o) (Va)
&) (Val o (Way

2 a)8 b) 12 04
d)2 e) 1000 10

3 a)25 b) 27 ¢) 8000
d) 100000 ¢ 8 f) 160 000

4 a)2.65 b)2059 ¢ 014 dy2.22
e 585 f) 229 ) 2068 h)2.39
i) —1.43  j) 0.48

Page 70 Exercise 7

1 a) 7" b) d° ) 4¥(=2%)
14 @p=p NoiEidh
9u3 ma Dgi s
k) 993 1) 4 m)21-3  n) 27
0) s p) /%

1 2 ! o

2 a) 3m> b) 1(’)‘60 c) y ] d) 127

u 3
€) 53 ) 35 1 hy 2y
) : ) 3 g) i ) ;

3 a2 b) 2% 0 23 d) 2-}
4 a) 3 b) 43 ) 251
d) 8 e 10% 1) 3%

7.3 Standard Form

Page 71 Exercise 1
1 a)2.5x 102
) 3.3 x 102
) 5.9 x 10
g) 8.56 x 10°
i) 8.0808 x 10°
k) 2.7 x 10*
m)9.30078 x 10°
0) 2.9007 x 10°
2 a) 2.5x 107
) 3.03x 107
¢) 5.6x10°
g) 7.8 x 10-
i) 2.1 x 1010

Page 71 Exercise 2
1 a) 3000000

©) 94 000

e) 4090

g) 66.9

i} 0.00000356

k) 0.000945

m)0.000000019

0) 0.00000705

b) 1.1 % 10°

d) 4.8 % 10"

1 2.75 x 10

h) 7.34 x 10°

) 745 % 10°

1) 140014 x 106
n) 5.4 x 101

b) 6.7 x 10°
d) 4.8 x 10~
£) 3.75 x 10
h) 7.07 x 107
) 5.002x 10~

b) 400
d) 880 000

0) 198 Y00 000
h) 7.2

j) 0.0423

1) 0.0000888
n) 0.669



Page 72 Exercise 3

1 a) 3.4 x10? b) 5.67 x 10¢
¢) 5.05x10' d) 9.07 x 107
e) 9.532 x 10° ) 34x10
g) 5.05 % 10°° h) 5.67 x 107
i) 9.07 x 107 i) 2.63x10°
k) 8.45 x 10? I) 613 x 107

2 a) 1.53 x 10 b) 2.53 x 10¢
¢) 1,422 x 108 d) 9.52 x 1072
€) 2.958 x 10! f) 6.36 x 10"
g) 1.08 x 101 h) 4.32 x 10"
i) 2.178 x 1078

3 a)3x10° b) 1.2 x 10~
¢ 1.5x 10" d) 4 x 10°
¢) 9x10' f) 1.1 x 10

Page 72 Exercise 4

1 a)53x10 b) 7.2 x 102
¢) 1.832 x 10° d) 9.955 x 10%
e) 5.52 % 10" f) 7.28 x 10~*
g) 1.47 x 10° h) 1.005 x 10°
i) 6.05x 108

2 a) 4.87 x 10 b) 7.05 x 10°
) 2.66 x 107 d) -3,29935 x 10?
e) 2.68 x 101 f) 8.337 x 10?
g) 8.317 x 10* h) 2.747 % 10°
i) 2.078 x 10*

Page 73 Exercise 5
1 1178 x 103 m

3 15%x10°g

5 1.99 x 10 kg

7 551%x10°%

2 $2.56 x 10®
4 1.6 x 10° people
6 5x10*ants

7.4 Surds

Page 74 Exercise 1

1a2/3 b2/5 2/6 d5/2
93/3 N4/2 g6/3 h10V3
i) 7/2 ) 8/3

2 a)4/3 b6 ¢ 642 d)2v5
©3/5 N4/5 @6/5 h7/5
i) 10/5 ) 8/3

Page 74 Exercise 2

1 2a)3 b) 6 05 d)9
¢) 7 f)2/2 g2¥3 W2/5
iy2/5 )4 K5/7 1) 6v2

29l 2 3 wa
& 3 b 5 © 2 9 11

5 3 2 6

€) Z/_ f) s g) = h) 9
B33 q 742
P VST

Page 75 Exercise 3

1 2)5/3 b) 47 ¢ 435
d) 243 +3/7 & —/7 ni1y2
2) 3/3 h) 3/6 i 117
i) —2v5 k) 263 ) 17/6

Page 75 Exercise 4

1 2) /2 b)2+ V3 +242 + /6
9 16-6v/7  d)12-2/3
€) 20-5/7 ~ 442 + /14
) 7+745 + /2 + /10
g) 15— 1242
h) 8+4v5 +44/2 +2/10
i) 10-15/3 - 642 +9/6
i) 4
K)8-2v3 +4/6 —3/2
) 6— /15 —12/10 + 106

Page 76 Exercise 5

12/ 022 o5 d)g

YT 543 845 1/3

9o NIE piE Was
0 # D 117/7 K35 )33
m)g n)2/6 o) 4v/7

W5 w3 9T a2
25 9/_ 21/_ Jl_6
3/5 2/3 5/2 By ¥3

e)T) DT g)T )K

h2E 0
2-42 54547

3 2 b)7( [ _)
12-342 3+/13

9 g d)’( 2 )

¢ 255411 ) l6- :ﬁ

7 I
) 4/1_9—2 h) —12 - 3417
i) 342 ) 5ﬁ+2/17
7 17

a) 3-2/2 b)# Q 3+/3

d)y—2-/5 €) 4+2/35 +24/2 + /10
—9-44/2 1+13/3

f) = g) 7

ny 144445 - 74/3 - 2415

3

) =89 -4lv2 ) ———7173137‘/7

a7

Section 8 — Formulas

8.1 Writing Formulas

Page 77 Exercise 1

@ AN

9

a) 2f b) 3 o) 3f-6
F=3b+5 3 /I=c-25
M=18+8h 5 t=50n+25
C=1p+25 7 C=3+0.08g

_sk _8m
a) m= 3 b) £ 5

— 32

a)c=f18 b) f=1.8¢+32

WM=3n—1)+4 =3n+1

8.2 Substituting into a Formula

Page 78 Exercise 1

1

1

a)z=6 byz=2 ¢ z=7 d)yz=-1
e)z=38 f) z=9 g)z=17 h) z=2]
a)/=10 b)!=25 ¢ /=1| d)y/=5
e /=15 f)i=6 g Ii=04 h)/=20
a)c=-8 b)yc=-7 ¢ c=-12 d)c=-14
e c=-27 ) c=-15g c=-29 h)c=90
a) r=19 by r=8 ¢) r=-12.8
d) r=31.68 €)r=-32768 f) r=-04
g r=256 h)yr=137472
= =2 =iy
ayg=3 b)g=3 0 q9=-7
-_4 =3 e
dg=-5 9= fy g=11;
g g¢=2% hg= %
a) u=738 b) u =267 c)u=1624
d)u=48.32 e u=-53 ) u=-120.65
a) s=44 b)s=1241.5
¢) s=58547 d) s = 5866.48
e) s =-864.26 f) s =780,38
a) w=18 b) w=128525 «¢) w=-20.63
dyw=6.63 € w=-3457.56 1) w=-124
g w=-11 hyw=12.28
Page 79 Exercise 2
a) 727 m/s b) 28.57 m/s
¢) 16.67 m/s d) 17778 m/s
€) 8000 m/s
a) 100 °C b) 20 °C
¢) —40°C d) 37°C
a) y=10 b) y=42
¢) y=154 d)y=192

4 a) $=55
¢) S$=500500
S a) T=199s
¢) 7=099s
6 a) V=226.19cm®
7 a) V=2513cm’

b) S=5050

b) T=14s

d) T=1795s

b) ¥ = 1900.66 cm’
b) ¥'=302.78 cm?

8.3 Rearranging Formulas

Page 80 Exercise 1

1 ayx=y-2 b)yx=b+5
& x=2z-3r d)x=%
—1 -
e)x=£2— f)xz—k42
3 -
g x= v;—é h)x=2“5 i
i) x=3y+4
2 ayx=1-z b)x=2_T‘D
_1.8—3r _1—u
c)xf——-4.2 d) x =
&) x=3-3t¢ f)x=6—_9ﬂ
g x=4-3 h)x=%
i) x:8—47z
3awdip=1 py-=2
=l -3
4 a)y= b)y=5.
_1-2b A
9= 2b dy=1 z+2 z+2
9r=36-1 PV oo
11wl
2y 2 2uv 2uy
:i,;:4(a+b)_2
B y=3"3Gr5 3@ b
P S
D y="3G-10) 30-3
5 8) w_2=12—2k
by w= (12 - 24 + 2 = 146 — 48k + 4K
6 a) w=a’ b) w=(x-1y
) w=y2+2 dyw=@-y-27
S =3y 1-d
e)w=( 2 ) f)y w= 2a
.2
_Jj=3 _4e—¢
B W=7 Ww="13
iy w=-2
- 1—¢
7 werip=igt mz-y 31
8 a)yz=+vx—1 by z=v3—2
¢ z=vu -2 d)z:¥
e) z= /ﬂ+2 f) z= g2 o
3 2
g)z=‘———47g—3 hyz=1- f—ui_k
2 6
s5— 4—r
i) z= 2
3
bx +1
9 a)a=1)‘—j—? b)a=7_%
_c—x_x—c
c)a iy Ay
11 4b +11
da=33 e)a=—5i—
3 _c—1
2S5 ©a=112¢
b
h)a—ze_3 i) azyz—l

Answers -



8.4 Formulas Problems

Page 81 Exercise 1

Page 84 Exercise 3

1 a)x=0.8 b)x=6
d)x=6 e)v=8
2 a)x=8 by x=-1
dyx=11 e) x=8
g)x=10 hyx=6
Page 85 Exercise 4
1 ayx=7 b)x=19
Qg x=2% d)yx=-9
2 a)x=6 b) x=-16
) x=94% d)yx=12
3 ayv=-82 b) x=-18
d).\':f% e) _\':71%
4 a)x=9 by x=-5
d)x=-22 e) x=-9

9.2 Wiriting Equations

Page 85 Exercise 1

1 2)2xv+3=19
2 27
9,10, 11, 12

w

b) x=38

4 810,12

¢) x=5
f) x=-10
¢) x=5
f) x=2I
i) x=4

¢) x= ~10%
f) x=-364

0 x=-153
f) x=89

9.4 Equations Problems

Page 89 Exercise 1

1 a)x=4 b) x=35 Q) x=23.5
dyx=15 &) x=9 fy x=-12
g x=-3 hx=-6 i) x=-63
j)x=-32 Kx=5 ) y=-11

2 a)yx=4 byx=2 ¢) x=0
dyx=9 e) x=-16 f) x=-31
=45  h)x=15 i) x=1

3a)y=63 br=4F x=43
Dy=3F @r=-6% DHx=71

4 %:ls b) x=79

5 a)v=30° b)r=282° ¢ x=30

6 16cm 7 849.5 cm?

8 A)x=28 b)y=82 ¢ x=148
dx=62 ex=18 f)x=16

9 ayx=2 b) 6 cm? c) y=14

10 2) 2.46 b) 8.54

11a) x +x*+30=128
b) Lol —9.41 m, Norm — 30 m,
Maddie — 88.55 m

1 a) m=é by m=12
2 a) C=30+125n b) C=70
3 a3l by =21 07
4 a) Itzg(g—ﬂ)
b) (i) h=30.625 i) h=121.875
(i) h=-35625 (iv) h=40
5 a)C=5+17h b) £13.50
c—5
c) h= 7 d) 3 hours
- /A4 B
6 a)yd= 313 b)yd=1.6
7 2) 77 min 30 sec b) w= T3_525
¢ 52kg d) 58 kg
8 a) £7.50 b) 6p ¢) £53.10
dyn= % ¢) 550 units
Soa 3 _U-4
9 a) (i)x=4 e 7=y (ipx=5
b) ()r=1-— ({)x=0
y
. 2 —3y -
x= =5
¢) (i) x 512 (i) x
N 2—y re——
d) (l).\-m (ii)x=3
L o m il
e) (Yx= B ) (i) x = 31
. 2
f) (i)x=2~<%) (iyx=1
10a) s=8 b)yt=22 ¢ u=-55 dyv=1
112a) v==+4/12 =+2/3 b)a=10 ¢) u==5
12a) x=1 b) z=4
1Ba)x=-2 b)y=-4,y=6
Section 9 — Equations
9.1 Solving Equations
Page 83 Exercise 1
1 ayv=3 b) x=89 ¢)x=1
dyx=3 e)x=0 f) x=-10
g) x=-0.6 h) x=-0.8 i x=6
i) x=64 Kx=-064 1) x=15
2 ayx=7 b) x=10 ¢) x=8
dyx=4 e x=-14 f) x=-30
g) x=-20 h) x=-10 iy x=1
j)x=4 k) x=-2 ) x=-9
m)x =6 n) x=-15 0) x=-1.5
pr=-3
3 a)yx=5 by x=7 ) x=9
d)yx=2 e) x=-2 f) x=-3
g) x=-5 h) x=-7 i) x=8
)x=6 k) x=12 N x=13
m)x =-12 n) x=-7 0) x=-9
P x=-30
4 2)1=3(x-2) b)x=21
=1 =2
5 a)yx= 3 b} x G
9 x=5 d)v=-1
Page 84 Exercise 2
1 ayx=5 by x=1 ¢)xv=3
dyx=2 e)yx=7 f) x=10
g x=05 h) x=2.1 i) x=-06
2 ayx=4 b)x=14 ¢ x=12
d)yx=10 ¢ x=3 f)x=14
g) x=-1 h) x=-2 i) x=10
D .\':% Kx=22 ) x=-16

- Answers

wm

Anna — 20, Bill — 23, Christie — 40
Deb — £16,50, Eduardo — £22.50,
Fiz — £67.50

7 Macy — 8, Stacey — 11, Tracy — 22

N

Page 86 Exercise 2

1 a) (i) 3x+ 5v +20 =180 (i) x=20°
b) (i) 3x + 4x + 110 = 180 (i) x=10°
©) (i) 7x + 23x + 30x = 180 (i)x=3°
d) (i) 6x+ 10x +3x—10=180  (i))x=10°
€) (i) Sx+ 3x + 2x + 40 = 180 (i) x=14°

f) (()Sx+3x—5+5r—10=180 (i)x=15°
2 x=55°

3 a) (x=13 (i) 1092 cm?
b) (i) x = 40 (i) 2150 cm?
4 4.48 cm? 5 26 cmand 30 cm

9.3 lterative Methods

Page 87 Exercise 1

1 a)-125 b) greater than
¢) (i) greater than (ii) greater than
(iii) less than

d)yx=27
2 x=46
3 a)yx=53 b) x=35.6
4 x=43
5 x=544
6 a)x=432 b)x=324
€) x=576 d)x=7.09
7 x=6.446 8 x=2281

9 a) ¥+ Tx=100 byx=7I
¢) 141 cmand 7.1 cm

104a) 2.3 b) 5.5 c) 177

Page 89 Exercise 2
1 v=18
2 x=047
3 x=2345
4 a)2x*+2x-7=0
2¢ +2x=17
23 =7-2x
7-—2x

X =

2
3 J1=2x

xX=

v

b) x = 1.300

12 a) 9.6° b) 1.1
9.5 Identities
Page 91 Exercise 1
1 a) No b) No ¢} No d) No
e) Yes f) No g) Yes h) Yes
i} Yes i) No
2 a)a=9 b)a=4 c)a=4 da=2
&9 a=3 fa=4 ga=} hya=I
i) a=2 ja=-2

3 (x+5P+3(x—1)2
=2+ 10x +25+3x2—6x+3
=4x? +4x + 28
=402+ x+7)

4 3 +22—(x-4y
=32+ 20+ 1232+ 8x— 16
=2x2+20x -4
=2(2 4+ 10v—2)

Section 10 — Direct and
Inverse Proportion

10.1 Direct Proportion

Page 92 Exercise 1

Lar—Tols LIS PR Y
rl 213 ) | 18] 24
IT 7 2T w2 T2a
v [105] 3 |15 315 ] 26
DT aJule ]2
vl [r e

9 Tie67] s

v 2 e
DIy 7 [204] 735]
L v |36 104]272] o0

2 120 3 1125
4145 5 25
6 w38 b) 382.5
7 a) 15975 b) 22.56 (t0 2 d.p)
8 ) C b) 0.5



Page 93 Exercise 2

1

2
3
4

a) 400 b) 11 ) 555.56 (2 d.p)
a) 375 b) 2 ) -3.75
a) 87.5 b) 2.94 (2 d.p)

-

o 2 s | w1238

v | 4 |256]500] 9s0

x| L] 9] w6 ]400
w28 | 84 ] 112|560

x| 2] 3 | 343 4.5

v | 34765 o |172.125
a) 75.645 b) 107

1.990 secs

= =40
a) k 3fc,V 31tr

¢) 6.2cm (1dp)

b) 12 348w cm?

10.2 Inverse Proportion

Page 94 Exercise 1

1

A Ti2]1s INME

ylis]e yl4]2
9«1 [3f6]20]n

v 90|30 15 [as]2m0
D257

p [252] v

Page 95 Exercise 2

105 2 12
3 016 4 1.67
5 a) 133 b) 2.67
) y
x 0 ¥
6 a) 2.4 b)zishalved ¢) wisdividedby3
Page 96 Exercise 3
Va2 5 [24] oa
¥ & 11,28 2 | 200
[ v ]1w6] o |roo]stss
¥ [§ 2|24 173

O v | 2| s |5894] 04

» 256 4 10 | 32000

a) m= % b) 16

0.8 4 +3

a) y is inversely proportional to the cube of x
b) y= 13_30 © 7.68  d)1.063 (3d.p)
2) 8.89 units (2 d.p.)

b) % ~8.165 mm (3 d.p)

b=c=4

a) (i) false (ii) true

b) At least three of:
v=1u=30; v=4,u=15 v=9,u=10;
v=25u=6, v=36,u=>5; v=100,u=3;
y=225u=2, v=900,u=1

(iii) false (iv) true

10.3 Direct and Inverse
Proportion Problems

Page 96 Exercise 1
Lax®[ ] 2] [315

y s3] s [24 [0
@[ T2 5] o [oo4]
y | 12| s |2.67] 100
b) In direct proportion, as x increases,
y increases, whereas in inverse proportion,
as x increases, y decreases.
a) 3.644 b) 1.310
2.384 (to 3 d.p.)
yechy r=130; reach=2.275m
Based on the data, you would expect a person
who is 1.75 m tall to have a reach of 2.275 m,
so it is not likely that they would be able to
reach to a height of 2.5 m.

Statement A with table L and graph T
Statement B with table M and graph S
Statement C with table K and graph R
Statement D with table N and graph Q.

a) (i)

X 0 4 2] 2
yl213|-6j06]3]2

15

@ T T alal2]4] ¢
v loe7|15] 6 | 6 [15]067

(i) Y 0 4 } I R 4 6
i |-0.22{-0.75 —6! 6 075022
METw] A 22456
i | no real solutions | ¢ | 4.24|3.46

b) (In all cases, both axes should be marked
as asymptotes.)

N
B
.

(iif) ¥ K

|

(iv) ¥

7 a) k= the distance travelled

b) k = the percentage rate of VAT

¢) k= the area of the rectangle

d) k= the scale factor of the enlargement
e) k= the volume of the cylinder

8

140 625 units

Section 11 — Quadratic
Equations

11.1 Solving Quadratics

by Factorising

Page 98 Exercise 1

1

2

1

a) x=0,x=-8

¢) x=-2,x=-6

a) (i) x(x+6)
@ii) v+ DHx-2)
V) G+Hx+9)

b) (i) x=0,x=-6
i) x=-1,x=2
V) x=-9,x=—4

a)x=0,x=3

¢)x=0,x=1

e) x=-2,x=-1

g)x=-2

i) x=-4,x=1

Kx=-4,x=-1

m)x=-1,x=5

0 x=1x=6

Qx=—6,x=-2

s) x=3,x=12
Page 99 Exercise 2

a)x=0,x=15

c) x=—i x=-2.5

3’
a) (i) @x+5)x+1)

(i) 2x—3)(2x +5)

W) 6x-5)x+2)
b) () x=-2.5,x=-1

(iipx=1.5x=-2.5

_5 _
Vyx=2,x=-2
V) x 2 X
x=0,5=-5
a) x X 3
el ==
) x X 3
e)x=%,x=3
g) x=—-4,x=-0.25
i) x=-3,x=175
k) x=-1.5,x=-08
=S o
m),x776,.1 0.5

= =4
0) x 0.5, x 0

Page 99 Exercise 3

1

a)x=0,x=1

¢) x=-2,x=5

e) x=2,x=4

g)x=2,x=6

i) x=-11,x=0.5
1

k)x——O.S,xfi

ol y=_2
m)x=1,x 3

0) x=—0.5,x:%

b) x=5,x=1
d)x=9,x=-7
(i) G+2)x-1)
@{iv) x+6)(x—4)

(i) x=-2,x=1
(iv) x=-6,x=4

b) x=-5,x=0
d)yx=0,x=-12
flx=1Lx=2
h) x=2
i) x=-1Lx=4
) x=1,x=4
n)x=2,x=3
p)x=-3x=4
ryx=-4,x=6
t) x=-18,x=2
byr=2,x=4
’ 3

d) x=175,x=-04
i) Gx+2)E+ 1)
(iv) @x+3)(x+2)
(vi) 3@x+ D{(x-2)
(i) x= %,x =1
({iv)x=-075,x=-2
wi)x=-025x=2

b) x=-15x=1
d)x=04,x=-1
Ll
f) x 3,x 1.5
h) x=1.5,x=2.5
) x=-—2,x=1

6
) x=-025x=1
3

b) x=-3,x=1

d)yx=3,x=7

f)y x=-3,x=7

hyx=-1,x=3

j) x=-1.5,x=05
2

)] x=0.5,x=§

n)x=05

5
px=3

Answers -



2 a)x=-2,x=4

¢) x=-8,x=9
e)x=7
g)x=-7,x=-05
i) .\'=%,x=3
k) x=0.25,x=0.5
3 ayx=-3,x=2
) x=-6,x=5
e) x=-1 x=§
k s 5

11.2 Completing the Square

Page 100 Exercise 1
1 a)1 b) ~10

e) 2 f) -13

i) -8 j) 400

a) (k1P +S

¢ (x—132-11

€ (x+22+16

g) (vt4)y+44

i) (x+5)7-

K) (> +6)2+8

m)(x — 77 + 47

0) (x+ 10)>-250

ol

[

-

&
\1
-l>Iu-

o
-
-
+

NI\O IR I [V NIL»J

5

\_/N
w

[

3
\—/N

5 sto s

=

«

E
AN e e~
= 1%
+ +
(St
\—/N
:]‘-J>I—‘-J>
>

«
[V
~,

| Nl
ENES #I

0)(

)Z‘

Exercise 2

=
|

Page 101
1 a) x=-
)x=1+5

e) x=-3+ /13

g) x=—-4+ /1
i) x=1x=4

k) x=-8,x=-1

[ ]

a) x=-524,x=-0.76
b) x=144,x=5.56
€) x=-145x=345
d) x=-373,x=-0.27
€) x=—-6.46,x=0.46
f) x=-6.83, x=-117
g) x=0.35,x=5.65
h)y x=-270,x=370
i} x=0.70,x=4.30

j) x=0.30,x=6.70
k) x=-770,x=-1.30
D x=230,x=8.70

1.4
_34 413
9x=3+4
e) v=4+ 379
145
9r--3= ¥

- Answers

b)yx=-7x=5

d)v=-6

f)y x=-2,x=2

h).\'=~%,x:i

D y=-lx=1;

pr=-3.--1

by x=-2,x=3

d)x=15x=2

f) x=~0.5,x=%
c) -2 d)3
g) 39 h) —60

b) (v-1)2+3

d) (x-2)’+6

f) x+3y-8

h) (x + 4+ 65
i) (x—6) +64
) (@+77-

n) (x— 10)2 - 300

b (v +3) - §
d) (x+%)z 1-%
o3
"3 -2
e
b (v )3
)l
b)x=3
dyx=-3,x=-1
f) x=-4+2/3
h)x*%ig

i) x=%i—2@
d)x=3= g
f)x=—%i@
h)xzf%izgog

4 a) x=-1.82,x=0.82
b) x=-190,x=1.23
€) x=-2.94,x=0.94
d)x=178,x=4.22
e} x=-1.05,x=9.05

f) x=-073,x=0.23
g) x=-2.79,x=0.79
h) x=-3.64,x=0.64

11.3 The Quadratic Formula

Page 102 Exercise 1
1 n) x— 262,
b) x=-273,x=0.73
¢) x=-0.79,x=3.79
d) x=-1.45,x=345
e) x=-570,x=0.70
f) x=176,x=6.24
g) x=-077,x=777
h) x=-6.32,x=10.32
i) x=024,x=-424
j) x=-641,x=141

k) x=-6.45,x=-1.55
I) x=-132,x=8.32
2 ayx=3%/5
2
c)l‘:3ir2m
) Y:75 15/2_9
g)\:7i2‘/ﬂ
i) x==2x /10
Kyx=—4+/3

w

a) v=-4.37,x=1.37
b) x=-1.54,x=4.54
¢) x=027,x=373
d) x=1.44, x=5.56
e} x=121,x=579
f) x=-4.46,x=2.46
g) v=-1.83,x=3.83
h) x=-4.19,x=1,19

4 ayy=-32/13
2

) x=2+ /2
e x=3+/5
g)x=1% /14

a) x=-0.43,x=0.77
b) x=-0.82,x= 1,82
¢) no real solution
dyx=-0.28,x=178
e) x=-185x=135
f) no real solution

g) x=-0.10,x=2.60
h) x=-3.31,x=18l1
i) x=-039,x=172
j) x=0.55,x=1.45
k) x=-1.26,x=0,26
D x=-0.57,x=017
m)x=-0.18,v=1385
n) x=-0.39, x = 3.89
0) no recal solution

p) x=-2.76,x=-0,24
6 a) no real solution

¢) no real solution

€) no real solution

g) x=-2.33,x=1.08
i) no real solution

7 a)x:—*szm
¢) x=4%/30

]

€) no real solution

. g) no real solution

x=-038

b)x=1+ /13
dx=1+/5
f) x=4+ /21
hyx=-3+ /14

) a=32437

~3
N

U3

~J]

) x=1%

2

f) x=
h)y==3%/53
2

b) x=-0.78,x=1.28
d)x=172,x=378
f) x=036,x=1.39
h) no real solution

b) x=-2+ /1T
d)yx="5%4129
4
f) x= 7i\/ﬁ
2
hy x= =9+ /IO
2

i x= SFSJ_ i) = 3._2‘,@
k) x=3% 6 I),r-%ﬁ“
m)y= L= /73 [ -3+ /137
QOx=1=v2 r}.|'=1_-|-__j_ﬁ
S)v=’1i2r‘/§ 1;x=—1f.1-.0m

Page 104 Exercise 1
1 ayx=-2,x=10
by x=-5x=4
¢) x=1.38,x=19.62
d) x=-0.17,x=18.17

e) x=-5,x=10
f) x=-9.06,x=7.06
gyx=-8,x=6
h) \7—3,1—3

i) x=-2.76,x=3.26
) x=-074,x=157
k) x=-2.5x=0.25
1) No real solution
m)x =9
n) x=-0.60, x=9.10
0) x=-1.39,x=048
p) No real solution
q)x=-1
r) x=-2.30,x=130
s) x=—-0.81,x=2.21
t) x=0.57,x=1.23

Page 104 Exercise 2

11.4 Quadratic Equations Problems

1 (x+1)?=9,x=-4,x=2

2 X1 4+3=147,x==+12

3 —-x=30,x=-5,x=6

4 X Hy=22,v=-522,x=422 (to2d.p)
S 25-x'=9,x=%4

6 x?+5v=24,x=-8 x=3

7 4x2=36,x=43

8 2¥—4=xx=-119, x=1.69 (to 2d.p.)
9 (x+5)2=100,x=-15x=5

10 2x—- 12 =64, x=-3.5,x

Page 104 Exercise 3
1 ayx=4
€) x=6.39(to2d.p)

Soy=20-2x

=45

by x=3
d)yr=38
2 a) total length of fence used = 2x +y = 20

b) Area = length x width, so 4 = xy

From part a), y =20 —

2x.

So if 4 =50, x(20 — 2x) =
¢) The dimensions of the rectangle

are 5 m x 10 m,

50m x [00m

A AW

0.69m x 11.62 m or 581 m x 1,38 m

1734 m x 115,34 m or 57.66 m x 34.69 m
a) - 12x+32=0; x=4 or x=8

b) x2—15x156=0; x=7 or x=8
€) x*-50x+600=0; x=20 or x=230

d) 2¥? - [7x +16 =0,

x=108 or x=742(to 2 d.p)

Page 105 Exercise 4

1 x=15 2 x=15.95
3 x=137" 4 x=10.73
5 x=027 6 x=3.56
7 x=487 8 x=720



Section 12 — Simultaneous

Equations

12.1 Simultaneous Eguations

Page 106 Exercise 1

i) x=-5,y=-1 and x=0.25,y=0.75

j) x=04,y=02 and x=-1,y=3

k) x=-16,y=-35 and x=22,y=6

1) x=0,y=0 and x=-0.25,y=0.25

a) The points where the circle and line cross
are the points where both equations are
true. Combine the two equations using the
substitution method:
Rearrange 3y — 2x =—1 to get x on its own:
v Jy+1
. 2

Substitute for x in the equation of the

1 ayx=7y=2 b)yx=5y=3
Q x=-2,y=4 dx=6y=1
e) x=3,y=-5 f) x=8,y=0

S 1
g) ¥ 7Y 3 h) x 3 10
i) e=0.6,/=32 D g:%’h_4
K) z=27,u=12 ) [=—5,j:;%

2 ayx=2,y=5 byx=1,y=4
¢ x=6,y=2 d)yx=3,y=1
e) x=5y=0 f) x=3,y=2
g)x=%,y=6 h)x=4,y=-
l)y*125 d=5 j) e=-1,r=—4
k)p—f7,m:0 1) c=126,v=82

3 wyx=d4y=2 b)yp=54=-1
) u=2,v=1 d) k=-1,1=3
Qc=8,d-1% f) r=2,5-4
gm=3n=1 h) e= 2[—7_
. 4 1 2!
yw==2=7 i) g=72,h=18
K i=-02,j=16 1) a=—4,b:7%

Page 107 Exercise 2

1 x=40,y=18

2 Sherbet dip = 35p, Supa-Choc bar = 17p
3 1 kgapples =£3.60, 1 kg pears = £4.50

4 a) An exercise book weighs 0,15 kg or 150 g,

the textbook weighs 1.2 kg
b) Yes (4.95 kg) c) 17
5 83 points 6 £4206.64 7 15cm

12.2 More Simultaneous Equations

Page 108 Exercise 1
1 a)x=2,y=4 and x=4,y=8
b)x=-3,y=11 and x=1,y=-1

¢) x=-3,y=-7 and x=10,y=32

dyx=1,y=2and x=-5,y=8

e) x=2,y=-2 and x=4,y=2

fy x=-2,y=5and x=7,y=32

g)x=-2,y=1and x=5y=15

hyx=1,y=5 and x=4,y=8

iy x=%,y=-1and x=3,y=19

j) x=—15y=21 and x=-7,y=165

kKyx=1,y=1and x=%,y= %

) r——7,y=% and x=3,y=26

2 a) () (1,0) (i) (1,3.6)

b) Line A represents all the points where
y=2x -2, and line B represents all the
points where 5y = 20 — 2x, so the point
where the lines cross is the only point
where y = 2x — 2 and 5y =20 — 2x at the
same time.

¢) (2.5,3)

3 M=(-1,1)and N=(3.5,3.25)
4 (-2.5,115)and (3,3)
5 (1,5)

The line only touches the curve at one point. /

The line is a tangent to the curve.

6 x=04,y=-04 and x=2,y=0

7 a) x=-0.5,y=75 and x=4,y=3
b) x=6,y=-1 and x=8,y=-3
¢ x=1y=1and x=3,y=-3
d)yx=2,y=-2 and x=-3,y=-7
e) x=4,y=-8 and x=8,y— 20
f) x=-2,y=3 andx=16,y=-1.5
g)x=-05y=4and x=2,y=9

h)x=3,y:% and x=16,y=-4

circle: (3}’_;1)2+y1 1

9y2+fy+]+y1:1
9 +6y+1+4y?=4
3yt +6y3=0

by y - —31r4/§

) <2+6‘/_,—3 |134~/’)

and (2 6/?—3 1;J—)

9 a) x=0.68,y=23.38 and x=-0.88,y=-2.08

b) x=4.70,y=-1.70 and x=-1.70, =470
10a) x=-5,y=-3 and \t:5.8,y:0.6
1 r‘/— -7

4

andx=1#4 ,y—1+/_
¢) x=-6,y=0 and x=4,y=2/5

b)yx=—7—

H‘c

Section 13 — Inequalities

13.1 Inequalities

Page 110 Exercise 1
1 a) N X 5 ||_,_.|' 5 i ¥ L3 ? ] 4

4 5 ) 7 ] 9 10 n 12
Br<9 pd—t—t—
14 15 1 17 m LA L 1 1
‘ | [ — | | | 1 .
Jx =16 {——@—t———T—T—F
22 23 24 23 20 27 28 29

d) x<26
15 " 15 1 14 1] 19 L1

9 x>16 |- o———+—+
D16 f—f—f—t— ettt
g x<I8 |
PSR D A
2 x=3 |t
br<s gt
9x>4 bbb
Dx=3 gt
oreet T4 1 LB L1
Dxes T b i
Hx<3 |

W <225 fef 4ol

3waz6
5 i ? [] [ woaooa
R L - e
c) < 24 19 20 21 22 23 24 25 26 27
v<24 4ot
W L LA ) ) il [ 1] 1

O <35 {4t

oy lI
> | |
oxes Py b

fHr<3 411 1 ¢t 4

s gy wow i wowp
g) xz11 I ! I v 1 I 1 L g
D 67 -0606 -0.65 -0.64 -0.63-0.62 -0,61 -0.60 -0 59
< OO iyt R T
h) x <—0.64 g————F+—F——1—

aAx<-12 brx<8
¢) x> 84 dyy <-77

a) x<3 b)x <8 ¢ x <2

dyx>11 e x =12 fy x<—1
g) x <2l h) x = 6.5

a) x <1 b)yx > 6 c) x>22
d)yx <10 e) x > 14 f) x >-3.5
g)x<-49 hyx=>-11.84

a) x<-2 b) x < -0.5 ¢ x=1
d)yx>1 e v=38 f) x>-0.2

g)x>-25 hyx<-l

Page 111 Exercise 2
1 a)d<x<12

2 3 4 5 6 7 8 9 1041203141516

45 5 7 B 9 1011 12 13 14 15 16 1718

W6<x<16
& -6 = x = -1 Iyttt ]
437 < x < 60 LIt Lt IT Y

a) 4 <x<7 b) 16 <x < 21
c) 6<x <16 d)-3 <x<4
2) 2<x<4 b)4<x <10
0 7T<x <12 d) 33 <x<-2.1
e 53<x<9 fy 25<x<1

a) -72<x < -2.6 b) -19.7 <x <-L.2
) 5<x<3 d) -84 = x<-5.6
e) -7 =x<6 ) 2<x<0

13.2 AQuadratic Inequalities

Page 112 Exercise 1
1 a)x*-16>0

b) (i) f(x) = (x + Hx - 4)
(ii)x=—4andx=4
¢) x<—4andx>4

a) x<-4andx>4
485 A4 32901 230 8080
e e

b3<xr<3

[ -54.!-2|ﬂ|"'3

e

¢) x< 5andx>5

-lisd! 2 1»@_3_*

dyx < -6andx =6

4442108 6 -4 2 0 2 4 6 8 10 1214

e) —-l<x<l

Pl A4, 45, @, 115 y 1 1.5
BN U L L L @"_l 1
n-7<x<7
M2 08 @ of 20 2 4 4 t' t? LT
1IN S S S |
e e i R =R (I

g)x<-8andx>8
1412 10-8 6 4 2 0 2 4 6 B 10 1214

h) 10 <x < 10
14 12 108 6 4 -2 024 6 810 1214
N T T T I T . e
I I\VI 1 T 1 T ST T

Answers -




3 a) —% << %
I e

by < Landy = !

4 a)y>6-2x b) |

11 11
3 ' 1 2
|11 ’l‘ | 1" y Iﬂ y 1 ' 'I‘ A 1|1
——1—¢ I ‘l T l“l L {
d)x<—%andx>%
1 -1 = 1 1 1
2 ¥ ® o0 w3 3
2cx<2
9 —§<x<j
2 o 1 2
|-|1 ok o ¥ 3 A ‘ |
I € e e e 2 B i W
Hd
f)xs—%andng :
£ = 4 a i
7 7 i ’ Bl

o S e T
+

U T
+ A AT TR T A 2
|_‘=='|I|llllll._i—
4 4
W-p<r<i
ry 2 a4
(I R .
t -+
4 a) 3<x<3
o 6 54 aF A 0 3 4 4 7
F oo -
b)x < -5andx > 5
f B B 4 A0 23 g4 7
e e
c) 4<x<4
B T T T T B - S P S T
HHFe
dyx < —Tandx > 7
14-12-10-8 6 4 2 0 2 4 6 8 10 12 14
5 a)x*+4x-12 <0
b) () g(x) = (x + 6)(x-2)
(if)x=—6andx=2
) 6<x<2
6 a) 2<x<1 b)-l<x<2
¢) x<3andx>5 d)-5<x<-1
e x < 3andx >4 f)-l<x<7
g)3<x<4 h)x < —6andx > -4
) 2<x<8 P -5<x<3 FETTE p ;
K-l <x< Il 1) 9<x<-2 i 0
I Hr ) {
7 a)x<-6andx>8 b)-2<x<S5 1 W W01 8
¢) 4<x<5 d3<x<6 o i
e) x<-9andx >4 f)-2<x<lIl A ’
g 3<x<9 hy4<x<8 ji
8 Ax<0andx>4 b)B<x<0 R F
¢ 0<x<5 d)x < -8andx >0 3 ) b) Page 113 Exercise 2

e) x<0andx>12 o<x<2

@r<0andx>9 h)3<xr<0 b)

A
[ | ;
13.3 Graphing Inequalities : )
i
Page 113 Exercise 1 ESELEL I IEN R
1 a) o
-
“3

S T
- W

- Answers



10.5
=0.

(3.5,0)
3.5,y

¢ y<x

<x+3

by x<-1, y > -1
¢) 8x+ 35y <50

3y
i) x+y <14

0, 1) |23

BEE

> 1, y<2x

¥

byy <4
y

16 at (5, 0.5)
2at(2,2)

0
byy=3

>

(0, 0)
sat (1,-2)

,yzly<-—=x

<x<3

»

>3, x=2-1, y>x+1

%f\ '.H S A

EEE=E

3x+y

(x,

¢ 3y>2x-3,y=2—x 2y<4-x

d) Maximum valuve 10.5, when x

b) x > 0 and y > 0 — The baker cannot
make a negative number of cakes.

)l <x<4,2<y<3
2 a) [

4 a)y
byy=-1,y>x-2,

b) x>-1
c) 2
5 a)yy>x, y<x+2
b)
©)
b) x—2y
3 a)
b) 3x+2y
¢ 2x-3y
4 14 (at (24, 13)
Page 117 Exercise 2

2 ay<d4-x by=x+1 ¢ y<d4-2x

1 a)x>3

3 a) -1<x<2
1 ayx>1

2 a) (i) y=2x

13.4 Linear Programming
1 a)

Page 114 Exercise 3

5
2
2
=
~

<@
= HE
VI R v )
& = [=]=
+ HE
» =
o5 = [
Al el sl
> -3 =
== - | 8l¢g
tlgle
Al S| =3
= |2
= nwm
= =]
o )

i

il

SR

ifi

EIIIY e

i
4
g

-p‘}-éw i

6 NN

A

gl

SRR

b)

CEEELEL R R




4 a)x+y<50,x+3y>60,x=15y=0
by

a2 @ 0 W 4
(W d) £3000 — 15 regular and 35 Gold
Sa2x+ty<24,y<xx>0,y=20
]

BN AT
b) 12 ¢) £200 — 8 cups, 8 saucers
6 a)x+2y < 10,x+ty=>7y=>1Lx=0

L

A
b) 4 motorbikes and 3 vans,

5 motorbikes and 2 vans,

6 motorbikes and 2 vans,

6 motorbikes and 1 van,

7 motorbikes and 1 van,

8 motorbikes and 1 van.
¢) 6 motorbikes and 1 van — £5750

Section 14 — Sequences

14.1 Term to Term Rules

Page 118 Exercise 1
1 a) 14, 55,219, 875, 3499
b) 11, 21, 43, -85, 171

2 a)2  b)48,96,192

3 a) (i) Add 2 to the previous term.
@iy 11,13, 15
b) (i) Multiply the previous term by 2.
(ii) 16,32, 64
¢) (i) Multiply the previous term by 3.
(ii) 324,972,2916
d) (i) Add 3 to the previous term.
(ii) 16,19, 22
e) (i) Subtract 2 from the previous term.
(ii) -3, -5, -7
f) (i) Add 0.5 to the previous term,
(ii) 3,3.5,4
g) (i) Multiply the previous term by 10.
(ii) 100, 1000, 10 000
h) (i) Divide the previous term by 2.
(i) 12,6,3
4 a) (i) Subtract4 from the previous term,
(iiy —16,-20,-24
b) (i) Divide the previous term by 2.
(ii) 1, 0.5,0.25
¢) (i) Multiply the previous term by 3.
(ii) 162, -486, -1458
d) (i) Multiply the previous term by -2,
(ii) 16,-32, 64
5 a) Multiply the previous term by 3.
b) (i) 81 (i) 729 (iii) 6561

- Answers

6 a) 7,13, 19, 25, 31,37
b) 9,5, 1,-3, -7, —I1
¢) -1,-4,-16,-36,-256, -1024
d) -72,-36,-18,-9,-4.5,-2.25
e) 0.2,08,3.2, 12,8, 51.2,204.8
f) —63, -55,-47,-39,-31,-23

7 a) Add 3 to the previous term.
b) (i) 7 (i) 22
¢) 154

Page 119 Exercise 2

1 a) (i) +1,+2, +3, +4
b) (i) +1,+2,+3, +4
¢) (i) +2,+4,+6, +8

(if) 22, 28,35
(i) 18, 24, 3]
(i) 35,47, 61

d) (i) —2,-3,-4,-5 @iy 0,~7,-15
€) (i) +2, +4,+6, +8 (i) 33,45, 59
) (i) +1,-2,+3,-4 (ii) 4,-2,5

2 8,13,21

3 a)l,2,3,4 b) 120, 720

Page 119 Exercise 3

1 a)b=1 b) b=1 ¢ b=6
dyb=3 €) b=3

Page 120 Exercise 4

1 a)28 b) 15 ¢) 486
d) 189 e 4 f 1575

2 a)22 b) 70 ¢) 52
d)2 ) 1320

Page 120 Exercise 5
1 a) (i) E.g. Add 2 matches to the right hand

side to form another equilateral triangle.

i

@ ST ST

(iii) 13
b) (i) Add 3 matches to form another square
to the right of the top right square and

3 matches to form another square below
the bottom left square.
aiyf | 1 1 1| !

(iif) 34
¢) (i) E.g. Add three matches to the left hand
side to form a new square,

(C)0 S T T T T A T
!V§,‘51j§‘-‘,1|5x
(iii) 18

2 9 ®»OO000000
0]0]0/0]0]0]0]0]0)

00000000000

(ii) E.g. Add 2 circles to the right of the
previous pattern.
(iii) 13 (iv) 19

nHOOO0O0O0O00
OOO0OOCOOO0O0
0]0]0]0]0I0]0]0I0]010]e)

(i) E.g. Add 2 circles to the right of the
previous pattern,
(i) 14 (iv) 20

(ii) E.g. Add a row of circles to the bottom
of the triangle, with one more circle in
the new row than in the bottom row of
the previous shape in the pattern.

(iii) 28 (iv) 55

HOOOOO OOO00O
0000 00000
O000 O000O
0000 OO0O0O0O

00000

OO0000O
000000
000000
000000
000000
OO0000O0

(ii) E.g. Add an extra row and column of
circles to the right and bottom of the
shape so that a new ‘square’ is formed
that is wider and taller than the
previous square by 1 circle,

(iii) 49 (iv) 100

14.2 Using the nth Term

Page 121

1

Exercise 1
a) 6,7,8,9,10

b) 5,8, 11,14, 17

¢) 2,6,10, 14,18

d) 4,9, 14, 19,24

€ 9,8,7,6,5

f) —1,-5,~9,-13,-17
g) 2,12,22,32,42

h) —10,-13, =16, —19, -22
a) 2, 5,10, 17,26

b) 3,9, 19, 33, 51

¢) 2,11,26,47, 74

d)0,2,6,12,20

a) 30 b) 40 0 60 d) 220
a) 91 b) 70 0 10 d) 20
a) 40 b) 60 0 85 d) 135
€) 535

a) () 16 (i) 21 i) 111

b)G) 13 @iy 23 (i) 203

o @) 29 (i) 59 (i) 599

dy(y) 32 (i) 52 (i) 412

e (i) 95 (i) 90 (i) 0

f) @15 (i) o (i) 270

g) () 492 (i) 992 (iii) 9992

h) () =10 (i) 0 @iii) 180

a) (i) 36 (i) 84 (i) 164

b) (i) 430 (i) 400  (iii) 350

o ()32 ()35 (i) 40

d)y (i) 48 (i) 300 (i) 1200

¢ () 40 (i) 208 (i) 808

f) ()20 Gi) 110 (i) 420

g) () 270 (i) 4950 (iii) 39 950

by (@) 96 (i) 30 (i) 240



8 a) (i) 8 (i) S0 (iii) 800

b) (i) 1 (i) 53 (iii) 803

o @) 1l (i) 95  (iii) 1595

d) (i) 18 i) 81 (i) 1206

) (i) 22 i) 32.5 (i) 220

f) () 6 i) 30 (iif)y 420

g) () 396 (i) 375  (iii) O

h) (i) 10 @) 127 (i) 8002
Page 122 Exercise 2
1 a) 7th b) 9th ¢) 6th d) 8th
2 a) 4th b) 10th
3 a) 8th b) 4th ¢) 9th  d) I12th
4 a) 3rd b) 10th
5 a)2nd  b) Sth ¢ 7th d) 9th
6 16th
7 a) (i) 13 @iy 201

b) (i) 25 (ii) 401
8 a) 2lst b) 9th
9 a) 2l b) 1711 ¢) 20th
10 a) 15th b) (i) 8th @ii) Sth
11 a) 6th b) 4th

Sx 3 »
2o oo b) o3 =3
Page 126 Exercise 5
1 a) (i) ntta—1 (i) 109

b) (i) n*+4n (i) 140

¢ (i) 2w +n+2 (i) 212

d) (i) 3n*+4n (i) 340

e) (i) S +3n—2 (i) 528

f) (i) 4n*+n+5 (i) 415
Page 126 Exercise 6
1 a) (@) P+8 (i) 520

b) () w*+6n+1 (i) 561

0 (i) 2 +n? (i) 1088

d) (i) P +2n72+3 (ii) 643

Section 15 — Straight-Line
Graphs

15.1 Straight-Line Graphs

Page 127 Exercise 1

14.3 Finding the nth Term

Page 124 Exercise 1

1 a)6n+1 b) 7n -4 c) 4n
d) 10n—-4 €) Sn f) 20n- 13
g) 40n+1 h) 87 -5

2 a)2n-3 b) 3n-5
c) 4n—13 d) 19164

3 a) (i) 12-2n (ii) —128
b) (i) 43 -3n (ii) 167
¢) (i) 80— 10n (ii) —620
d) (i) 87-9n (i) 543
e) (i) 65-5n (ii) —285
f) (i) 108 —8n (ii) —452
g) (i) 9-3n (i) —201
h) (i) 5151 (ii) 1045

4 a) 1+3n b)2+3n

¢) (i) Eachterm is 1 greater than in A.
(ii) They differ only in the constant.
5 a) 17-4n b) 15—4n
6 a) (i) 4n (if) 2n— 1 units?
(iii) 92 dots, area of 45 units?
b) (i) m*+2n-1
(ii) 22— 1 units?
(iii) 574 dots, area of 528 units?
Page 124 Exercise 2
1 3n—1=80,n=275s0801isaterm.
2 21-2n=-l,n=11,s0-1isaterm.

1 4 x=-5 B x=-2 Cy=2
Dx=5 E y=-3
20 i | |
6
4
2 (i)
) ) {6 X
= (iii)
4
p (i)
b) 0 0 y=0
3 x=0
4 a)y=8 b) x=-2 ¢y x=1 dyy=6
5 a) (8,—11) b) (-5, -13)
¢) (0.7, 80) d) (71—(’1,4500)
Page 128 Exercise 2
1 a)[y -2 -1 0 ! 2
¥y —4 -2 0 2 4
Coords. | (-2, -4 [(-1, -2) [(0. 0)| (1, 2)[(2, )
b), ¢), d) — See below

i
i

y=24

e) (i) (4,8)
(i) (=3, -6)
(iii) (=5, ~10)

3 a)6+6n
b) 6 + 61 =34, n=4.6.. 5034 is nota term.
4 a) No b) Yes ¢) No
d) Yes e) No
5 a) Yes(n=13) b) Yes (n = 20)
¢) No d) No e) Yes (n=222)
Page 125 Exercise 3
1 1 n+4
12 2n b) 3n 9 n+1
n-2 6—n 2+3n
9 Sn ° S5—n f) 10 —»n
20n—4 3-2n
971 Mo
Page 125 Exercise 4
1 a) (i) 256 (i) 4!
b) (i) 32 (ii) 27!
¢) (i) 3125 (if) 5"
d) (i) 243 (i) 3"
e) (i) 162 (i) 2 =301
f) ) 943 (i) V3"
g) (i) 96 (i) Gx 2" or3 x2
h) (i) 1242 (i) 3 x 42"

2 a)fy 0 1 2 3 4
v 8 7 6 5 | 4

‘Coords. 0,8 | (LD 2,6)]3.5]@.49

b, ¢)

f) 2%

Answers -



b

15.2 Gradients

Page 129 Exercise 1

1 a)Negatie  B)-4 o5 a)-%
2 1

2 a)-% b) -5

3 a) (i) G=(2,-5),H=(6,6)

c) %
iy L =275
b) (i) 7=(-10,5),J=(30,-25) (i) ;%
o) () K=(-8,-25),L=(8,35)
M=(-4,30), N=(6,-15)
(ii) Line 1 gradient = [75 =375,
Line 2 gradient = —% =—45

4 2) i by 1

5 "y
4

Page 132 Exercise 2

1 a)y=8x+2 b) y=—x+7
¢) y=1lx-5 d) y=—-6x-1
e y=3x+7 f) y:%x~7
gyy=-Tx+10 h) y=6x+8
i) p=5x+8 B y=-4x-9

2 a)y=2x+1 b) y=5x-1
¢y y=2x-9 d) y=x-3
e) y=2x+5 f) y=3x+2
g) y=3x+11 h)y:%x+3
i) y=-—x+1 J) y=—4x+7

- =3,_1
k) y—3x+13 ny 585
3 4 y=2-x B y=>5x
Cy=x-1 D y=3
N -
Ey—~—2-.\+2 F y»g.\erl
Gy=%x—4 H y=%x—%
7 y=~%x—% J y=4x+16
=_Iy+ 38 =1y 8
Ky 5.\:Jr Ly ¥+ 3

4 A4 y=x+07 B y=0lIx+2

Cy=7%x—§

15.4 Parallel and
Perpendicular Lines

Page 134 Exercise 1
1 a)Eg.y=5x+1,y=5x+2,y=5x+3

€) :

- Answers

=0k 2

5293 b6 o %
62 3 b2 9 %
ay-2 e)~% f) %
74 5 b % ) % dy 20

15.3 Equations of
Straight-Line Graphs

Page 131 Exercise 1

1 a) 2,(0,-4 b) 5, (0,-11)
9 -3,0,7) d) 4,00,0
1 1
9 3.0-)  H-L0-h
10,3 h) 0,(0,3)
24 y=-ix+4 B y=3
C y=§x+2 Dy:%x—l
E y=x+2 F y=—x+6
302,049 b) 1,03
9 -1,0,3) 4 7,0,5)
DE N 03,012
8 3.0,-3) h) 3,0, 1)
i 2,(0,5) D 2.0.-3)
K-2,0,3 b $.0D
m)6, (0,~7) n) 4,(0,-7)
9-3.05%  w-20-3
02,03 N 2,0,-3)
9 3,0,2) 0 3.0,-2)
W 1,0,-%) V20D
w205  0-2,00

b)Egx+y=6x+y=5x+y=4

2 (i) a), c) and g)
3 b),e)andf)

(i) e), by and i)

4 2) y=5x+3 b) y=2x+7
c)y=%x—10 d) y=4ax-15
e) y=8x+19 fy y=x-12
g)y=3x+13 h)y y=-9x-2
iy y=—x+16 D y=-2x-8
K)y=3x-7 N y=-ix+6

Page 135 Exercise 2

1 a)—% b)% 0 =2 d) 1
94  D-55 ot w3
Dy b1 w2 op LD
m: w3 92 p2

2 a)Eg y=—4x+3
c) E.g.y=éx+5
¢ Eg y=-2x+1
g Eg y=3x+5

b Bg y=3v+5
dEg y=-fx+1
f) Eg. y=x+2

h) Eg. y=-2x+8

3 aande, bandg, dandl,
eandj, fandk, handi

4 a)p=ix+s b) y=-2x+2
¢ y=—4x-5 d) p=—fx+4
—-_3 =2y_
c)_yf—ZerS f) y x4
g y=x-3 B) y=-3u-1
i) y=3x+4 B y=2x+7
_ " —_1..3
K)yy=-5x-2 )} y=—gxt3

15.5 Line Segments

Page 136 Exercise 1

1 a) 6,3) b)(, 1)
d) (1,-3) e) (3,
hy(1.5,-8) i) (=3.75, )

k) @p, 4¢)

g) =1.-2)
Do

¢) 2,4
-1) f) (-5,2)

) Gp, 89



2 a) Midpoint of 48 is (-0.5, 1)
Midpoint of BC'is (3, 1)
Midpoint of CA4 is (0.5, -2)

b) Midpoint of DE is (-1, 0)
Midpoint of EF is (1.5, 1)
Midpoint of #D is (0.5, -2)

302 4 (-2,5)

5 a)(0,5)

d) (-0.5,-2.5) e)(0.5, 1)

Page 137 Exercise 2
1 a5 b) 640 ¢ 316 d)7

¢ 156 £ 189 g 806 h)10.0
i) 108 j) 854 K985 1) 158

2 AB=6.08 BC=5.10 CD=3.61
DA =447 EF=35 FG=0640
GH=2.24 HE=671

Page 137 Exercise 3

1 a)(2,0) b) 4, 0) ¢) (6,2)
d) 4,2) e) (-8,-5)

2 a)l:2 b) 4:1 ¢)2:3
d) 4:3 ¢ 1:2 £)1:3

34,9 b) (16, -8)
¢)(34,23)  d) (43,-21)

Page 138 Exercise 4

1 a) (6,0.5) b) 17

2 a) Midpoint of 4 is (0, -1.5)
Midpoint of B is (-3, 2.5)
Midpoint of Cis (0.5, -0.5)
b) Length of 4 is 8.1

Length of Bis 3.6

Length of Cis 7.6

3 a) Length=5.66, midpoint = (3, 5)

b) Length=6.71, midpoint = (5.5, 8)
¢) Length=10.6, midpoint = (2, 4.5)
d) Length = 13.4, midpoint = (1, 3)
e) Length = 15.6, midpoint = (1, -7)
f) Length = 8.25, midpoint = (-7, -3)

4 2) (2,2 b) 13.4
5 ) (2,7) b) 17.9

15.6 Straight-Line Graphs Problems

Page 138 Exercise 1
1 a)

(354 o (35.3)
f) (0.5,0.5)

3 20 2 0
1 3
2a)2 B4 ol d)—2 €) 5
2 oy L 9
N3 o-2 w3y Dz D3
34 y+x=0 B y=-0.5x
C 2y=x D y-x=0
E y=2x
4 a) a=19 b) b=5
5 a) 5(0,-9) b) 7,(0,3)
©)-2,(0,11) d) 3,(0,-8)
@) -5,(0,12) n-2,02
910D h 4,0,-3)
6 A x=-4y B 4x+y+4=0
C x+2y=6 D y=4(x-1)
E y=2x-6
7 a) y=—4x+6 b) y=2x-9
c) 2y=x+6 d) y=-3x+7
e) y=-2x-5 f) 4y=x-2
8 a) Perpendicular b) Parallel
¢) Neither d) Parallel
e) Neither f) Neither

g) Parallel
9 ayp=-2,9q=0 b)45s ¢ L1

h) Perpendicular

10 48: Gradient= %, length =5,

midpoint = (-1, 1.5)

BC: Gradient=-3, length=6.32,
midpoint = (2, 0)

CA: Gradient = —%, length = 6.71,
midpoint = (0, -1.5)

DE: Gradient= %, length = 5.83,
midpoint = (2.5, 0.5)

EF: Gradient = —é, length = 5,10,
midpoint = (1.5, 2.5)

FG: Gradient = 3, length=7.21,
midpoint = (2, -1)

GD: Gradient= 7%, length = 4.47,
midpoint = (-2, -3)

11 Perimeter of ABC =20.7
Perimeter of DEFG =21.3

12 4 y=-3x-6 B y=075v-1
Cy=f%x+2 D y=3x-8
13a) y=3x-6 b) y=-7x+ 18
¢) y=9x-34 d)yy=—x+7

§ y=-15x+17 f)y=ix-35
142) y=-025x+12 by y=0.5x+1
d)yy=3x+14
f) y=—5x-8

) y=—%x73
ey y= %x77

Section 16 — Other Types

of Graph

16.1 Quadratic Graphs

Page 140 Exercise 1

1, (a2 o112

o W
clslolal1lol1[4alol1s
L
N
2 [3[4
49 [16
6 11|18
"
oz [ 4]3]=2la]olt]2]3[4]
6|94 loli a9t
|3k 8 2o [2]8]18]32
I Y
3] a
9 16
o vl-10]3] 25165 2]3]|-10

Answers -




[ 104
gl T 0 O A G
a) (i) y =113 (to 1 d.p — accept 11.2 to 11.3)
(ii) y=5.3 (to I d.p —accept 5.2 t0 5.3)
b) (i) x=12andx=-1.2
(i) x=22andx=-2.2

¥

T o

I\

N 0 e
N

L A0 T a9
— Ll L] i
a) (i) y=-2.5 (i) y=175
b) (i) x=2.4andv=-2.4(both to 1 d.p
—accept 2.4 t0 2.5, -2.5t0 -2.4)
(ii) x=3.7 andx=-3.7 (both to 1 d.p.)

— g =

x=19 andx:-].;

Page 141 Exercise 2
1 a) x s 2GTa]i 2]+
T welolafrfofi[alv]ia
v |-8|-6| #j-2]of2]4|n]s®
+3 S5 0 e D ) e A e T i
crxesd 6 32136 {ls]z

- Answers

b) B ]

W2 =13
X Wl ®l4]0 o] [4]8]16
#a mi2j 8|40 a[-8[-12]-16
1 RSN ELE BN
o - LPA{200 0 4] 45 -4

) x NI IR
4 40414 14]4]al4a]4]4

ST (Y iy Y T R R

-8 T S T I I Y Y T

4494 200 M4l [4lstala]a

‘i 4 ] 1Pl dudk oot 2
”

]
281532
J6 %112
F=a
1 o e k2

a) (i) y=12.8 (to 1 d.p — accept 12.7 to 12.8)
(i) y=-2.3 (to | d.p—accept-2.3t0 -2.2)
b) (i) x=-0.9 andx=15.9 (bothto 1 d.p
— accept —0.9 to -0.8, 5.8 t0 5.9)
(ii) x=1.4and x=3.6 (both to | d.p)

a) () y=-1.5
(i) y=79 (to 1 dp
b) (i) x=-2.3andx=2.3 (bothto 1 d.p
—accept -2.4 t0 -2.3,2,3 to 2.4)

(i) x=0

4 ayx’+tx-6
b)

¢) (2,0)and (-3,0)
d) The x-coordinates are the solutions of
the equation.

16.2 Cubic Graphs

Page 143 Exercise 1
L RS N R

o
(991 |

accept 7.8 to 7.9)

A f27)-8 -1 ] o f |8 |27

by~ |32 9071712

27

32




d)

€)

f)

= 3 o 1 (e §
H 37| nd
h—1=12
71717
9 |25 59
y afalbajolti]l 213l 4
X 27| 8|0 1] 8 27] 64
3 7]l o] -12]-27]-48
¢ 3|2 f1lof-1]-21-3]-4
+3 3|3 (3|3]13]13]3
oA -3 48[ 0| R [0] 3]0 |15
‘ lmr' o f = w3
/ : g3
# g
|
p N N L L e
2 —54[-16]|-2| D | 2 |16] 34
P 18| 8| 2|0 |-2|-8 1
3 9|6 |3|ol3l-a] ¥
(] 5 |5 558515
I =Iy—dr+5 58|34 | B2V R
it
. 1|
| '"'.. =24 - - 3x -5
i IH———1{—
S “‘) o =i |
|1 i e L
B Y T X
Sl ]
L / 3 i
L3 4
byl e
P Lol L
e Il i
X 3 =2]=1 w1 T [L2]3
3 S5|5]1s)5(5[S5]S5S
2718110 |-1)-8f-27
S-¥32113]6[5]4]-3]-22

g 1 A2 el 23
k0 S =241 31 0] 3 ]24 ]8I

Ayt 36 =161 4] 0| —4]|-16]-36

3¢ o|—al=2lal2l4]6

-8 -3 |-8]|-8|-B[-#|-8|-8

30— 42— 8 -R3 |82 -7 -8 | -T) 4 | 43

=-2.5,y=-12.6 (to 1 d.p)
(Accept y-values from —12.4 to —12.8)
3 P

2
=3f)

-6+ 12x -5

25
20—

v
k&

{11
-5

R
-.S..

T

The graph crosses the x-axis at x=0.6
(to1d.p)
{Accept x-values from 0.5 to 0.6)

a) Wheny=10,x=3.5(to 1 d.p.)
(Accept x-values from 3.4 to 3.6)

b) When y=-15,x=-2.9 (to 1 d.p.)
(Accept x-values from —3.0 to —2.8)

16.3 Reciprocal Graphs

Page 144 Exercise 1

1 oa)|x| 5] 4] 3 [ 2] 1]os]ol
ol r|-133) 2[4 -8 |-40
iloajes/ i f2]314]5
4
24| x
|
1
F o
111 40 S804 |
LI
b) i i ¥ A4 33
v 3] 3| =2 |-t [Fosl-ol
== : =
Seaalus| 1| -2 |10
v panlasiala] o2
~ilogfos]a]z] 3]s
= =i
il 1o | 2 |0 Jes]oss|o2
. , S -
el
R Al
L
et e e AT
i_’.‘:‘g:—-.;\g G | ] v
Ll
) 5 EX D N i I A
1L Lozfinas) 033|-05| -1 {2 |-10
3 3| 3 13 i3l 3]s
Tis |og|ars|2er]2s] 2 |1 |7
v fosfr 25415
Lo 2| 1 ]os[nao2s o2
IR B EREBRE
Los 3]s | a|3spasas|s2
PR G

Answers -




d) by s| 4] ] 2[us O v [al sl us

x+1 | 4§ 301-21]-1]-05 - 16 9 | L ]0.25
il e 9] 4] 1 o2s

TRV 06l 01110250 | 4

—.‘_- 06001 2e <y | -4

1 -0.5] 1 ] 3
cALfRs | L 2153 4 I
9

[TENTT RS I 16 ~

—L a1 Jozs|ai|oos ]

[CHRT |
: TR | S
P ——

[
€) ‘ sl sl 2]-1]os[n |
3 s s sls{s]s|s
4 Jo2|ozsfossfos| 1| 2| w o3 DL T41al 2T 1Tos
- -  Je o |4 1 Joos
5.1 1s2|sas|sx|ss|e| 7|5 I 2ilj oS |
i 4| 3|-=2|-1]-05 — |oosfodtfo2s| | | 4
A AR U M DR I B 26| v | 4|1 o2s 4L |304[380]375| 1 | 0
T et e Ul (o apfoos|ninfoas| 1 | 4 —r ==
v |=0] 2| =1 |-0.5]-033]-0.2¢] 02 — O R e |-
— d c JasTs a5 6  Jo2s| 1 [ 4 ]9 o
5o |5 3| 445467475 45 =l I | [ [l e o W 7R P |
S -2 fo2s] 1 a9 e 5
i l i i oo | 3 (375389304
1| 0| i 4| 1 [o2s|oaneos
)
Is“ ) I S 5. = | —
¥ 7 T i -L.‘_\\ “‘;"‘_‘
pEmaaa ] N RIS o i R I |
i \ 1/
o b | BRI S \0: .|
i B
! . bos :
LRLLY PR NUALN) ~58 1L s | =4 = e
2 a) .\'=2 -/)—-.—«r-.—:(’):‘."'{l
. 1 2 -
b) Asx increases, ets closer to zero.
) v - 28 A v Tal a2 s
9 x=2andy= : 6| 9 | 4 |1 |o2s
3 a)x=0andy=0 b)x=0andy=4 ST [ e | 5
¢y x=-5andy=0 d)x=0andy=-I i A i
e x=3andy=10 f) x=04andy=3 Lo | vod|-a80]-45| -4 | <1
e Jus[ i Jz23]4
16.4 More Reciprocal Graphs X 025] 1 | 4 ]9
"
Page 146 Exercise 1 x 4 ] T 10.25 ] SR N
. - )
Pyl T al s = edos[ ] 2] [« 0 || A ATSAsaa
cls | 9 (4] [o2slozs[i]4]9] 16
= pazgjorafus| 2 | « | 8 | 2|0sn2zjnizg =

E B

- Answers




dyx=-1,y=0 ©) d) Asymptote is y =0,

vy |3 ! 2 | “tpojri2)3 graph crosses y-axis aty =1
4 |0.02]0.06(0.25] 1 | 4 | 16 | 64 b
+3 3 30E303 3 3]E3

4+ 3(3.02|3.06)3.25 4 | 7| 19]67

0 X
BT DO B ¢) Asymptote is y =3,
1 0 graph crosses y-axis aty =4
=
]
3 2 -l
: DT3[ 2] o] ]2]s
R 2 2| 8| 4]2]1 05025013
) x=-4,y=3 £
Y N | | [0 i3
W //_1 o Hegestinr et f) Asymptoteis y =0,
| i ] | | graph crosses y-axisaty = 1
1 o et ;
=3_ — ¥
4 (x+4) i
i y=10"
— 4 4 —
Lt I_ 1
16.5 Exponential Graphs
Page 147 Exercise 1
Layl « [3]2] 0ol |2]3
3 |no4l001f033] 1] 3| 9|27 2 a) Asymptote isy=0,
» graph crosses y-axisaty =1
T £l ¥
g
| 12 7
|
| 20}
H ls =
NS 5 1 x
! |;__,,__ b) Asymptote isy = -1,
-3 2 -1 0 graph crosses y-axisaty =0
b) Sl a]ol1[2]3 y

005 | 64| 16| 4 | 1 |o2s|uosln.oz y=2-4

=l

¢) Asymptote is y = 10,
graph crosses y-axisaty =9
A

b) £2750 (to the nearest £50)
Accept answers in the range £2700-£2800.

16.6 Circle Graphs

Page 148 Exercise 1

1 a) Centre (0, 0), radius 5 units
b) Centre (0, 0), radius 1 unit
¢) Centre (1, 2), radius 2 units
d) Centre (5, 3), radius 9 units
e) Centre (-2, 1), radius 3 units
f) Centre (2, -2), radius 8 units
g) Centre (-1, -3), radius 7 units
h) Centre (0, 0), radius 2.5 units
i) Centre (0, 5), radius 3.5 units

Answers -




2 a) ¥ +y'=9

3 a)

S a)@-IY=x—x—x+(-1)2=x?

b) x*+ =225
) =3P+ (v-1y=
d) (x + D?+ (v - 1)2*4
f) (\*4)”(\’*3)

Q) (= Iy +yi=

Jats 1
=9

o

b) (i) When x = 3,y=38o0ry=—18(to |1 d.p)
(ii) Wheny=-1,x=-0.2 or

x=4.2(to | d.p)

Pomls ofmtusectlon at (0 9, 0.9) and
(-1.7,-4.4) to 1 d.p.
(Accept (0.9, 0.8) and (-1.7, -4.5).)

—2x+1
by (v+2)=3y*+4y+4
c) Ifa2—2x+y?+4p=11
then (x— 1)’ -1+ (p+22-4=1]
(- 12+ (r+ 2= 16
¥

el

-
AL 1) r;_gnq.hi 1
,i/’... R \

nad
il 3

|
\b'1 4

‘o

Points ot mtel section:
(=1, 0y and (0.95, —1.56) (to 2 d.p.}

Answers

16.7 Trigonometric Graphs

Page 150 Exercise 1

tayl o Jolls

SR R205 1357 | 1507 | 1x0!

TH0.5) 0 |-0.5] .71

87| 1

cosaf I ST

v | 20| 2250 0% 270

100713154330 | 360

|-0.87]-0.71] 15[ ©

0.5 [071]087] 1

b) (i) 66° and 294° (accept 67°, 293°)
(ii) 139° and 221° (accept 138°, 222°)

2 8 ;w0

457 [0l {90

LN LEEN RN EB

sina | 0 Jlsto71jp.87 1 foxz]o7tf 0.5 ) 0
2siny] o |V [Lat3) 2 [ fia] 1 | o
v RIEIEST 2407 270" 3007 315" | 2307|360

sinx |-0.5-0.71

-0.87) -

-0.87-L.71{-0.5] 0

2siny] =1 14l

-1.73] -2

-173| L4l -1 [ 0

D |

b) (i) 37° and 143°
(if) 204° and 336° (accept 203°, 337°)

3 \ (8 RIU 5] [i-il P20 135211507 |80
cos ¢ | 1 jwtpaifes]| o [osfo7-osn 1
2 aosa| 3pslas] 2 s e[
20 [ 225 pav Jazu oo 157
cosa |-om7-071] .05 o [osforijosr] 1
2+ cos | L3 2o 05| 2 Jas [anifesr] 3

g
o 180° 270° 0"
(1] [lll |(y0 |\|IJ [\w Bs
[ ] [173]5.67(11.43]-11.43]

o o T isuiso orsfza0° ]7(.() |

I
[ x| S 17 Jn1s| 0 Joss|ia
|
|

|"m ] 275° ?}'l |'mu | T B
i | 1143|1143 567 173]-0.58)

10

S ay[ o oo Welno Too Thzo TiasToso Jiso
2v | 0°607]90°]1204 180 240°[2707300° 3609
sin 23] 0 J0.87] 1 ]0.87) 0 [-0.87] -1 |-0.87 0

v [ 22257 g0 2 A (3t 305 3307 607
450°1480°|540°| (1117|6307 660°|720°
sin 22j0.87] 1 [0.87] 0 [08Y -t }0.87 0

2 [0

(4 = sin 2x

b) E.g. The graphs of y =sin x and y = sin 2x
have the same shape, but y = sin 2x repeats
twice as often as y = sin x,

6 a) r 0F ] 300 [ 45" | 6 | w6 1202
X ol o607 -45°]-30°| 0° | 30°
cis a0 | 0 Joso7[087] | (087
X 1357 | 1507 [ 1807 | 2007 | 2257 | 240
v - 45° | | 90° [120°]135°] 150°
con e - o] os | o |-0.5]-0.71)-0.87
¥ 270" | 3007 | 45| 3307 |36
9l 180°| 2107 | 225° | 240°] 270°
ros =900 | <1 08T-071]-05] 0
i

N s fx - 904

b) The graph of y = cos (x — 90°) is the
same as the graph of y = sin x.

16.8 Transforming Graphs

Page 151 Exercise 1
1 a) 3 unitsup b) 1 unit right

¢) 2units left  d) 6 units down

¢) 7units right f) 5 units right, 6 units up

g) 6 units left, 4 units down

h) 3 units right, 2 units up

2 a) Tnnslatlon 1 unit up




) Translatlon 2 units down.

d) Translatlon 4 umts rlght

J(I

=N

01 234567 8%

€) Translation 1 unit left.

I
"1
|

f v
18 et lf &

|

|

At L ‘
|

|

5432101 2 3¢

f) Translatlon 3 units left and 2 units down.

3 a) Translation | unit left.
y

T

R 1y

b) Translation 4 units up.

f It
| |3,{1
!
|
i

d) Translation 3 units right and 2 units up.

B ) Bl

30

[

~

M
M-

an

1

Translation 5 units right and 4 units up.

f) Translation 2 units left and 3 units down.
i/

i
LLI
h) Translation 2.5 units left and 3 units down.

B |.

4 a)y=x*+4 b) y=(x-3)?
¢) y=x*-1 d)yy=@x-1y7
e y=(x+2?+1 ) y=@-12+3
g y=0(-4- h) y=(x-2-

5 a) Translation 1 unit up.

f |
(e I al I
[EE 2707 Tl

il T

b) Translation 2 units down.
N

Answers -




d) Translation 90° right.
W

A1 AT G- 0P (1]

i | ::'2;|
PEEE NG
fHH N
pl bt b g '_-%-

i TR [ TR T

h) Translation 90° left and 2 units up.

1y

3

2

! i S
il I 3607

6 a) E.g. y=tan(x + 180°)
b) E.g. y =cos(x — 180°)
¢) E.g. y=sin(x +405°)

Page 153 Exercise 2
1 a) Reflection in the y-axis.

2 Sketches drawn for Question 2 may vary from
those given here if different ranges of x-values
have been used.

a)  hosine

P =),
so the graphs
of y=(—x)’
and y =—x’
are the same.

Page 153 Exercise 3

1 a),b),¢)

T6 -5 43 2

T T s e B

2

3

Sketches drawn for Question 2 may vary from
those given here if different ranges of x-values
have been used.

a) Translation 1 unit right and reflection

in the x-axis.

¥,
1

o
L]
&
4
2

b) Translation 3 units right and reflection
in the y-axis.

iy
ihof—

1
|
|
|
|
|

| |
1} e I ‘{ L | | |
=7T-6-5-4-3-2-100 | 23 4 5%

¢) Translation 90° left and reflection
in the x-axis.

d) Translation 1 unit up and reflection
in the y-axis.
v=sm[u)+ | A

a) y=(x+5)-4 b) y=—[(x+4) +5]

16.9 Graphs Problems

Page 154 Exercise 1

1

@D (i) E @GHB  (va
WF WG (viDH  (vii)C
WA (i) F diyc

(iv)B ™D Vi E

a) (i) The transformation increases the

value of all y-coordinates by 3.

(i) (0,3)
by () (1,0) (i) (3,-2)
a) i e

| 150 .|J"‘ () 42

i




It
b) fill

b) (i) x=—
({i)x=-1.6,x=2.6
(both to 1 d.p. — accept —1.5, 2.5)
6 a)

i Even

)

Neither
€) .r -
~360° 0 o0
Even

Neither

0dd

b) () x =-284° x = —76°, x = 76°, x = 284°
(accept —285°, —75°, 75°, 285°)
(i) x=-256° x=—104°, x = 104°, x = 256°
(accept —255°, —105°, 105°, 255°)
9 (i) x=-310° x =—50° x = 50°, x = 310°
(i) x =—230°, x =—130°, x = 130°, x = 230°

Answers ([H0ED)




8 a) 500 represents the initial amount borrowed.
1.03 represents the increase per month due
to interest.

H
[ s 008

78 90011 12"
¢) 6.2 months (to 1d.p.)

9 a i
)

55
bl
45
a0
15
3
25
20|
15
1
50 |

s gp
NI il

[ I 2 3 4

b) 3.3 seconds (to 1 d.p.)

10 a) 5 units b) x? +3%=25
Q) (x—5P+(y—4p=4
11a) x2+8x+y* -2y + 17

b) _

B Ty e K

. ; |

& 'r,\.a\;;r)/.z T3

S

b) i
90
80
70 |
il !
S0

>l fareg

i 4
I

12a) () 25¢g
(i)2g

Rl
30

¢) Accept 1.6-1.7 hours (96-102 minutes)

Section 17 — Using Graphs

17.1 Interpreting Real-Life Graphs

Page 157 Exercise 1
1 a) 24 mph b) (i) 40 km/h

(i) 120 km/h

2 2.5mph

3 Spain, by 8 km/h (or by 5 mph).
4 L bHN oM dK
5 a) Ovenl b) Oven 2

¢) 18.5 minutes (accept 18-19 minutes)
d) Accept 28-30 °C/minute
¢) (1) 630 seconds (i) 150 °C

- Answers

6 a) The water got deeper for about an hour,
then shallower for about 6 hours.
Finally it got deeper for about 5 hours.
b) 09:20 (accept 09:15-09:30)
¢) 1.2m  d) 12:55 (accept 13:00) and 17:45
€) Accept 2h 10m - 2h 15m (130-135 minutes).
7 a) The water gets steadily deeper for 15
seconds, then steadily deeper at a slower
rate for a further 15 seconds.
b) 12.5 seconds ¢} A

17.2 Drawing Real-Life Graphs

Page 159 Exerclse 1

1 a)| Weight(kg) | 1 |2 |3 |4 |5
Time (minutes)| 60 [ 95 |130] 165|200
b) a
200
175 =t e
_ IS0 |=—=rt=t1t to
4 s /
B
E |t
w/ 1
pr] AR RN ANORN N
il
0 1 2 3 4 5 6
weight (kg)
¢) 2.4kg
28 ot — -
500 } ‘/rﬂ
400 | )/ [
“
= e
3 300 | il
2 |
“ 200 Al o —--‘
100 —/ = | e
| L
0 1 2 3 4 5 6 7 8
length of fabric (metres)
b) £415 ¢) 7.8 metres
3 a) 8 = ;‘/‘
7 1 33 /i
6 .
a sf-
§ 4|
3 * - == ==
2 t AT
B EH 1R i\l
il |
0 1 2 3 4 5 6 7 8
sprouts picked (kg)
b) £5.10 c) 7Tkg
4 a) T Sl I

7

B

N

)
3

fuel efficiency (mpg)
B

N
[

20f
<

; %
0 Y50 55 40 65 70 75 RO
speed (mph)

b) Accept 25.5-25.9 mpg

S a)

10

o

weight (kg)

NOA o
[N

103 1

0

6 a)

WA v
-]

0] —

ta
=

6 8 10
age (months)

b) Accept 0.7-0.8 kg

distance (metres)
L0
(=]

7 Eg.

depth of water

r:

] 2 E F
time (seconds)

time

12 14 lo

b) 28 metres

8 9,

0 1 2

N

5000 { 6000 | 7200 | 8

640

b) pu

T

Number of cells in sample

Number of crows
e 3 w o w
(=] (=1 o o

[LRVAE
9000 -+
8000

(S

04—
-

¢) 3.2 days

=)
|

10}

-

0 i 2

L]

b) 3.9 years



17.3 Solving Simultaneous _ .1
Equations Graphically x=-23
andy=3
Page 161 Exercise 1
1 x=4andy=6 (R ‘;‘
2 a).b) 4
L]
n) By
i =21
i A x=27 and
d _21
2 y=23
¢) x=4andy=1 e e ) I i 5
._3(4’--1>'=‘
3 a)

b) The lines are parallel and so do not
intersect. This means there are no points
where both the x and the y values are the
same for both lines, and so there are no
solutions.

Page 162 Exercise 2

1 a)x=0andy=0,x=2andy=4
b)x=0andy=4

¢) There are no solutions.

2 a) ()

i e i
| 0 | IEEE)
@{ii)x=-landy=-2,x=2andy=1

b) ()

(i) x=-4andy=16,x=2andy=4

Answers -




(i) x=-landy=1,x=1landy=3

! __‘ .. 1L 3514
(ii)x=—-landy=4,x=3andy=0
) (i)

(i) x=—2andy=3,x=1landy=0
) @) 1 Tl

(ii)x=—l andy=—l,x=4andy=2
2 4
9O EEETI

h) (i)

(i) x=-3andy=—1,x=4andy=3

- Answers

17.4 Solving Quadratic
Equations Graphically

Page 163 Exercise 1
12 M| |“5[II ]

g HIE M J - e
i i i o
b) (i) x=—2andx=0
(i) x=-43andx=2.3 (to 1 d.p.)
(iii) x=-3.8and x=1.8 (to 1 d.p.)

2a)| 2

Al 2

:..'{) !
18 ,s e

4 \4‘_ i
ikt I
0 e
|k
£ 10
[ i
b) (i) x=04andx=2.6(to1d.p)
(i) x=-0.56 and x=3.56 (to 2 d.p.),
accept x =—0.6 to —0.5, x =3.5t0 3.6.
(iif) x = 0.63 and x = 2.37 (to 2 d.p.),
acceptx=0.6t0 0.7, x=2.3 to 2.4,

3 a)() P+4x-10=0
Gi) ¥ +4x-3=0
(i) ¥ +4x+2=0

el

¢) (i) x=-53andx=13(to1dp)
(i) x=—57andx=17 (to 1 d.p.)
(iii) x=—-4.6 and x = 0.6 (to 1 d.p.)
(iv) x=-34andx=-0.6 (to 1 d.p)

b) i) x=-1.8andx=2.8(to1d.p.)
(i) x=-3.53 and x=4.53 (to 2 d.p.),
acceptx =-3.6t0-3.5,x=4.5t0 4.6
(iif) x=-13 andx=2.3 (to 1 d.p)
(iv) x=-2.7andx=3.7 (to 1 d.p.)

B Ll

' ”f i

.

G M) g T T

b) () x=-03andx=18(to 1d.p)
(ii) x=-landx=2.5
(iii) x=—1.6 andx=13.1 (to 1 d.p.)
(iv) x=0andx=1.5

Page 164 Exercise 2

L)@ \ S EIE G ak 37

(i) x2+2x—-1=0
(iii) The intersection points (to 1 d.p.) are
(—2.4,-1.4) and (0.4, 1.4).
Substitute the x-values into x>+ 2x — 1:
(247+(2%x-24)-1=-004=0
047 +(2x04)-1=-0.04~0
b) () e

L é :

Lt

(i) ¥—4x+2=0

(iif) The intersection points (to 1 d.p.) are
(0.6,-0.4) and (3.4, 2.4).
Substitute the x-values into x? — 4x + 2:
(0.6)>-(4%0.6)+2=-0.04~0
(B4)Y—-(4x34)+2=-0.04~0

(i) x’-Tx+4=0
(iii) The intersection points (to 1 d.p.) are
(0.6, 3.4) and (6.4, —2.4).
Substitute the x-values into x> — 7x + 4:
0.6y (7%x06)+4=016=0
64 -(7x64)+4=016~0



)

L=
= E=13

FHEIENE

i i

AN

(i) x2+3x-5=0

(iii) The intersection points (to 1 d.p,) are
(-4.2,6.2) and (1.2, 0.8).

=

Il
(]
|
|
|

Substitute the x-values into x2 + 3x — 5

(4.2 + (3 x-42)—5=004=0
(122 +(3x1.2)=5=0.04~0

_i_g.JJ' ls t

@) ?*-Tx+2=0

(iii) The intersection points (to 1 d.p.) are
(0.3,-5.4) and (6.7, 7.4).

Substitute the x-values into x> — 7x + 2:

(0.3~ (7%03)+2=-001~0
(677 —(7%6T)+2=-001~0

) @ ——I_i___ L _?1;

0\
L ot 4
— Rl 4'

Riise ﬂ—
it e 5. NS
(i) »*+3x-10=0
(iii) The intersection points (to 1 d.p.) are
(-5, -1) and (2, 6).
Substitute x-values into x* + 3x — 10:
(-5)2+(3x-5)-10=0
@2P+@3x2)-10=0

EasEEuE=nv

oAby o

9X0)] ‘

N =1x-3

0 =

(i) x-3x-7=0

(iii) The intersection points (to 1 d.p.) are
(-2.4,-4.2) and (2.9,-1.5).
Substitute x-values into x*— —;-x -7
(247 - 1x(24)-7=-004~0
Q.97 - $X(2.9)~7=-0.04=~0

W O LR

i)

)]

2 a)
9

1
X

)

(i) 2x2-x-5=0
(iii) The intersection points (to 2 d.p.) are
(-1.35,-1.70) and (1.85, 4.70).
Substitute x-values into 2x> —x — 5:
2 % (135 = (-1.35) = 5 =—-0.005 ~ 0

[

@ ‘

‘E.'_;.'ﬁ'4' | ,_Al_

(i) 2x2—-2x-7=0

(iii) The intersection points (to 2 d.p.) are
(-1.44 , 6.44) and (2.44, 2.56).
Substitute x-values into 2x? —2x—7:
2(-1.44)* - 2(-1.44) - 7=0.0272 = 0
2(2.44)? —2(2.44)—7=0.0272 = 0

® [T AR ‘ql
! '1,;.’{“'? 0. ! 3
__.\_.:__ ﬂ i
LEE LN
/- el "'\E
5 e i 7 A N

(ii) 2x*+3x-1=0

(iii) The intersection points (to 2 d.p.) are
(-1.78, 1.22) and (0.28, 3.28).
Substitute x-values into 2x* + 3x — 1.
2(-1.78)* +3(-1.78) - 1 = -0.0032 = 0
2(0.28)* +3(0.28) - 1 =-0,0032 = 0

— See below by x2-2x=2x+1
L S TS
\ JErr I HHBUESE
3 Tk
bt 231 Ll i A 5
TR
x=-0.2 x=424(to2d.p)
NEERELCLRAREY
" f_
A
A 4

el
x=-landx=1

4 a),b)

x=-6.65and x=1.65(to 2d.p)
5 a)b) KT '

(]
15
:

/ RTIID
i £ ERLY e i

x=138andx=3.62 (to 2 d.p.)

17.5 Sketching Quadratic Graphs

Page 165 Exercise 1

1 ) ()(-1,00and (1,0)  Gi) (0~
b) (i) (<7,0)and (-1,0) (i) (-4,-9)
) (i) (10, 0) and (-6, 0) (ii) (-8,-4)

4

b) &

(6:01f v

2,0

2,-16)

Answers -




L7
L — &
f) Ay €) T v
(-7, 0) 3
(0, 11 =
(0.5, 9.75)

T

-2

d}l; pmEt EE
A O 2
17.6 Gradients of Curves 1 P
Page 166 Exercise 1 |- RS P b
1 a) AT ! S|
T —‘5-.-' R
‘|.J__..__E_f.§ “

x Jor]o2fos] 1 |1s]2]3
ylw]s|{2]1]2[1]1
W AT
Wl 1141 |
b) (i) 8 (i) -8
Page 166 Exercise 2 ¢) They are the same apart from their sign. Bl TEER VI 7
1 a) (i) (-8,0)and (-2, 0) 2 8) (] T . Ml L
(i) (0, 16) (iii) (-5,-9) LS by [
b) (i) 3 v30,0)and 3+ v30,0) T o A —\ o il B
(i) (0, -21) (i) (3, -30) L S 8 A 5 L iy
9 () 4- 3,0 and (4 + ¢13,0) B 518 59/ B 254 89 65 5 0 A ot T
(i) (0, 3) (iii) (4,-13) 4ull RUBg I D S N 4 = Sisiisiiil
2 a) - B L 3l
17 T N
Fh o/ Ll
0o H- N
3 ) 5 D e s M
R - 0—-/ 0 05 [F 2 25 3
=i o 1 " seey 25
H it I v c) ()-——+ (i) 25 (i) —-=
B Tt i / q 9
\ 3 6 id—df Y
| L R 7
(0,2) \ g '{‘“
Q-7 {_353‘10) 2 £ 30 =5 N [ RS- i Lt’
b \\ = 1 f.! I i
@) r NI

4 (i) -6

- Answers




5 a) <l ool oglos|olos]|1]2 2 a) ¥ o Page 170 Exercise 3 :
2 Ny = 1 a)x=0 b) x= = x==2
CIERESRIER k1S sy S
b) J b5 | _| x> ;_ h x(_i
9 x>y ) X <75
i | % 2 @x==2  bx<2
gL ¢) No values are excluded d) /=0
e) x>3 f) x=0, x=4
7 1l g) x<-21 h) 3<x<3
& ‘ 3 a) Domain:x # —%, range: f(x) # 0
=] | by @ y= % % ) y=27—4x +% b) Domain: all real numbers, range: g < 10
| ¢) Domain: x 2 5, range: f(x) 2 0
bt i) y = —%x _ % (iv) y= 274_\. _ % d) Domain: x # 0, range: f(x) # 2
[\X | 3 a) yox+4vZ by p=x—4vZ 18.2 Composite Functions
i -1 KU L | ¢) E.g. The two tangents have the same Page 171 Exercise 1
| i, &h N —?Jﬁ" gzrgndient 5o they are parallel. E b) 6 o 8 47
‘lht:_—_)__.n:‘.‘?‘,_?‘ L 4 .0,5) 2 @3 b) 6 Q6 dy8
R [i . | 1.5 2
.25 o 4 3 a) ()23 (i) 12 (i) 4x-20
o M-% ()5 A "
9 9 - . b) (i) 2 Gi) 13 (i) 6x+1
Sect'on 18 = Funct'ons o (i) 9 (i) 2 (iif) x-£5
18,1 Functions » (i_) D @iz 973"'
: ¢ ()1 ()4 (iif) 24;4
Plage) 1(686 Exe""s(e; . - 0@ —10 G 19 (i) 2 -6x
ay (i) i iii) -1 . .
b) @) 0 @28 G 6 ® ()63 (h 47 () 20+ 15
o (i) 4 (i) 7 Gii) =2 h) (i) 4 (i) 4 (iii) 23 -2x
d) (i) 8 @) 23 (i) 12 iy (@) % (ii) 3v1—77 (iii) %—7
e () 2 (i) -17 (iii) 9 -
) (i) 5 i) 0 (ii) 21 4 ) @) 4 ()2 (i) (10 —x)?
2 a) (i) 36 (ii) 36 (iii) Y b) ()2 (i) 9 i (i) 2/x +1
b) (i) 21 (i) 21 (i) -3.75 o (i) 14 (i) 3+ 121 (iif) 9x- 16
L4 o @8 (i) =7 (i) 17 d) (i) 25 (i) 7-2¢ (i) x
b) ()31 (i) 4 d) (i) 49 (i) 14 (iif) 124 e (i) 2 (i) 4x—12 (i) /37 - 6x
e (i) 25 i) 9 (i) 0 . 5 il
3 a)()?2 (i) 16 (iii) —40 LY (") 13 G (Bx + 27
b) (i) 3 iy 5 dip % b) () 64 (i) 2x-4 (i) (10-29’
4 fi)) 8 2/z 83 3{ 8:3 13 o (i) 14 (i) 4.8 (ii) ‘/71_—
e (i) 15 (i) 6 (i) 18.75 pa ol
| H o @ g @ 4 Y@ 156 6§ O pry
qe_ g) ()0 (i) 1 (i) *% 18.3 Inverse Functions
11 T by
b) ()-S5 (i) 10 @) 53 (i =7 (i) 154 Page 172 Exercise 1
¢) -1.8(to 1d.p)and 1.1 (to L d.p) ! . 1 a) f'(x)=x—-4 b) f'(x)=x+3
4 a) (i) 2k+1 @ii) 4m+1 (i) 6w—1 O i@ =x+7 &) =x—1
Page 167 Exercise 2 b) (i) 22 +3u (i) 184’ +9a o P =2 f) gl =2
1 8) ¥ (i) 2 +3¢ e : il -
¥y =100 o () 4¢—1 (ii) —4x =1 (jii) 8x—1 g) gy =3 ) £ = 6x
t-4 —-x+4 2x + 4 2 a)f"(x*x* b)f(t)*”'g
) Bwo1 () Ve 1 = . o iy o1
dii) v4— 10x 9 gl =5= )= 8
Yo il S ) (i) 4h*—5h+1 (i) 1632+ 10x+1 ¢) f'(x)=5@+7) f) g =8(x-1)
Gii) 4 _5 Tl g) F'(H=2t+3 h) h'(x) =4x - 15
2 X
Page 169 .‘Exercise 2 8 WA= Sx - LA == + :
1 a) (5,6,7,8,9) b) {-6,-3,0,3,6} o Fi() = Jv_+ d) g =T “— i
¢ {5,7,9,11,13,15})  d) {1,7,13,19} e A
b) (@) y“%”% (i) )’2*%”539 e) {11,14,17,20,23} 0 {0, 1,4} s rmmsery Ve 4;(+i7)
. 5 5 I g {1,12,15,2,3,6) b {-1,0,2,9,20} 0 =321 dglw=25—
@iii) y=-3x -3 (V) y=3x+5 i {1,9,25} i) {6,10,30} L 7o o llx
2 @) 2<fW <5 b) 2 < f(x) <3 : a)f(")'934_ b)g(*)_ljg
0 0<f(x)<4 d) -1 <f(x)<2 0 £l()= "= d) h'(x) = a2
e 1<f(x)<10 f) 5<fx) <15 |
g 1<f(x)<13 h) —12 < f(x) < 13 6 a) fl)=vx+5 b) g'(9) = [
i) 7<f@) <19 §) 3<g® <9 3 _f 1 ara \/T
K 7<gl)<14 9 g’ = 5 DERCE 7
3 a) 8<f(x) <50 b)3<f(x)<8
o) -1=<flx)<8 d)5=<flxy<23
Answers -



7 a) Fl(x)=(x+8)

b) £'() = ("E ]>Z Section 19 — Differentiation 19.3 Maximum and Minimum Points
d) i) = (25 = xy: )
PO (55 19.1 Differentiating Powers of Page 179 Exercise 1

9 gl =105

9 a)yx=3 b) x=7

4
) 80 = 1575 — 13-
Exclude x < Qand x =2.25

10 a) Range of f: f(x) = §

Page 177 Exercise 1
1 a) ()10 (ii)-4
@1 (il

19.2 Finding Gradients

b) ()-3 ()3
d) @7 (i)-3

o e 4 ) 13)(,2) b) (1, 4)
8 a) h'(x)=1+ = b) f'(x) = 17 Page 175 Exercise 1 o (1,-1 d) (-1,-16)
3 . Syt Tih |
0 g'(y)= (8 g ‘:) d) () = % +1 1 a) 4\'] :) 9‘8 ) (3,-13) ) (0,6)
. x ©) 5 ) x_s e g) (-8, -194) h) (7,-17.5)
9 a)Ify= ﬂ, €) 3.\};1—2.\ f) 6x 3— Sxt+ 4x i) (1.5,30.75)
then x(3y +5)=1-2p i) 24x? X
o I £ Jorm s
3yy+2p=1-5¢ m)6x + 2 m 15x* - 16x +3 9) (4, 52) W (2,107 i) (0.5,-0.5)
b) 3y +2y=y(x 1 2) 0) 4’— 4x p) 8x2 + 22y 3 a) 3.‘(2 —6x
Soif 3xy +2y=p@3x+2)=1-5x, q)ri-1 N 3xi-x+6 o X s & g
then g-'(x) = y = 1= 5% 9 4100 -24 30Xy ) At the turning points, - =0,
3x+2 = 503x7—6x=3x(x-2)=0
109) =222 gy gy - L7 28 4 by -3 L 5 Sox=0orx=2.
'2‘ N £ Whenx=0,y=0'-3002+7=7
0 ' = =5 0-2_8 d 12,12 Whenx =2,
’ ¥ oy y=2-3Q2P+7=8-12+7-3
18.4 Functions Problems €) 7% ~ 10x f) _37_ So ‘;he turning points are (0, 7) and (2, 3).
- o AV
Page 174 Exercise 1 3 a) 2x+5 b) 6x— 12 9 @) gy =375 )
1 a) £(8)=33 b) fg(1) = 28 ) 63— 6v d) 3247 + 67 Tdhe graph slopes up from left to right,
Q) x=4 d) gl =25 e) 2x+6 f) 2x-2 @i _" = 225
2 g) 2x h) dx+7 dv .
2 ayx=6 b) fg(x)=8x +21 i) 12x- i) 2¢-4 The graph slopes down from left to right,
iy = X — | o d
o fiy==11 K) 8x+4 p 103 (iii) d—fz-z.zs.
P X
3 a)g(l)=7 b) gf(x)=3x +4 6 12 6 The graph slopes down from left to right.
9 g0 =2v-3 ™ R i ¥ 35
i iv) =— =375,
N N 4 1 dr
4 W-1<f)<23 br=3s5 o Y The graph slopes up from left to right.
5 a) Excludex<-1 b) gf(x)=4yx + | da dy d) The graph is increasing just before the
o) fi(x)=a2-1 4 a) b =-8-4p b) i 6104 point (0, 7) and decreasing just after it,
= 1y = X+ 3 dy oo dr _ ., , 50 (0, 7) is a maximum.
6 a)x=4 b) f(x) > 9 g ~15r+8-2 d) du "2t 3u—| The graph is decreasing just before the
) x=3 d) fi(x) =4x -9 ) dy o= S5 ; point (2, 3) and increasing just after it,
e = =6z2-5:2+7z ; i
7 a)x=42 b) gf(x) =27 - 6x gz § 1 . 50 (2‘, 3)1sam1mml;m.
0 g'x)=18_—x ) Lo g Lo 4 2) maximum at (-1, 14
)= 33 i:’ i 272 gj_ b) minimum at (0.5, 2.75)
8 a) g(*—?’): 0.5 ) . h) g =1 p ) g=t-4 ¢) minimum at (2, -12)
b) fg(x) = x. fand g are inverses of each other. L 1 1
d) minimum at (lg, - 3)

5 minimum at (1, 18)

6 a) minimum at (0, -10); maximum at 4,22)
b) maximum at (-1, 15); minimum at (5, -93)
) minimum at (2, -20); maximum at (4, -16)
d) maximum at (-1, 9); minimum at (3, -23)

Range of g: g(x) can be any real number e) ()4 (i3 . f) (i) 19 (H) -3.5 ¢ minimum at (-2, -39); maximum at (2, 25)
b) gg4) =32 g) ()11 (ii)-55 h) (iy6 (ii) 3,75 . . 5
o gi=2 ; ) 14,16 i) ()-6 ()27 RO (i) 0 f) maximum at (2, 3); minimum at (0, 5)
: . - R . minimum at (-4, -304);
11a) f(5)=2.5 b) f1(x) = % . ca)) 8 7?6 23(5) g; 23 Z] 83 7}7 g maximum at((S, 425) :
2 = 1) — -
) fgx)= \\—w =1+ % QM5 ()2 h) maximum at (-4, —42);
- ; 3 a1 by x=4 minimum at (-2, -50)
12 a) f(4)=80m b) t=16s 4210 b) \: N 7 minimum at (1, -2); maximum at (-1, 2)
13 a) £(20) = 68 °F b) t=16°C 5 a3 b)x—-2
£y = 3¢ -32) N : . v
o () =g - 6 a) 275 by x=1orx=-1 19.4 Using Differentiation
d) a) 20 °C is equivalent to 68 °F. 7 a) 13 b) x = *% orx=3 Page 180 Exercise 1
b) 60.8 °F is equivalent to 16 °C. 8 ayx=050rx=3 b)x=150rx=2 1 a) v=40
c) The inverse function converts 9 (2,0)yand (-2, 16) @ (=-1120r¢=712

temperatures from degrees Fahrenheit
to degrees Celsius,
14 a) f(4) =46 °F b) f(7) =35.5 °F
¢) f'(32)=8.
A1 8000 feet, the temperature is 32 °F,

- Answers

10 (2,-94) and (-4, 262)

1a)y=-1

b) 1

¢) The tangent is a straight line, so has an
equation of the form y = mx + ¢.
The tangent’s gradient is 1, soy=x +c.
Point (2, -1) lies on the tangent,

so -1=2+¢
c=-3

So the equation of the tangent is y = x — 3.

12 y=2v+8

(ii) The point where the share value
dropped to zero.

(iii) The negative solution relates to a
time before the shares were first
traded, so it isn’t relevant.

o % ——10r+30

d) t=3 — this is the point at which the share
value had stopped rising and was about to
star( fulling.



2 a) %:4—101

3
4

e) v
0

ap
Bol——
& 1]
s
Al
401
n
a0
1

T TF"!

b) 2.8 metres

a) i_y =3¢-10x+10  b) 3 kg/year
X

a) 93°C b) 3 °C/minute

Page 181 Exercise 2

1

a) ——10 2t b) 6 m/s

) 5 seconds

D 10m b Fegrer-3r o 8smis

a) v=12¢-3¢

b) Atr=2.5v=11.25m/s,
andatf=3,v=9m/s,

So the object has greater velocity at £ =2.5,

¢) 4 seconds
a) v="7-4¢ b) 3 m/s
¢) -9 m/s d) a=-4 m/s?

Page 182 Exercise 3

1

a) 6 m/s b)%=3—2:

¢) a=1m/s> The acceleration is positive,
so the object is speeding up.

a) 2.4 mfs b) Q =8-10¢
¢) 0.8 seconds

a) $oLiigs b)150ke

dx 2
a) a=8t—6 b) 0.75 seconds
a) 45 metres b) 3 seconds
) é‘% =_10¢ d) 30 m/s
a) 10m/s b)a=2—t§3

a) % =-300x2 + 300x + 600 b) £2

a) 17m? b) 3% m?/month

Section 20 — Matrices

20.1 Matrix Addition and Subtraction

Page 183 Exercise 1

1

a) b) (-1 6

(54 s
<108 113) e) /15 26
12,6 13.5 (32 12)

€ (40 4 h) (63 44
( 4) 63 69

a) 15 b) /19116
21 3 (3 -5 4)
13 13

) /10 30 5 d) /14 16
10 —14 25 <10 23)
16 17 5

a)a=-5,b=11

b)p=9,9=-5r=6
) j=17k=-18,m=7
d)ya=-12,b=16,c=5,d=15

4 2) (12 44 b) /_1 49 40
(0 27 <18 =\ —6)
28 2
¢ /10 40 d)( I 53 ~46>
0 11 -14 4 6
o
¢ (-1 53 46 ) /213
(14 -4 76> 6 5 2
0 -80
g 1 -3 h) (13 46
—6 -3 -2 0 35
( g 2 35 4

20.2 Matrix Multiplication

Page 184 Exercise 1

1 a) ) b) (60 48)
96 33.6
7 6 d) (99 165
21 -14 ~143 198
) (30 -60 f) /9 732
38 58 13
2 %) b) /o5 9 72
0 6
4 L1}
-4 z u
"
350
3 a) ?.I:r) D) f12p 216 486
Bla 0 126 -51b

e)(6c ~-c  llc -18¢)

4 a)ya=6,b=9, c=-2
b) m=6, n=-174
¢) e=-5, =7, g=-14, h=-40, i=105

S a1y P/ioy 9 /35 1 35
D =) 26 38 6 -8

8
6.2 /o 24 36 b) 12 _42 -63
24 -12 0 12 23 0
¢ (114 21 a) (790 —44 18
1 -8 0 36 -4 -2
© /3 g2 -123\ D47 14 63
37 44 0 12 -22 -6

Page 185 Exercise 2
1 a) Row1: 2 x4+ (@4 x0),2x5+@x1)
Row 2: (1 x4)+ (3 x0), (1 x5)+(3x1)
Final matrix: (8 14)
4 8
b) Row 1: (1 x 3)+ (0 x 2), (1 x 1) + (0 x 0),
(I x-1)+(0x-2)
Row 2: 2 x3)+(5%x2),2x 1)+ (5x0),
@x-D+(5x-2)
Row 3: (4 x3) + (1 x2), 4 x 1)+ (1 x 0),
@x-1)+Q1x-2)

Final matrix: /3 1 -1
i6 2 -12

14 4 -6

4a +2c 4b+2d
b) —p--2r —q+2s
~4r —4s

) [ 1lw 13y 1lx+ 13z
—12w+ 21y —12x 21z

2 a)(a+3c b-\-3d>

3 a) (14 18) b) /65 —14
167 182
9 /161 ~136 ‘”( ) -5 2
~90 -95 -4 -1
f) ) /166 —50
~178 —50
h) <5 5 1235) 0 /1759 2334
670 1625 3208 3416
a) /-2 40 32 77 17 -100
16 37 38 105 21 -210
21 39 42 -73 =21 =70
©)

157 175) /02 213
66 48 (793 79)

e _36 f) (68)
( 180 108)

g ~27 41 h) 0 3 2
752 36 61 0 —32 31
~11 ~16 0 3 1

12 50

38 12 75

~14 33 56
2) 2x2 b) 2x2 ¢ 33
d)y2x3 €) 2x2 f) 1«1

_f{o 4\/1 0
6 a) () BI= ( 6><01>

{Ox D)+ (4%x0) (0x0)+(4x1)
‘((1 % 1)+ (-6 x0) (1x0)+(~6x1)

(1 %)=
- _ {1 -2\{0 4
(ll)AB7<5 3)(1 76>

C{(x0) - (-2x1) (1x4)+(-2x-6)
_<(5x’0) +(3x1) (5x4)+(3x-6)

216

(3 5)¢
1 =2\f-2 16
(ul)AC—(5 3)(3 2)

C{(1x=2)+(~2x3) (1x16) +(-2x2)
7<(S><—2)+(3x3) (5><16)-|~(3><2)>

(5 )

CA= <‘32 1;)(; 732>
_[(-2x1)+(16x5) (-2x-2)+(16x3)
< (3><])+(2,~<5) (3X*2)+(2x3) )

_ (78 52
130

_{-9 -8
D= (20 1)

. {128 _ (78 52
<) (I)BC—<720 4) (ii) CA ( )

13
(iii) (BC)A = ('220 §>< )
4

)#AC

(52
0 52)
B(CA) - <0 4)(78 52 <52 0)
130 0 52
78 52\ (0
DICGABS(CAE = (13 0 )(1 —6)
(52 0
) ( 0 s2
€) The number of columns in D is 3 and the
number of rows in A is 2. Since 2 # 3 these
matrices cannot be multiplied.
f)2x5

) = (BO)A

Answers -



7 aya=1,b=-2 byp=1l ) ") i ==
et 7205 5 a) G)x-24 - ( A v) Section 21 — Sets
d)/=10, m=8, n=-36 .

S b e s b) (=0 i) ( J) (21.1_Sets |
b)a=-2, b=3, c=0, d=-3 N Page 190 Exercise 1
¢ a=3,b=2,c=1,d=5 ¢) (Hx=0 (ii) ( ) 1 a) {February, April, June, September,

: November}
- | 1 fx - b) {May}
20.3 Inverse Matrices d) (yx=0o0rx= -2 (ii) ( > ) (May
: 2 227 +x\x 2x . o
and Determinants c) {Ja;t:lgrz/s,t];ebruary, March, April, May,
24 -90 | (—4 15

Page 187 Exercise 1 : )3456< 72 l26> 576(12 21) 2 a) {12, 14,16, 18,20, 22, 24}

I 8)7 by | 0 -6 b) {2,3,5,7, 11,13, 17, 19, 23, 29}
o &) 116 f 3 B MRl S &) {1,4,9, 16,25, 36,49, 64, 81, 100, 121,

. 88 —21 -16 144, 169, 196}
g 38 h) 188 iy 38 19 2 ) {1,2,3,5,6, 10, 15, 30
D 52-2p  K)kl—mm N p2-1 g L8 - L9 ) {1.2,3,5,6, 10, 15,30}
m) -7¢ n) 4+ lag 0) 2w’ —3xy 396\-156 -6/ 198178 3 e) {35, 42,49, 56}
p) 25— 2t 6 31 Page 191 Exercise 2
7 a)y X'= . -
2 a)0  b) 864 ¢) 2450 d)-64 e) 328 <5 26> 1 a) (Q_{I,S, 5,7,9} (5-) {1,2,4,8}
t) -6  £) 296 h)3904 i) 4558 26 31\ /6 31\ /1 0 (ifi) {1,4, 9} (iv) {1,2,3,5,6, 10}
-8 e ), |
Page 188 Exercise 2 4 (*5 6 ) 526/ \01 & E;g){z{lz’ozi’2252’4272’6292}3 30}
I a) (4 8)’=(4X4)7(8><2):16~16=0 xf'x=<6 3') 26 -31 :<' 0>=xxf' (i) {23,29}
4 526/\-5 6 01 (iv) {21,24,27, 30}
(1 x-6)—(-2x3) 8 |V] =(-38x~7)— (53 x 5) =266 265 = | 2 a)A=1{2,3,57,11, 13,17, 19,23, 29}
3 = 6+6=0 B={1,4,916,25)
—7 -53 N
N Y,l:< ) C—{1,8 27}
9 < >‘:(25x3),(,5x45) -5 -38 D=1{4,8, 12, 16, 20, 24, 28}
DUg =75-75=0 [Y!| = (7% -38)~ (-53 x ~5) = 266 — 265 = | by() 10 Gi) 5 (i3 () 7
a8\ 38 53\ _ Q@O0 ()2 (ip3 (v 8
d)’( »14>| ‘(168:”;3:((;28“3) o (5 )Y 3 1) {16,25,36)
= b) {11, 13,17, 19, 23,29, 31, 37}
B pl_§ 9 Work out (PQ)™": c) {15, 30}
& |y PQ:(—7 11)(| 0)7<48 744> d) {15, 21, 28, 36}
(2/8) 5>3) (2x=5)+(=5x-2) -3 4\5 —4 17 -16 ) {.1I.l2,13, 14} )
(3x8)+ (-8x3) (3x-5)+ (-8 ~2) |PQ = (48 x -16)~ (44 x 17) S e, S0
=768 + 748 =20 ,—1,-2, -
< ) 18 4k B @) {(1,0,,2), 2,002, 2,30, @0)
(PQ)= ——( - 43) @) {249.6,49,6,2,6,4)
1 9 -—-8\/10 8 Work out Q" 'P":
3 Bg 6<ﬁ12 10)(12 9) RIEETSE 40 1.2 Venn Diagrams
. 1— _ 2
__1f 0x10)+(-8-12) (9-8)1(-8:9) o=« ( 5 1) Page 192 Exercise 1
6\(--12 %10} + (10 12) (-12>8) + (10 x 9) 11 1 £
LIEER. SE¥ A B o
:_l<“6 0>:<' 0) 5\3 -7
6\ 0 -6/ 01 Qi[P_IL 0\if4 —1\_ [ [-16 44 5
1[4 -6 /6 -8 —5 1/5\3 -7 ~17 48
4 a) L b) — &
2\-3 5 2\-4 5 So (PQ) =Q"'P" 2 46 8 9 10
8 —10 2 -3
9 %(_2 3> @ é(% 7) Page 183 Exercise 3 bl A B [
e)l7 -7 1a)N:(’;;’> b) Q= (3 Ié)
N5 6 -
23 —12 1
f) Singular ‘(6 3>’=(6><4)—(3><8) 2 a) E:<~I 4> b) K:(722 7{) ]
8 4/1 —24-24=0 ) £
12 9 32 AB=X
g) Singular ‘(4 3)’:(12><3)7(9><4) A7'AB =A"'X  multiply on left by A~
=36-36=0 IB=A"'X useA'A=1I
14 6 B=A"'X useIB=B
h) Singular ’(7 ;>1:(14X3)7(6><7) b) AB=X
=42-42=0 ABB™' =XB~'  multiply on right by B~ DA B &
Lof1 2 AI=XB"' useBB'=1
D723 A=XB"' useAl-A !
7
j) Singular ‘( ) 4> (4><4) (-2x-8)
~16=0
k) Singular ’("5‘ }§>‘=(74x15)7(12x;5) 2
- =60+60=0
4 —13 1[4 3
h *%( 2 4) '")ﬁ< 22 712>
n) Singular
‘(4: f;>‘=(714 x 12)~ (21 x -8)
- =168+ 168=0
1/~18 21 1 (17 16
& '3( i —8) P) 1]83(41 -31
- Answers




2 a) ()| A B s
Q

(i) |

b) (i)

(i)

i)

21 23 27 29

3 a) {1,3,5,7,9} b)5,7and9 c¢) 4
e) 7,8and9 f) {2, 8, 10}

d) {3}
4 a)| A

g

B

G2

Page 193 Exercise 2

1

a) (Hx=8 (i) 32

b) ()x=5 (i) 12 (i) 19
o (x=3 (i) 36 (iit) 44
d) () x=136,y=14 (ii) 58 (iif) 54

E ()18 (i) 48

a)
~"12
b) [A BlE 27 ()19
‘) o
10
A B

) § W11 ()7 Gy 10

EG13 i)so

Page 194 Exercise 3

1

& There are 30 pupils
in the class.

G P
H 12

¥4

E 14 people liked both

T =
° e tea and coffee.
2]

£ 4 children don’t own
geese or ducks.

E 10 people play netball
but not hockey.

v

+|E& There are 17 friends
in the group.

€L

*
o
.
= = ||
I

42 products are made
using widgets.

=3
2]

>

E 16 pupils passed
exactly one of
English and maths.

7
'«IU

£ 32 auditionees can
neither dance nor sing.

21.3 Unions and Intersections

Page 195 Exercise 1

1 a)

b)
L]
d)
2 a)
b)
©)
d)
e)
3 a)

b)

)

d)
4 a)
d)

@ {5,6,7}

(ii) {1,2,3,4,5,6,7,8,9, 10, 11, 12}

@) {P,O,R} (i) {T,S,P,O,R,E,D,L}

(i) {6, 12} (ii) {2, 3,4, 6, 8,9, 10, 12}

(i) {O, U} (ii) {A,E,L,O, U, C, S}

{blue four-wheel-drive cars}

{children’s names}

{seaside towns in France}

{countries of the world}

{right-handed people with fair hair}

@) {2,4,6,8,10, 12, 14, 16, 18}

(i) {1,2,3,4,5,6,7,8,9,10, 11, 12, 13,
14, 15, 16, 17, 18, 19}

(U

(ii) {1,2,3,4,5,6,7,8,9,10, 11, 12, 13,
14, 15, 16, 17, 18, 19}

@) {1, 64}

(@ii) {1, 4, 8,9, 16, 25, 27, 36, 49, 64}

(i) 3} (ii) {2,3,5,6,7,9}

{x:30<x<50} b){30} © {x:x=50}

1%} €) {x:20<x <150}

Page 196 Exercise 2

1 a)[a -

<)

b)

d)

Answers -



3 a) {6,7,8,9}
¢) {8,9)

e {6,7,8,9,13, 14}
1) {3,4,5,6}  b){1,2,3,4,5,6,7,8}
01{56,7,8  d) {56}

€) {3,4,5,6,7, 8

a) (i) Class members wearing hats but not
gloves or scarves,

b) {4,5,8,9}
d) {8,9, 13, 14}

N

W

(ii) Class members wearing none of hats,
gloves, scarves

(iii) Class members wearing all of hats,
gloves, scarves

(i) [

6 2)20 b)8 ¢ 31 d)12 e 22
T a) (YA > B] (i) [a— B

YR

) (AUC)NB=ANB)UBNC)

c) A BnC Au(BnQC)

| (873 BB

COCEIIB,
\[ 9] ( s \ 3 .

| ¢ = o =

AUB AuC

A Vi 7~

SN
8 a) ()| : Oﬁ
(iii) 5

b) FANB=AUB, then A=B,

21.4 Complement of a Set

Page 198 Exercise 1
1 a) A'= {triangles}
¢) A'={1,3,9}
d) A'= {books in the library which aren’t
paperbacks}
e) A'= {cars which don’t have an automatic
gearbox}
2 a)B'={1,3,57,9} b)B'={2}
¢} B'=1{6,8, 12, 14, 16, 18, 22, 24, 26, 28, 30}
d) B'= {20, 24, 30, 40, 60, 120}

3 a) AUB=(3,4,6,8,9,12, 15, 16, 18, 20}
b) (AUBY=1{1,2,5,7, 10, 11, 13, 14, 17, 19}

b) A=

- Answers

4 a) ()| A nlé
(1Y B |6
iy Be

b) ()B' (i) (AUBY (i) A NB

5 a) People who didn’t like Apricot Fringits
b) People who didn’t like either biscuit
¢) People who didn’t like only Chocolate
Jamborees.
6 a) {13, 14,15, 16, 17} b) ©
¢) {1,2,3,4,5,15,16, 17} d) {6.7}
e) {1,2,3}
7 aCnA
8 a)

b) (AUBUC) o (BuUC)
1 b

) d)

o |A 1]

9 2)6 b) 27
10 2) 7 b) s 015

1up 2) 15 b) I8
92 d)l4

~
ST

~3

12}, a) 18 b)28

16 d)26

=
sl

a) {13, 19, 22}

b) {20}

o) {11, 13,19, 22}

d){13, 14, 15, 16, 20,
21,22,23, 24}

a) {1,2,3,4,6,7,8,9, 11,12, 13, 14, 16, 17,
18, 19, 21, 22, 23, 24, 26, 27, 28, 29, 30}

b) {3,9,21,27}

©) {1,5,7,10, 11, 13,15, 17, 19, 20, 23, 25, 29, 30}

Page 200 Exercise 1

a) {cats} & {fish}

b) {Monday} c {days of the week}

©) {Spring, Summer, Autumn, Winter}
C {seasons of the year}

d) {Fred, George} < {boys’ names}

e) {red, yellow, brown}
@ {colours in a rainbow}

f) {tennis, squash, football}
@ {racquet sports}

2 BcK,CclG,DcE,1cFJcL

3 a)4
by (1) {1, 2}, {1,3}, {14}, {2,3}, {2, 4}, {3, 4}
(i) {1,2,3},{1,2, 4}, {1,3,4} {2,3,4}
c) 16

4 a) G, {a}, {b}, {c}, {a, b}, {a, c}, {b, ¢}, {a, b, c}

b) @, {2}, {3}, {5}, {7}, {2, 3}, {2, 5}, {2, 7},
3,55 {3, 7}, {5, 7}, {2,3,5},{2,3,7},
{2,5,7},{3,5,7},{2,3,5, 7}

¢) D, {9}, {8}, {dormouse}, {spoon}, {9, S},
{9, dormouse}, {9, spoon}, {S, dormouse},
{S, spoon}, {dormouse, spoon},
{9, 8, dormouse}, {9, S, spoon},
{9, dormouse, spoon}, {S, dormouse, spoon},
{9, S, dormouse, spoon}

5 a) (i) True (ii) False (iii) True (iv) False
(v) True (vi) False (vii) False (viii) True
b) (i) A2(ANB) (i)) BNC)z(ANC)

(iii) A ¢ B’ (ivy Cc(AuQ)
v) BcD (vi) AcD'
6 a) (i) @ (ii) b 0
b) () | x () [X
(0
(iii) X v
7 a) False b) False ¢) False d) True
e) True f) False g) True h) False
21.6 Sets Problems
Page 201 Exercise 1
1 a) (i) False,n(A)=38 (ii) True
(iii) False, n(B")=11 (iv) True

(v) True (vi) False, CNB'={8,9, 10, 11}
(vii) True
(viii) False, AUBYnA'=
{9, 10, 11,17, 18, 19, 20}
(i) {4,5,6,7}
(iv) {6,7, 12}
(vi) {9, 10, 11, 12}

b) () {6,7, 8}
(iii) {6,7}
v) {6,7,8, 12}

(vii) {9,10, 11, 17, 18, 19, 20}
(viii) {8,9,10, 11, 12)

& 1
(i) 8

& () {416
(i) 10

3571113151719




3 a) {equilateral triangles} ~ b) &

4 9 (11,13,17,19 b 3,69 © {3}
d) {1,2,4,5,7,8,10} e 4

S [a . E

6 3B bHANB ¢ ANB

d) (A "B)U(ANBY) OR (AUB)N(ANB)

@
b) @
’@

°)

8 a)(AnB)UBNC) OR BNAUC)

b)) ANC ¢ CU(ANB)
d) (ANBNC)Y OR AUB'LC
9 a)[n 3] DA

) [A—

10 a) Let G = {families with girls},
B = {families with boys}

b) 5

11 a) Let K = {students studying Adv. Knitting},
M = {students studying Motorcycle Maint.}

K M=
X
b) 3
12a) False b) True c¢) False d) False
¢) True f) False g) True  h) False
i) False ) False

13 a) Let K = {people with keys},
C = {people with crayons},
R = {people with magic rings}

B @1 i) 16

14 a) Let G = {people who use the gym},
P = {people who use the pool},
S = {people who use the sauna}

b) (i) 3 (ii) 62 (iii) 35

Section 22 — Angles and
2D Shapes

22.1 Angles and Lines

Page 203 Exercise 1

1 a=127° b=28° c=113°  d=62°
e=107° f=33° g=45° h="72°
i =53° j=30° k= 50° 1=90°
m = 55° n=100°

2 Angle AOB = 59° + 65° + 58° = 182°, not
180°. So AB cannot be a straight line,

3 m=220°

Page 204 Exercise 2

1 a=75° b=105° ¢=90°
d=90° e=90° f=82°
g=98° h=45° i=30°

2 a=81° b=49° ¢=60°
d=63° e=47°  f=70°
g=12° h=73

3 w=64> x=64° y=52° z=76°

4 a=065° b=05° ¢=50° d=116°
e=52°  [=64>  g=116°

Page 205 Exercise 3

1 a=108° b=72° c=39° d=739°
e=141°  f=75° g=105° h=75°
i=175° j=105° k="15° [=21°
r="178° s=4° (=17° uw="8°
y=102° w=78° x=102°

2 y=38l1°

3 a=065° b=115° ¢=65° d=115°
e=69°  f=69°  g=111° h=111°
i=69° j=114° k=66° 1=24°

Page 206 Exercise 4

1 ¢=37° eg corresponding angle to 37°
d=143° e.g angles on a straight line = 180°
e=143° e.g. angles on a straight line = 180°
f=143° e.g. vertically opposite angle to e
g =143° c.g. corresponding angle to f
h=37° e.pg. vertically opposite angle to 37°
i=37° e.pg. corresponding angle to 2
m=55° e.g, corresponding angle to 55°
n=125° e.g. angles on a straight line = 180°
0=165° e.g. corresponding angle to 65°
p=40° e.g. alternate angle to 40°
¢=75° e.g. angles on a straight line = 180°
r=115° e,g. corresponding angle to 115°
s=105° e,g. s+ 10 is the corresponding
angle to 115°
1w=40° e.g. the unmarked angle in the lower
triangle is a corresponding angle to 30°
in the upper triangle. The sum of the interior
angles of a triangle = 180°, therefore
1 =180° — 110° — 30° = 40°,
v=152° e.g. sum of interior angles of a
triangle = 180° The triangle is isosceles so
the missing angle must also be v. Therefore
v+ v+ 76°=180°% v=104° +~ 2 = 52°.
w=52° e¢.g. alternate angle to v

2 w=48° e.g. vertically opposite angle to 48°
x=48° e.g. corresponding angle to w
y=84° e.g. The triangle made by the
scaffolding is isosceles, so the unmarked
angle in the triangle must equal 48°. Sum of
interior angles of a triangle = 180°, therefore
v+ 48° +48° = 180°, y = 180° — 96° = 84°.
z=84° e.g, vertically opposite angle to y

22.2 Triangles

Page 207 Exercise 1

1
2

N

- I A

1

a=>53° b=22°

e=73° f=41°

i=131°

a=20° b=10°

a=30° b=120°

e=36°  f=066°

x=60° y=120°

a) p=5" b)g=110°

a=44° b=064°
Leef

c=15°
g=52°

¢ =60°

c=170°
g=l#

c=72°

d=16°
h=49°

d=60°
d=45°

Alternate angles are equal,

so the angles between b and
the straight line are @ and ¢,

The angles on a straight line
equal 180°.
Therefore a + b + ¢ = 180°

22.3 Quadrilaterals

Page 208 Exercise 1

a=112° b=92°

e=101.5°

a=90° b=122°
e=125° [=10.2°
a=113°  b=111°
e=98°

a=120° bH=120°
e=123° f=14°

Page 210 Exercise 2

1

3

a) square, thombus
b) square, rectangle

c¢=30°
c=72°
g=6°

c=90°

c=60°

¢) square, rhombus, rectangle,

parallelogram, kite

d="71°

d=108°

d=10°

d=64°

d) square, rectangle, parallelogram, rhombus
€) square, rectangle, paralielogram, rhombus,

trapezium
) trapezium
a=128° b=116°
e=120° f=114°
i=57° j=18°
m=13.5° n=>51°
z=T7°
138° 4 80° 5

22.4 Polygons

Page 211

1
2

Exercise 1
a) 720° b) 1440° ¢©)
a) (i) 360°
b) (i) 720°
o) (i) 1260°

(i) 118°
(i) 247°
(i) 210°

c=82°
g=230°
k=31°
x=77°

127°

1800°

a) 135° b) 140° ¢) 144°
4 a) 100° b) No, the interior angles are

not all the same size.
a) 3 sides b) 12 sides

d=60°
h=130°
I=54°

y=108°

110°

d) 3240°

Answers -



\ / |
VAR v
A pentagon can be split into 3 triangles. The
sum of the interior angles of a triangle = 180°.
Therefore the sum of the interior angles of a
pentagon = 3 x 180° = 540°,

Page 212 Exercise 2

1 a) 455 B)40° ¢ 51.4°(to1dp)

2 a=54" b=56° c=74° d=135°
3 a) 53° b)40° ¢) 35° d)40°
4

a) 8 sides — an octagon.

bEg

¢) 135° dy 1080°
5 a) (i)9sides (i) 140° (iii) 1260°
b) () 3sides (i) 60°  (iii) 180°
© (i)36sides (i) 170°  (iii) 6120°
d) (i) 40 sides (i) 171°  (iii) 6840°
e) (i) 60sides  (ii) 174°  (iii) 10 440°
f) (i) 72sides (i) 175° (i) 12 600°
g) () 90 sides (i) 176°  (iii) 15 840°
h) (i) 120 sides (i) 177° (i) 21 240°
i) (i) 75sides (i) 175.2° (iii) 13 140°
6 u=20° v=10° w=15°
¥=30°  y=100° z=20°

7 Sum of interior angles = (6 - 2) x 180° = 720°
Interior angle = 180° — exterior angle
(180° — @) + (180° - ) + (180° — ¢) + (180° — )
+(180° - €) + (180° — f) = 720°
1080°—a—b-c—d-e—f=720°
atb+c+d+et=1080°—720°=360°

22.5 Symmetry

Page 213 Exercise 1

1 a) (i) 4 Gi) 4 b))l (i) |
o (i) 4 (i) 4
e) (i) 1 (i) 1
g) (i) 1 (i) 1

d) @5 (i) 5
f) () 0 (i) 2
h) (i) 10 (ii) 10

I

22.6 Angles and 2D Shapes
Problems

Page 214 Exercise 1

1 u=62° v=28° w=71° x=95°
y=92° p=56° g=118°p=103°

2 a=58° b=70° c=66° d=284°
e=66° f=33° g=111° h=114°

3 a=61° b=119° c¢=43°
d=43° e=98°  f=245°
g=91° h=91° i=22.25°

Jj=78° k=78° [=97°
m=255° n=250° o=55°
p=35° g=17° r=30°

- Answers

4 quilsssral itkaliphy | parallsbvgiym
oL 0 Hides 3 4
Linzs < iyeamemn 3 0
Order of rotalional 4y msutry 3 2

| Sum uf bntéslor niighes 180°

Islkartles Irapestim | regular nonagon
Nuaf sides 4 9
Lines of symmetry g 1

Order of rotational symmelry 1

Sum of inlerior angles 360°

5 a) 36° b)30° ) 24° d) 14.4°

6 No, angle BAC + angle ACD = 178°, not 180°.
7 a) 540° b) w=110°

8 p=34°

9 x=30° y=25° z=100°

102) a=105° b) b=165° c=146°
11a) x=60°  b)y=120°
12x=45 y=90°

13y =45°

14 260°

15 From vertically opposite and alternate angles,
the missing angle in triangle 4BC must be a.
4 Angles in a triangle add
to 180°, therefore
3x+a+2a=180°

o 3x +3a=180°
U if x+a=:60°
y x=60°-a

16 —_——s

i ]
I/u
= .

Label the top two interior angles @ and b.
From allied angles, the bottom two interior
angles must be 180° — g and 180° — b. So the
sum of interior angles in a trapezium is
a+b+180°—a+180°-b

= 180° + 180° = 360°

Section 23 — Circle
Geometry

23.1 Circle Theorems 1

Page 216 Exercise 1

1 a=90° 2 e=54°
3 m=47°n=20° 4 p=21°
5 k=42° 6 x=30°
7 i=18° 8 v=38° w=152°

Page 217 Exercise 2

1 ¢=53°

2 p=63°,9=27°

3 z=73°
4 a=76°b=132°c¢=70°

5 A, BandE must all be isosceles, as they each
have two sides which are radii.

*

d is aright angle, because it’s the angle in a
semicircle.

e is a right angle, because the diameter is a
perpendicular chotd biseclor.

iis a right angle, because a tangent and radius
meet at a right angle,

23.2 Circle Theorems 2

Page 218 Exercise 1

1 a=64° 2 b=198°
3 c=318° 4 d=112°
S e=37° 6 f=40°

7 g=133° 8 h=39°
9 AO and BO are radii, so ZABO = ZBAO = 60°,
So ZAOB = 180 - 60 — 60 = 60°
Angle at the centre is twice the angle at the
circumference, so ZACB = 60 + 2 = 30~
So ZACD = 62 — 30 = 32° so using angle at
centre rule again ZAOD =2 x 32 = 64°
1W0m=14°n= 28° 11x=75°

Page 219 Exercise 2

1 k=[=54° 2 m=74°n=106°
3 v=31°,w=6I° 4 c=14°

5 t=64° 6 p=25,q4=107°
7 a=114°b6=70°

8 u=44°vy=27°, w=27°

9 x=38%y=30°z=55°

10 = 68° 5 = 24°

Page 220 Exercise 3
1 a=286°b=95°

m=108°n=112°
e=[=78°
v =109°

x=y=90°z=_83°
p=131°,g=49° r=9]° 5= 55°
a=159°b=101°c=72°
k=160°[=236°

0 A A WN

23.3 Circle Theorems 3

Page 220 Exercise 1
1 x=117°
3 a=40°
5 p=59° ¢=31°r=59°

2 g=28°
4 k=63°

6 m=114°
Page 221 Exercise 2

ayd bg

a=067° b=49°

x=59°%y=34°z=34°

p=170°g=34°

a=90° b=45° c=45°

u=45°v=70°

I=61°m=59° n=31°

i=47°j=35°

p=70°g="56°

Page 222 Exercise 3

1 a=21 2 d=3.47
3 a);j=20 b)PO=17cm 4 =739
5 ¢c=374 6 b=103
7 e=12 8 /=3

o AN B W N

23.4 Circle Geometry Problems

Page 223 Exercise 1

1 A triangle formed by two radii is isosceles,
soa=(180—-122) + 2 =29°,

Using the alternate segment theorem,
b=29+19=48°,

2 Angles in a semicircle are always 90°, so both
triangles shown are right-angled triangles.
Soc=180-90-28 =62°
Opposite angles in a cyclic quadrilateral sum
to 180° so 28° +d + 3d = 180°

4d = 152°
d=738°

3 Two radii make an isosceles triangle, so the
angle at the centre is 180 — 2 x 36 = 108°.
The angle at the centre is twice the angle at
the circumference, so e = 108 + 2 = 54°,

4 A diameter which bisects a chord meets it at a
right angle, so /= 180 — 17 — 90 = 73°,
Two radii make an isosceles triangle, so
g+ 17=(180-73)+2=53.5
g=36.5°



5 Two 1‘adllmake an isosceles trl.angle, ) 24.2 Converting Metric Units 3 ler}gth between 10 mand 12 m
50 h = 31°, and the other angle in that triangle A d Vol height between 3.2 mand 3.5 m
is 180 -2 x 31 = 118°, —JALealancpvollme

. 4 o 4 The dinosaur is about 3 times as tall as the
e i e a0 Page 225 Exercise 1 chicken and 7 times as long. So if you reckon
soi=180- 118 = 62°.

i ) 1 a) 0.84 cm? b) 0.175 m? the height and length of an average chicken
Tangents aﬂd radii f01:m right angles, & 290 om? d) 1000 000 m? are around 30 cm, the dinosaur will be around
anq angles in a quadrilateral ium to 360°, ¢ 15000 mm’ £) 200 000 cm? 0.9 m tall and 2.1 m long.

50/ =360-2x90-62=118° @) 3.15 km? h) 85 cm?

6 Tangent and radius make a right angle, i) 0.17m? i) 435000000 m*

50 k=90-23=67° K) 6 700 000 000 m* 1) 0.045 mm’

Section 25 — Compound

Angle in alternate segment to £ is also 67°,

X . 2 3324m?

and angles on a straight line sum to 180°, Measures

sol= 180 - 67=113° 3 a)40 b)525cm’
7 Angles on a straight line sum to 180°, and 4 a) 1125000000 cm® _

> : . o] un easures
angles subtended by an arc in the same b) 1125 000 litres 23.11 Compound Measu
segment are equal, so mt =180 — 104 = 76°. 5 a) 0.0022785 m? b) 197 970 mm? Page 228 Exercise 1
. los i ] )

?Pl})goosoltz(z)iug:elssl(l)lil;:gc:hi(?‘;adnlateral sum 6 a) 1200000 mm? 1 a) 400 mph b) 1.25 m/s

e i : by 10 000 000 cm? 9 2L.25km/h ) 0.625 mis
8 Tangent and radius make a right angle, ¢) 50 m? 2 a) 12km/h b) 3 km/h

so ZOPQ =90°. d) 0.0673 km? ¢ 2.5km/h d) 14 km/h

So ZOPM =90 — 69 = 21°, e) 5000 000 mm?

Two radii make an isosceles triangle, f) 0.0605 m? 3 17000 mph 4 576 km/h

so ZOMP = ZOPM = 21°. g) 0.000000000003 km® 5 22mfs 6 0.002 m/s

Angle at centre is double the angle at the h) 600 000 2 .

circumference, so ZNMP = 102 + 2 = 51°. . ) 0 000(;](1)m 000999 km® Page 229 Exercise 2

So ZNMO = 51 — 21 = 30°. ',; 0'8800174‘?0 00999 km 1 a)343km  b) 67.5miles ¢) 3968 m

Ho m :
9 a) By the alternate segment theorem, k) 0.000019 m? d)0.128km ¢ 8100m ) 205.2 miles
ZBDE = 83°. 1) 3 450 000 000 000 000 mm? 2 a) 1.6 hours b) 1.86 s c) 3.68 hours
b) ZBDE = 83°, so ZADE must be d) 0.0125s  €) 6300s f) 24.5s

dtanganit o K G ommies
A tangent always makes a right angle with 24.3 Metric and Imperial Units

. i 5 9.375 mil 6 4 minut
a radius or diameter, so as ZADE # 90°, Page 226 Exercise 1 . minuies

AD cannot be a diameter. R . 7 2258 8 0.0017 m/s
Some answers given in this Exercise may vary i
10 a) If N is the centre of the circle, then the depending on which conversion factor is used. Page 230 Exercise 3
tangent KL and the radius NL meetata 1 a) 4 pounds 4 ounces 1 a) 0.37 kg/m’ b) 46 kg/m?
right angle, so ZKLN = 90°, b) 1 pound 14 ounces ¢) 680 kg/m’ d) 9992 kg/m?
So ZMLN =90 —35 = 55°. ¢) 6 pounds ¢) 12 840 kg/m? f) 2.4 kg/m?
b) (i) If N is the centre, then MN and LN are d) 10 pounds 15 ounces __Mass
both radii, so they must be the same ¢) 2 pounds 3 ounces 2 a) Volume = Density

g b) (i) 0.125 m? i) 2.6 m?
iy 2 a) 6 feet § inches ) (i) m (ii) 2.6 m

. _ ; . 3 X 5
(u)IIfMN =LN, then tnangloe LMN is b) 1 foot 9 inches (iii) 3.2 m (iv) 0.06 m
isosceles, so ZLMN = 55° and ¢) 5000 feet 3 a) Mass = Volume x Density  b) 1044 kg
£MNL = 180 -2 x 55 = 70°. d) 2 feet 6 inches 4 0.092kg
¢) (i) If N is the centre, then JN and LN are €) 2 inches )
both radii, so they form congruent right- 3 EaEs .- Page 230 Exercise 4
angled triangles with tangents from the LR m ) & 1 a) 1200 N/m? b) 8 N/em?
5 ¢) 10 miles d) 9 litres 5
same point. o 15k f) 5 stone i g} 1050 1]
. s
(ii) Triangles KJN and KLN are congruent, B . 2 a) 5 N/em? b) 50 000 N/m*
g) 160 stone h) 10 litres
and ZINK = ZKNL = 70°, 3 28 N/cm?
So ZINL = 70 + 70 = 140°, 4 No, only Lily is tall enough to go on the ride. 4 6400 om®
e = ily = cm
d) Angles in a quadrilateral sum to 360°, so if (Maddie = 132.5 cm, Lily ~ 142.5 cm)
ZINL =140° and ZKJN = ZKLN = 90°, 5 4laps ; -
then ZJKL = 360° - 140 — 90 — 90 = 40°. 6 No, (They need about 784 g.) 25.2 Distance-Time Graphs
7 a) Sjugs  b) 015 litres Page 231 Exercise 1
] . 8sS6imph 1 a) () Lhour  (ii) 50 miles
Section 24 — Units, Page 226 Exercise 2 b) 1 hour
Measu ring and Estimat"‘g Some answers given in this Exercise may vary ) () 10100'3‘“ (i) 2 hours
depending on which conversion factor is used. d) The family travelled at a greater speed
= = - 1 18 b 51 k 1k on the way to their destination, because
24.1 Converting Metric Units a) 3m ) 5 (;n , 9 g ¢.g. the graph for this journey is steeper
— Length, Mass and Volume d)730cm ¢ 5800ml ) 720 cm than for the journey home.
Page 224 Exercise 1 2 2 litres 3 550 miles 5 _
1 a)3 tonnes b) 0.4 g 4 No. (Their combined mass is about 735 kg,) £ ¢
¢€) 0.123 litres d) 0.05116 kg E 3 Foemmm Y
O e el 24.4 Estimating in Real Life g 2114 N
g) 0.15 litres h) 0.001532 tonnes i:d \ Ne—t
i) 0.01005 km §) 0.003023 kg Page 227 Exercise 1 3|/
2 4pizzas 1 a) centimetres (or millimetres)  b) grams 2% I 2 3
3 T7bottles ¢) millimetres (or centimetres)  d) tonnes Time (hours)
4 a) 500 laps  b) 200 km €) kilometres
5 Yes. The total mass = 0.2292 tonnes, 2 a) probably between 2 mand 3 m
6 1475km b) between 3.5mand 5 m
7 200 cm® ¢) around 2.5m
8 267 days d) ]t;e:ween ;05 m andd2221
€
9 a) 16025 kg b) 8 people e e

f) between 300 1and 5001

Answers -




3 a) Between 0 and | hours the object travelled
2.5 km at a constant speed. Between 1 and
L.5 hours the object was stationary.
Between 1.5 and 2 hours the object
travelled 1.5 km at a constant speed.
Between 2 and 2.25 hours the object was
stationary. Between 2.25 and 3 hours the
object travelled 4 km in the opposite
direction at a constant speed.

b) For the first 40 minutes the object
travelled 1 km while decelerating,
Between 40 minutes and 1 hour the object
was stationary. Between 1 hour and 1 hour
20 mins, the object travelled 0.5 km at
constant speed. Between 1 hour 20 mins
and 1 hour 30 minutes the object was
stationary. Between 1 hour 30 mins and
1 hour 50 mins the object travelled 2 km at
constant speed. Between 1 hour 50 mins
and 2 hours the object was stationary.

[n the first 45 seconds the object travelled
15 m at a constant speed. Between

45 seconds and 1 minute 30 seconds the
object was stationary. Between

1 minute 30 seconds and 2 minutes

15 seconds the object travelled 10 m in the
opposite direction while decelerating.
Between 2 minutes 15 seconds and

2 minutes 45 second the object was
stationary. In the last 15 seconds the object
travelled 10 m at a constant speed.

C,

=

Page 232 Exercise 2

1 a) 8km/h b) 20 km/h

2 a) 11.25 mph b) 1.25 km/h c) 0.2 m/s
3 a) Cyclist 2 b) 9.6 km/h

4 a) (i) 20 km/h (if) 80 km/h

b) (i) See below
(iii) See below
oot =

(ii) 1.5 hours

)

il

Distance from home (ki
S
=

o il 1 1Y 5
ng:00.  09:00 ([FRHI) 11:00 1240
Time

T
.E
5
:
[} i fit
S0 F—Fel H
l | : e o
pde ol | : |
[[R{TH 11:00 12:00 13:00
Time
b) z‘lun T
E 50
P
E: i)
E
tD ik
8
820
£, s
-y L{EEY 11:00 RS 13:00
Time
6 a) 0 mph

b) 2 mph (accept 1.8 mph - 2.2 mph)
¢€) 5 mph (accept 4.8 mph - 5.2 mph)

- Answers

25.3 Veloclty-Time Graphs

Page 234 Exercise 1
1 a) 12 km/h? b) 0 m/s?

2 a) 45 km/h b) 90 km/h?
¢) Decelerating at 60 km/h?

¢) —6.25 m/s’

Page 235 Exercise 2
1 a) (i) The velocity increases from 0 to 5 km/h.
(ii) The velocity is constant at 11.5 km/h.

(iif) The velocity decreases
from 7.5 to 0 km/h,

b) (i) The object is accclerating, and the rale
of acceleration is decreasing.
(ii) No acceleration.
(i) The object is decelerating, and the rate
of deceleration is increasing.

¢) (i) 2.71 km/h? (i) -2 km/h?

d) (i) 2.0 km/h? (accept 1.8 km/h? - 2,2 km/h?)
(if) 1.7 km/h? (accept 1.5 km/h? - 1.9 km/h?)

Page 235 Exercise 3

1 a)37.5km  b) 80 miles ¢) 250 metres
2 a) 1125 m b) 18.75 m/s
3 a
. 60 i "'l
. e
g 401 [ ‘
2
8 | |
g ’ |
b | I
0 10 20 kil 40

Time (s)
b) Acceleration = 6 m/s?,
deceleration = 5 m/s?
(or acceleration = —5 m/s?)
c) 12145 m
4 a) 260 m b) 280 m c) 1090 m
5 Your answers may be different depending
on how you’ve split the graph up:
a) 98 miles  b) 32.67 mph (2 d.p)

Page 236 Exercise 4

1 a) 2m/s’ (acceleration of =2 m/s?)
b) 710 m

2 a) In the first 20 seconds, the coach was
accelerating constantly at 0.95 m/s? to a
velocity of 19 m/s. Between 20 and 44 s
the coach travelled at a constant velocity of
19 m/s. Between 44 s and 60 s the coach
decelerated at 0.25 m/s? to a velocity of
15 m/s. Between 60 and 100 s the coach
travelled at a constant 15 m/s. In the last
20 s the coach decelerated to 0 m/s at a
constant deceleration of 0,75 m/s2,

b) 1668 m

3 a) Bertran 0.9 km, Ernie ran 0.7 km,
b) 54 km/h
¢) 31 680 km/h?
d) Ernie had the greatest initial acceleration
since his velocity-time graph is steeper,

Section 26 — Constructions

26.1 Scale Drawings

Page 237 Exercise 1

1 a) 3cm b) 12 cm
d) 0.5 cm e) 0.2cm f) 0.3 cm

2 a)54mby3m b) 64 mby44m
€) 37mby28m d)1.8mby2.7m

¢) 20cm

3 l6cm

4 a) 140 cm b) 128 cm ¢) 96 cm

5 2.68cm

6 a) 20 cm b) 1.2 cm

7 a) 57cmby30cm b) 66 cm by 45 cm
8 lem:L5km

9 a)lem:15m b) 4 cm

10 a) 1:600 b) 7.2 m ¢) 0.75 cm

11 a) 1.2 km (accept 1,08 km - 1.32 km)
b) 3 km (accept 2.76 km - 3 km)
¢€) 3.84 km (accept 372 - 3.84 km)

Page 238 Exercise 2

For this exercise use a ruler to check that your
drawings have the measurements shown.

1 4—— |50mm—————»

E
Work
g or Sink Area Cupboards &
= Space 5
=]
O
37.5mm 50 mm Lﬂl
30 mm
2 2¢m | cm
4 I H i
gl | [Windowls ¢y 3em
S > -
\; 5 emg |
= Door
:3 cm

4+—9cm—

4—— llcm———p 4§

SE—3cm— &
L

J\..
=
[}
=1
Y

b) Accept 14 - 14.5m

26.2 Bearings

Page 239 Exercise 1
1 a) 062° b) 130° ¢) 227° d) 071° e) 288°

2 2) =21 b)g=23 ¢ =75
d) 6 =45° &) §=48°
3 a) Manpool
x
x x
Liverchester King’s
Hill
b) 090° ¢) (i) 270° (i) 315°
4 a) North b) North
ron B
| |
;-1““ L qo0
) | ——h)
0 o
d) North
‘ o
ol 163 B
pod)
e) North )] Narth
e |
|
il f
! D e
1]



Page 240 Exercise 2
1 a) 305° b) 130°

2 203° 3 281°

4 2) 020° b) 130° ¢) 260°
d)297° ¢ 195° f) 279°

5 2)32°  b)032°

6 a) 270°  b) 090°

7 a) 135°  b) 315°

§ a) 112°  b) 292°

9 a) 055° b) 143° ) 244°  d) 326°

) 235° ) 323°  g) 064°  h) 146°

Page 241 Exercise 3
1 a) (i) 240 km, 050° (i) 190 km, 125°
b) 340 km
For Questions 2 - 5 use a ruler and a protractor
to check that your diagram has the measurements
shown.
2 North Paul’s
house

i Tirana

3 North
4
5

6 a) ()300km (if)450km  (iii) 580 km
b) (i) 060° (i) 140° (iif) 290°

26.3 Constructions

Page 242 Exercise 1
1 Measure all 3 sides of your triangles and
check the lengths are correct.
2 Measure all 3 sides of your triangles and
check the lengths are correct.
3 Measure all 3 sides of your triangle and check
the lengths are correct,
4 Use a ruler to check your diagram has the
measurements shown,

% 5.4 cm >
High _ o LOW
Cruss

Page 243 Exercise 2
1 a) 7
|

Pq—ﬁcm |-

Q

) x|

b) Use part a) to get:

38 B
. :
Al A
C [

<) d) In the centre of
) the circle.
Page 243 Exercise 3
1 a) b)
509 70%. o
50° 70
L] )
487 2
48° 2
€) f)
hse 352
259 35°

They intersect at a single point.

ABCD is a kite.

Page 244 Exercise 4
1 Eg.

They intersect at a single point.
5 a) r b)

¢) FG =4.9 cm, area = 12.3 cm?

Page 245 Exercise 5
1 Measure the length of AB and the size of
the angle in your diagram to check they are
correct.
2 Measure the 3 sides and angles in your
triangle 1o ¢licck they are correct.

AN
& a
& %,
K \

-“—6cm—>™

3 Measure the length of AB and the size of
the angle in your diagram to check they are
correct.

4 Measure the length of AB and the sizes of
the 3 angles in your triangle to check they are
correct. c

+— T cm—»

5 Measure the sides and angles in your
triangle to check they are correct.

1207
0 30 Q

+——Hicm———»

P

Answers -




Page 246 Exercise 6

1 Measure your angle to check that it is a right
angle.

2 Measure the sides of your rectangle and check
the lengths and angles are correct.

3 Measure your angle to check that it is 45°.

4 Measure the length 4B and the angles in your
triangle to check they are correct

AAA B

- 38em -

Page 246 Exercise 7
1

A——1——B

A

First

2
paral [t: liV

Secomd
parallel line

10 cm

Page 246 Exercise 8
1 a) b)

falkt
<“—Rcm—>

15"
Construct an angle of 60°, Then bisect that
angle to get an angle of 30°. Then bisect this
angle of 30° to construct an angle of 15°,

- Answers

26.4 Loci

Page 247 Exercise 1

For this exercise use a ruler to check that your
drawings have the measurements shown.

|
£ CIm

| a). b).
3 - 4

A5
25°

6 a),b)

10

9

8

7 Pe

i

5

4 {

3 Q.

‘2

I

0 12}’456?8‘”0'-"
7 a)-d)

The points marked with crosses are both
3 c¢m from P and 4 cm from Q.

-
acm

8 Locus shown
by the black line.

b)

Al

b) Locus shown by
black line.

11 a) ( b) Locus shown
f by shagcd arca.
§ A B
“i - # 2em
) s
<6 cm—> ("\ M | B )
[
Tent\ p

Page 248 Exercise 2

2 Location of treasure 10 cm
marked by the dot. B
E
Q
=
D C
3 Location of bonfire
marked by the dot.
4 a),b)

Shaded area shows where they could meet.

5 Shaded regions show where the dog can move.

a)  lcm
-
g/
=l
i~
——4cem—*
b) « Jcm
~

. 4dom—>

Section 27 — Pythagoras
and Trigonometry

27.1 Pythagoras’ Theorem

Page 249 Exercise 1

1 a) x=5cm b) z=13mm
¢) g=30cm d) r=524/27 m
2 a)s=25m b) 1 =636 km
¢) v=13.6 mm d) w=139m
3 a)/=5cm b) p=24cm
) n=6/2mm d)i=4/4 m
4 a) k=1477km b) g=1.74 mm
¢) b=9.00m d) c=271 cm

Page 250 Exercise 2

1 10.63cm 2 25m
3 a)838cm b) 419cm 4 320m
5 12.36m 6 111 km
7 Yes, the tray is 43.01 cm corner to corner
8 931 fish 9 100 m

10 Yes, letter has diagonal length of 25.7 cm
11 8.66 cm

12a) AB= 65 b) BC=2/3
¢ AC=3/5

13PQ=6/10

142) 19.09 m h) 18.57m



27.2 Pythagoras’ Theorem in 3D

Page 251 Exercise 1
1 a) BD=4/5m
2 a) PR=13mm

b) FD= 89 m
b) RT=54/10 mm

3 a) (i) AC=6/2 m (i) AO=3/2 m
b) OE= /32 m

4 XY= 26.6cm
6 a) O5= 28.7mm
7 8.66m
10107 cm 11947 m
12a) (i) PH=283m (ii) PI=1m
(iii) O/=7m
b) (i) O4=2.83m  (ii) A7=755m

5 1044 m
b) 7= 30.0 mm
8 173 cm 9 30.5cm

139) NP=—"6227m b) OJ=¥m
- [28 _1142
¢) ON 5 5 M

14a) VX=16m b) 128 m?
15247 cm

27.3 Trigonometry —

Sin, Cos and Tan

Page 253 Exercise 1

1 a) a=4.3%cm b) 6=9.33 cm
¢) c=106cm d) 4=8.02cm
e) p=1796 cm f) =358 cm
g) r=630cm h) s=4.58 cm

2 m=119cm 3 n=187cm

Page 254 Exercise 2

1 a) a=68.0° b) b=456° ¢) c=475°
d) d=804° ¢ e=337° f) f=60.1°

2 a) m=195° b) ¢=36.0°

3 z=779°

4 j=71,6° k=59.0° [=31.0° m=456°
n="70.5°

Page 255 Exercise 3

1 a) 60° b) 45° ¢) 60°  d)30°

2 2)+/3m bylem ¢ 8mm d)lm

0w o 1. ¥3 2,43
3 a) tan 45° +sin 60 71+7_E+T
_2+43
2
i 1 1 2
b) sin45° +¢c0845° = — + — ===
) ZtETT
25
2
) tan30°+tan60°=% 3
1,3
33
_4 _43
/3 3
4 7cm 5 %mm
Page 255 Exercise 4
1 a) p=143m b) ¢=8.96m
©) w=50,6° d) z=43.0°
e) x=62.5° f) #=29.0mm
g) s=2.33m h) y=66.8°
2 a) sin40° = § therefore a = 8 sin 40°
b) x=279°
3 a) x=267° b) s =36.2°
¢ w=140m d) c=13.6 cm
4 a)a=3+34/3 cm b) b=60°
5 040° 6 13.5°

7 68.2° 8 120.8°
9 45.0° 10 050.2°
11 x=70.5°

27.4 The Sine and Cosine Rules

Page 257 Exercise 1

1 a) a=12.4cm b) b=8.70in
¢) ¢=5.59 mm
2 a) d=432m b) e=4.41 mm
c) f=28.8m
3 a) g=324° b) h=33.4°
¢) i=38.8°
4 a) j=67.0° b) k=44.4°
c) [=341°
5 a) XZ=651m b) XY=101m
6 POR=903° 7 085°
Page 259 Exercise 2
1 a) a=6.40cm b) b=538cm
¢) c=185m d) d=4.651in
e) e=3.63cm f) f=4.59m
2 a) p=2381.8° b) ¢ =63.0°
©) r=>54.0° d) s=36.7°
e) (=6L1° N u=1157°
3 XYZ=12858°
a) x=7m b) y=3m
¢) z=2mm
5 29.8 miles 6 3.4km
Page 260 Exercise 3
1 a) 14.55cm? b) 15.63 m?
¢) 38.21 cm? d) 123.03 mm?
€) 43.69 in’ f) 16.72 cm?
2 13.5cm? 3 647in?
4 147 cm? 5 443 m?
6 a) x=159.5° b) 58.2 m?
7 a) y=759cm b) 27.7 cm?

27.5 Sin, Cos and Tan
of Larger Angles

Page 261 Exercise 1
1 a) x=13.9° 166.1°
¢) x=139.8° 140.2° d) x=75°172.5°
e) x=30° 150° f) x=2.9°177.1°
2 a) x=201.1°338.9° b) x=213.4°326.6°
¢) x=2429°2971° d) x=210°,330°
€) x=1957°344.3° f) x=184.0° 356.0°

b) x=129.3° 150.7°

3 a) 157° b) 49° ) 318°
4 a) w=153.0° b) x=1654°

¢) f=155.1° d) e=168.0°

€) y=168.4° f) g=164.8°
Page 262 Exercise 2
1 a) x=1386° b) x=128.3°

¢) x=155,5° d) x=1111°

¢) x=114.8° f) x=90.6°
2 a) x=285.1° b) x=212.9°

¢) x=289.3° d) x=259.0°

e) x=304.1° f) x=2223°
3 a) 292° b) 161° Q 79°
4 a) w=130.5° b) xv=1389°

¢) y=126.3° d) /=101.6°

e) m=1273° f) n=140.9°

V2
5 q) /3 b 1 9 L <or—)
5 2 72\ 2

Page 263 Exercise 3

1 a) x=8L1°,26L1°
) x=45°225°

b) x=74,5° 254,5°
d) x=64.5° 244.5°

27.7 Pythagoras and Trigonometry
Problems

2 a) x=-69.7° 110.3°,290.3°
b) x=-84.6°95.4°,275.4°
¢) x=-45°135° 315°
d) x=-82.0° 98.0° 278.0°

Page 263 Exercise 4

1 a) x=1154° by x=128.6°
¢ x=110.7°
2 a) x=98.9° b) x=46.1°y=133.9°
¢) x=1248° d) x=1687°
€) x=120° f) x=55.1° 124.9°
3 140.0° 4 245°
1 1
5a) - b3 ¢ — d) 1
) 5 ) ) 7 )
27.6 Trigonometry in 3D
Page 264 Exercise 1
1 a) AF=3/2 m b) FC=343 m
¢) AHC=135.3°
2 a) /A m b) BCE=173.4°
¢) AEB=33.2°
3 a) BC=24/7 cm b) EDF=41.4°
¢) DC=2/41 cm
4 a)y AH=742 in b) EDG =17.6°

5 8) BM=832cm b) EM=26.3cm

Page 265 Exercise 2

1 a) JIK=418° b) 18.3 m?
¢) 165m?
2 a) CE=24/13 m b) CH=10m
¢) EH=4/5 m d) ECH=60.1°
3 a) PSU=80.1° b) 71.6 m?

Page 265 Exercise 1

1 a) «=583cm b) b=775cm
c) ¢c=948m d) d=330m
e e=345m f) f=175cm
g) g=420ft h) h=48.2°
i) i=757° i) j=36.9°
k) k=150cm 1) /=240m
2 g=152.9° 3 104cm
4 10.5cm 5 a) 1.96m b) 14.7°
6 x=53.2°y=281.8°2=45.0°
7 x=60°
8 a) z=70.5° b) s=83.6°

¢) x=0.6cm

9 Perimeter is 3.23 m, so buy 330 cm of ribbon.

10 68 m 11 083° 12 1344 km
13a) p=954° b) 23.9 cm?

14 a) 250 m b) 530m

152) 4/6 cm? b) 10 cm?

16 a) () ED=2426 ft (ii) FDH=36.9°
(iii) CHD =14.0°
b) Yes, the diagonal of the crate is 10.2 feet
17 a) (i) PQ= 17 cm (i) PR=2+10 cm
b) (i) 075.96° (ii) 108.43°

¢) 7cm?
18a) (i) A7=10.61m  (ii) 04I=78.5°
b) OAP =73.1°

Answers -



Section 28 — Vectors

28.1 Vectors and Scalars

Page 268 Exercise 1

Page 270 Exercise 2

S0

- Answers

¢) The vectors are parallel because u + 2v = 2w

Page 271 Exercise 3

1 a)3a b) 3b c) —2a
d) -3b e) a+2b f) —a-2b
g)2a—-3b  h)-4a+4b i) -3a+5b
j) 3a-3b  Kk)2a-5b ) 5a-8b
m)—2a+3b n)a-4b 0) 5a—6b

28.2 Magnitude of Vectors

Page 271 Exercise 1
1 a)10 b) 3.6 ¢ 13 d) 5
€) 6.3 f) 4.1 g) 3.6 h) 8.5

iy 7.6 27 k) 6 75
2 a) 9+ 122=81 + 144 =225,
so [p|= v225 =15

b) (i) 15 Gy 15 (i) 30
(iv) 45 W75  (vi) 150

3a)45  bB)22 98  d)94

Page 272 Exercise 2
1a) [ ] i !

o033

¢) 4.72km (to 2 d.p.)

2y L] | i
O ‘
, |
-‘?\ Il 1
] |11
I |
o O O
b (34 &) 416 km
24

28.3 \Vectors Problems

Page 273 Exercise 1

c) aandf d)ba.nde €) e f) f
4 a) 13 b) (i) 13 (i) 39 (iii) 6.5

0 o} (%) (2

3 -5
b) Eg. Ifa= and b = s
g ra= (0]~ ()

then |a[ =3 and |b| = 5,
buta+b:<702> s0|a+b|=2,

50 0 50 -50
6 a = b
(0)(35)-(5) 2 (55)
¢) Magnitude of the resultant vector is 90 km
(to the nearest km) so there is enough fuel,



7 aya=(Y)b= 0 Page 277 Exercise 2 29.3 Perimeter and Area Problems
0/ ¥ 1 a) (i) 50 cm (if) 136 cm?
. Iy B .
b) () 5a — 8b (i) Sx b) (!) 30 cm (H) 47 cm Page 282 Exercise 1
—8y ¢) (i) 92 mm (ii) 334 mm? 1 a) 407 m? b) 81.6 m
o ()-9a—2b (i) <79x 2 a) 68m’ b) 108 m*  ¢) 148 mm? 2 88m
~2y 3 a) 56m? b) 123.5 mm? ¢) 30 m? 3 32931 cm?
. o f 4y
d) () 4a +10b (i) (10y> Page 278 Exercise 3 4 27 ;olls 2 2 .
. N 1 a) 22 cm? b) 210 m? ¢) 937.5 mm? 5 a) 67.5m b) 0.25 m ¢) 270 tiles
e) (i) 894 m (ii) 1200 m 6 100 b) 1416 cm?
d) 288 mm? ) 50.6cm?  f) 5.25 m? a) 100cm  b) 1416 cm
Page 274 E ise 2 i
: g xercise Page 279 Exercise 4 F’]ag:4282 Exerms: 278 .
J - b = = + 4 m D¢
3 -p-a ) 3p-4a 9 —4pta 1 a)825cm? b) 139 mm? ¢ 810 m? N
2 a) parallelogram  b) ()—a—b (i))-a+b ) . 3 229m 4 358km
2 a) ()96 mm?  (ii) 46 mm 5 110 mm 6 7.1m
3 a)4a b) 3¢ c) 3a d) 2¢ i 25m? (i )
b) (i) 89.25m? (ii)34m 7 24m 8 17142 m?
e —3a f) —ate g)—a+3e ¢ ()336m> (i) 88m . m
h) —4a+3c i) 2a+1.5¢ j) 2a+0.5¢ 3 116.16 om? 9 a)345.6cm b) 172.8 cm
4 a@-p Gprg @)-r (Vagtr ' 10 perimeter = 8.1 m, area = 4.0 m*
b) ]T]S:q+pandx(>j=p+q 4 a) 1800 cm? b) 1200 cm? 11 50.3 m 12 157 m?
el o
D= 29.2 Circles and Sectors 1 1.93 om?
5 a)@u+v  Gi)Lut IEV Page 279 Exercise 1 2 184cm
Giy—u () u+y 1 a) 188em  b)377m 8 a; 3547“’2 . 2; P <
) o — ¢ T cem .9 cm
b) If M lls the midpoint of XZ, i c)) ?';;m 2; z:f mm ¢) 62 m? f) 44.5 cm?
1= = a) 12.6 cm 1 mm
then 3 XZ =XM ¢) 69.1m d) 1382 cm 4 Both have th.e same area.
I X7 = l(—u +v)= 7lu + lv e) 88.0km f) 219.9 mm Call the vertical height of the shapes /1, then
2 2 2 2 g) 0.6 km h) 19.8 mm the rectangle has area 6 x /i = 6/t cm?, and the
XM =XW+WM=—u+ lu + lv trapezium has area 0.5 x (9 +3) x i = 6/ cm?.
| 272 Page 280 Exercise 2 5 1427 cm?
el 1 a) 10.3cm b) 103 m
So %YZ and XM are equal, ©) 50.1 mm d)il5:-Szem
so M is the midpoint of XZ. Page 280 Exercise 3 Section 30 — 3D Shapes
. o L o = 1 a) 12.6 cm? b) 78.5 mm?
6 2) ) WO -1sW i) SU-35W
_ 2 ) 201t m? d) 2827.4 mm* 30.1 Plans, Elevations and
(i) SW =32 2 a) 1131 mm®  b) 78.5 cm? Isometric Drawings
oo e e S ¢) 50.3 m? d) 132.7 cm? B
b) @) WV =5TW  Gi) TV =3WV ¢ 567 mm:  f) 9.6m? Page 284 Exercise 1
(iii) YW :—%b g) 1.1 mm? h) 3.5 m? 1a@d O
) o ) (| 3 a) 1585cm?  b) 139.3 mm? Plan
¢) (i) £a—-%b ii) —~a+=b
0 5255 @ =% & 103 om? @)
7 a) () Sm (ii) 3n (i) 2n 4 A% o 5, BB @ a
(iv)-Sm+3n  (v)-2.5m+ 1.5n 4 )
b) BF =-m +n 6 a) 5.3 cm? Front Side
FC =-2.5m+3.5n b) Two faces of a 5p coin have a total area of b) (i)
There’s no number @ such that FC = 4EF, 5.1 ctmz, so one face of a 2p coin has the
so EF and FC are not parallel. N )
So E, Fand C don’t all lie on a straight line. 7 The area of the rectangle is f40 mm? and the Plan
Zr;fezfeti]:::;cle is 452 mm?, so the circle has (ii) B:L—J D:EH
" " 8 393 cm? 3.1 cm? Front Side
Section 29 — Perimeter
Page 281 Exercise 4 i
and Area 9 \ S
1 a) arclength % cm, sector area T“ cm?
29.1 Triangles and Quadrilaterals b) arc length 22T cm, sector area 40T ¢ il
g ™ 9 ) (O O
Page 276 Exercise 1 ¢) arc length 57“ cm, sector area 257'” cm? Front Side
1 a) (i)9cm (i) 4.34 cm? . 2
b) ()84 mm (i) 3.41 mm? d) arc length = om, sector area T’” cm? d) (i)
¢) (i)7.2cm (ii) 3.24 cm?
2 a) (i) 16 cm (ii) 16 cm? 2 a) arc length ZIT'“ cm, sector area % cm? Plan
b) (i) 28m (ii) 48 m? b) arc length S0 in, sector area 320w ;2 (ii)
¢) ()76 mm  (ii) 345 mm? 9 9 H_‘_I @j
d) (i) 68 m (ii) 289 m? ¢) arc length 337'” mm, sector area % mm?
e) ()33 m (ii) 95.46 m? , o Front Side
f) ()22.8 mm (i) 21.6 mm? d) arc length T‘K cm, sector area T“ cm?
3 A (i) 24 em (ii) 268 cmz 3 a) sector area 403.38 in?, arc length 67.23 in
b) (}) 26m (f}) 26.95m ] b) sector area 82.10 cm?, arc length 29.85 cm
9 ()42.8 mm (i) 65.8 Ly ¢) sector area 69.32 m?, arc length 21.33 m
d) (i) 30mm  (if) 25.6 mm d) sector area 198.20 in?, arc length 37.75 in
¢ ()3L.5m (i) 50 m?
f) (i) 36 m (ii) 40.15 m? 4 arc length 1.88 cm, sector area 8.48 cm?
5 arc length 78.50 cm, sector area 510.28 cm?
6 arclength IOT“ m, sector area ZST“ m?
Answers -




2 a) 1cm_\
O

3
Plan

Front Side

dam
b) -
[ &
Plan
3 em 1cm

Front Side
¢) lcm
m#
[}
3
Plan
3 I:m §

1cm 4 cm
Front Side

d) 2
:]8

£m
Plal

Secm
wog

lan
Zcm & cm
Front Side
A AN
| |
6cm

B cm
Front Side

w

m alm
l

A

2cm 2cm
Front Side

3 a) 2am
]
¥

Plan

- Answers

b)Eg. 2cm _,

Plan

2cm Tem
Front Side

) dom

(3

Plan

i ~

3 i)

= =l
G.cm 6cm

Front Side

d) <gh:m

Pian

Bt

2ecm
Front Side

€)
IL

Plan

I

dcm 4 cm
Front Side

wag

Aﬁlﬂ, AT
‘Jcml 3om l

Front Side

Page 285 Exercise 2
1oayt, oo

By,

c):.'

L 1B (P

Page 286 Exercise 3
1 a) Iyt atse) broe

1.

€)

30.2 Volume

Page 286 Exercise 1

1 a) 64m? b) 27 em? ¢) 84 mm?®
2 32,768 mm?

3 No. Volume of box is only 2.754 m?

4 1.2cm

5 7.5mm

6 a) 0.45m’ b) 0.225 m>® ¢) 0.4m

Page 287 Exercise 2

1 a)28cm? b) 30 cm? ¢) 22.5cm’?
d) 15.7 cm®(to 1 d.p.)

2 a) 624 cm?® b) 8.463 m?

©) 904.8 m*(to 1 d.p.)

d) 2827 mm? (to 1 d.p.) €) 189 m?

a) 144 m’ b) 80 cm? ¢) 33 mm?®

d) 9 m?

4 x=26cm

w

5 y=75cm

6 ayp=3m b)yg=8m
¢) r=4.0mto 1d.p.)

Page 288 Exercise 3
1 13551

2 27 glasses

3 % cm

4 28.6cm(to1d.p)

30.3 Nets and Surface Area

Page 288 Exercise 1
1 a)Eg. dem

b) Eg = ap—J9m

wos‘l-_lung'l.
wo |




¢) Ep. 35 cm
&
Q
3
2 |§
0
bt e
E e
O
tﬂi
d) E.g 8om 3 om
=
ONE
o
i3
El
el
i=}
3
e} E.g.
[
4y
o
2
'
3
f) Eg
g) E.g 7em
E 2 um
5'\_1
h) E.g.
6 cm
[4——|
w
168.85 am 5
2 a) 2 o
2 om 2
(]
Tk
b} 1.5 0m
2em 2cm_1.5cm
N
w
[}
3
ha
|_F

d) 2.5 em

1671 cm

) —deam

5
> 2
5

25 -
3

f) ée vg;

2

cm
3C

Page 289 Exercise 2

1 a) 54 cm? b) 38 cm?
¢) 23 m? d) 57.5 m?
e) 390 mm? f) 31.6 m?
g) 1.2m? h) 140 m?

2 a) 150 m? b) 216 mm?
o) 48 m? d) 135.5 m>2
€) 64 m?

Page 290 Exercise 3
1 a)3l42cm®  b) 276.46 mm?
¢) 131.95m? d) 12.82 m?
2 a) 113.10 m? b) 471.24 mm?
¢) 169407 cm® d) 153786 m?
3 a) 98,14 m” (to2d.p) b) 883.3 m?
4 1.36 litres

Page 290 Exercise 4
1 976 m?

2 522 m?

3 188.50m*{to2d.p)

30.4 Spheres, Cones and Pyramids

Page 291
1 a) (i) 100w cm?

Exercise 1
(ii) % cm?
b) (i) 64w cm? (i) % em’?

o (i) 257 m? (i) BT

d) (i) 400 mm? (i) % mm?
€) (i) 5767 m* (ii) 2304w m?
4.6 cm

18.0cm

11 494.0 mm’®

1604.6 m?

[7 e -y M

6 a) 3619.1 m’ (to 1 d.p.)
b) (i) 904.8 m* (to 1 d.p.)
(ii) 1357.2 m? (to 1 d.p.)
7 3m

Page 292 Exercise 2

1 a) (i) 90x m?
b) (i) 224w cm?
¢) (i) 4801 m?
d) (i) 1815% mm?

2 a) 22681 m?
b) () A=45m

3 a) 344967 cm’
b) (i) /=65cm

4 a) 2.5mm
b) (i) /= 6.5 mm

5 a) 2l.0cm

6 a)3cm
¢) 121 cm?

(ii) 100w m*
(ii) 392 cm’
(if) 600% m?
(ii) 16507 mm?

(if) 11760w m’
(ii) 6776w cm”

(i) 70.7 mm?
b) 3298.7 cm?

b) 768 cm?
d) 756% cm’®

7 700w cm?

Page 293 Exercise 3
1 90cm?

108 m®

93.33 cm’ (to 2 dip))
249.4 mm?(to 1 d.p.)
13.86 cm (to 2 d.p.)

a) 168 960 m’
o (i) 3504 m?

30.5 Rates of Flow

Page 293 Exercise 1

1 a) 40 cm®/s b) 180 litres/min
¢) 77 m*’min d) 18.75 litres/h

2 a) 3000 cm?s b) 180 000 cm®/min
¢) 0.18 m*min d) 10.8 m’h

e) 259.2 m¥day f) 259 200 litres/day
8 minutes 4 30 minutes

43 200 cm’ 6 30 minutes

53 minutes (to the nearest minute)

A A W

b) 73 m
(i) 23 232 m?

o0~ W W

144 seconds

30.6 Symmetry of 3D Shapes

Page 294 Exercise 1
1 a)6 b) 9 o1

2 a)

/X

Answers -




4 Eg

Page 295 Exercise 2
1 a5 b) 8

>

- Answers

30.7 3D Shapes Problems

Page 295 Exercise 1
1 a) P B em

o g

3 em

[ 5

=]
o
-
hy
g
1] 4 em
~
Q
3
o
(13
= |
Ly
g
4 cm
b) P B em -
[¢]
3
Plan
6 om 2cm
w w
Q
5 ]
Front Side
Q 3cm
-
[}
3
Plan
| Gy
o i
% E
3cm
Front Side

d) P: volume = 36 cm?, Q: volume = 24 cm®
e) P: 18 seconds, Q: 12 seconds

f) P:area =72 cm?, Q: area = 60 cm?

g) P: 3 planes, Q: 1 plane

2 a) 11310 cm?  b) 226.19 cm? ¢) 251.33 cm?
3 a.

9",
4 a) 9cm? b) 3cm ¢) 27 cm?®

5 a) 473.09 cm?
b) 29.6 cm x 11 ¢m x 22.2 cm
¢) 7228.32 cm’ d) 1551.21 ecm?

6 a) 1244.07 om’ b) 215.98 cm®
c) 1028.09 cm’ d) 4.29 cm?
€) 240 sheets

7 a) 16 mm b) 2238 mm?
¢) 10000 mm*®  d) 2146 mm’
8 a) 10m b) 13m ¢) 360 m?

9 a) 124w cm?
b) () v29 em  (ii)2x(60 + v29) cm?

Section 31 —
Transformations

31.1 Reflections

Page 297 Exercise 1

1 a),b) 5
A, 6) 'n‘“ 104, 6)
Bf-6,4 -‘-"'*-",L/\\.rn_n. 4
F
3
2
-6,y 1B ] bl Tam
876543210 | 2 34567 x
¢) The y-coordinates stay the same, the
x-coordinates change sign
2 a) T
| ]
b
o n
ol -
l SN By /
A msze el il
o8 6 4 2" 2 4 6 g g
Y
b) L =
[l
<l s
; 4 \
s D
BV SO S TS L I T S 2
3 ay@
| == i)
IR TR ES
2 [
4 “‘\_)
(i) |1 I
iegiaa ety
7 R SE I L
| R
b) The x-coordinates stay the same, the
y-coordinates change sign
4 a)(1,-2) b) (3, 0) ©) (-2,-4)
d) (-1,3) €) (-2,2)
5 a) (-4,5) b) (-7,2) 9 (1,3)
4 @3,-1) ) (4,-8)
6 a), b), ) — see below d)yy=7

A

A

||| ]




7 a),b), c),d) —see below e) x=1

IIJ!W

N

i g
b) 10 _—
-~ (/”
d| P
4 of
4 i .’/I | e
’
oy 4 =2 &/ /1\ T | r‘
4 L
AT
‘_;)' W
CANNR E i |
3 I=
'»f A
9 a) (2,1 b) (0,3) c) (4.-2)
d) (-3,-1) e) (-2,-2)
10a) y=x b) y=—x

31.2 Rotations

Page 209 Exercise 1

I W) B [T5 T
I\ | N
j ."'l \

2 a)
3 4
H
| /"
o) P
L2
B =4 =2 ) 4\‘!3?
..... i
L i &
=] |
2

'y

5| M
D )\
£ (—6 -4 0 [ v
2 )
L
(Gt
i -4
6 ')
1] A, B,
10
i
8
C‘I
Jf
R R
¢ 4, (2,11 B, (7,11 C (2,5
7 D, (6,2) E, (6,-5) F, (1,-5)

Page 301 Exercise 2
I a) Rotation, 90° clockwise about (0, 0)
b) Rotation, 90° anticlockwise about (0, 0)
2 a) Rotation, 180° about (0, 0)
b) Rotation, 180° about (0, 2)
3 a) Rotation, 180° about (0, 3)
b) Rotation, 90° anticlockwise about (0, 2)
4 a) Rotation, 90° anticlockwise about (-1, 7)
b) Rotation, 90° clockwise about (1, -2)
5 a) Rotation, 180° about (0, 6)
b) Rotation, 90° anticlockwise about (-2, 7)
¢) Rotation, 90° clockwise about (1, 8)

5 A -1

b) Rotation, 90° anticlockwise about (-2, 1)

31.3 Translations

Page 302 Exercise 1
¥

2 a),b) !
B,
0] Ve
4 /

2
AT ek

N 0 4 20 2 4 K

¢) To get from the original point to its image,
subtract 10 from the x-coordinate, and
subtract 1 from the y-coordinate

3 D, (L3 E (1,0 F (2,2
4 P (3,-9 00,3 R (LD
S, (-4,-2)
Page 303 Exercise 2
to(5) ) o)
2 (%) o) ()
2o (%) w00
o(5) (%) 706
@) e0(3) »(d)

sa (%) w(?

¢) Each vector is equal to the other
multiplied by —1.

6 (;1> 7 D(O,-4), E(-3,0), F(4,-2)

31.4 Enlargements

Page 304 Exercise 1

1 a) ! (N
B ¥
! il
LELELL i
2 4 & 8 "X 2 & w §x
c) rody »

o, I 4 0 Y

""‘llﬁ.\’ T
Sl

Answers -



w

| —mw s ue

!

o

B

3.

4 a) (4
b) ) 8

)

@4

(ii) 8 (iii) 8

aESHEIE T I .-
F23456789

(iii) 4 @{iv)4

(iv) 8

5
6 &)
a)
' z
S4¥2-1f 123456789
Bl '
= h
3 )
—
sl
7 Va
J 4
= :
4
3
.
—R 20 5
=0
4
% -r’
&
8 v
} f,
: TR i i
5 ¢) &J\‘
; , 1
: A / N, h) .
2| gt
1 i

L o
W1 23456789,

- Answers

Page 306 Exercise 2
1 B

(s

B 4 hb- =

N

|
gl

o]

174 [GIERS

0 2
a4

Page 306 Exercise 3
1 i ¥
[ 1Al ;

i

a)

— ==
It
-4
2 Va ]
— “ .';
i
l I n/’,
Rab o H—
) 2
I
8.1-0.14 =2 0f 12
A
4 €)
—&|
8

Page 307 Exercise 4

1 a) Enlargement, scale factor 2, centre (2, 10)
b) Enlargement, scale factor 2, centre (6, 10)
¢©) Enlargement, scale factor 2, centre (1, 1)

2 a) Enlargement, scale factor 2, centre (6, 5)
b) Enlargement, scale factor 3, centre (5, 4)

¢) Enlargement, scale factor —2, centre (8, 7)

1
3

31.5 Combinations of
Transformations

Page 308 Exercise 1

b1

13 ;21

1 (m
8 W N

[ ! |
T 1
A oel ) _J_
2 =
o

—=n
a 1 | \
4_11'-
2 2 4 6 8 10
c) IZ“'].
{1} :
;_I)l
& (ii)
1)
) ‘ i
| )
2 — —
L'.‘I

b
|
|
|

;
B
2 W 2 4 6 8 10

€) P and P, and Q, and Q,, are identical.
2 Y




y
b) iy
4
2

N S e e R %
Y,
D.\'f
W, i)

y

c) (1
F]
2

b)

o0z 4 &

~——

4
¢) Translation, | ¢

b)

x

4 6

d) Reflection in the line y =x

8
9
Rotation, 180° about (3, 1)
10 VA
B 8
4

=¥

¢) Enlargement, scale factor —%, centre (0, 0)

11 R
(0

4

2

Reflection in the liney =x

31.6 Matrix Transformations

Page 310 Exercise 1

1 (For each of A-D below, accept matrices with
the same columns in any other order.)

_{-222-2 _(353
A7(331 1) Bf<115>

244\ o (5523
4 -4 -2 ~1-3-3-1

) 12345678’1'

¢) Enlargement, scale factor 2, centre (0, 0)

swa-17Y

¢) Rotation, 90° anticlockwise about (0, 0)

A

VD
x
123475
b) Enlargement, scale factor 1 centre (0, 0)

T
12 10
s ”)W7<71 -1-3 73>
b 4

X
2

¢) Rotation, 90° clockwise about (0, 0)

Page 311 Exercise 2
1a)/-10\ b/1 0y 92
01 0 -1 0
/10 e /-10y D <3
(0 —1) 0 1) 0
g /Y% 0\ Mfo-1 i) (20
(o %) 10 0 2

Page 312 Exercise 3

. _ {134 T
1 a) (i) B7(1 : O) (i) =

{04 %
b)(')B_<0 4 0)

(i)

—4 ) C

9 () R= (S 72)

(ii) Reflection in the x-axis, then an
enlargement by scale factor 3
about (0, 0).

L
-
>

a)

()

B
f5b-a=2~-| 01 2345 6x
f% O)
c) (i) Z=
) @) (O y
(ii) Reflection in the y-axis, then an
enlargement by scale factor §
about (0,0).

Answers -

WA Oy~ 0O
i

[}




4 a)
3
| L4]
1
EERE 3
3
3
4
-1 0
b)L—(Oil)

¢) Rotation, 180° around (0, 0)
_{ 01 {20
5 a)T—(iI 0) b)U~<0 2)

{02
c)\’—(i2 0)

d) Rotation, 90° clockwise about (0, 0), then
enlargement, scale factor 2, centre (0, 0)

Section 32 — Congruence
and Similarity

32,1 Congruence and Similarity

Page 313 Exercise 1
1 a) a=5cm, b=74° c=74°d =32°,
e=7cm,f=7cm

b) g=33°, h=6cm,i=10cm,j=8 cm,
k=33°[=57°

2 a) Yes. Two sides and the angle between on
one triangle are the same as two sides and
the angle between on the other triangle.

b) No. The two angles shown are the same,
but the corresponding sides are not equal.

¢) Yes. Two sides and the angle between on
one triangle are the same as two sides and
the angle between on the other triangle,

d) Yes. Two angles and a side on one
triangle are the same as two angles and the
corresponding side on the other triangle.

€) Yes, The three sides on one triangle are
the same as the three sides on the other
triangle.

f) No. They could only be congruent if they
had two 20° angles. This would make
the angle opposite the 4 cm side 140°,
which is impossible as the side opposite an
obtuse angle is always longer than the
other sides.

g) No. The hypotenuse of the triangles is
different so they cannot be congruent.

h) Yes. The they are both right-angled
triangles (180° — 41° — 49° = 90°), they
have the same hypotenuse and one other
side is the same.

Page 314 Exercise 2

1 Using Pythagoras’ theorem the hypotenuse
of the triangle on the right is 5 cm. Both
triangles have a right angle, the same
hypotenuse and another side the same, so they
are congruent.

2 E.g Opposite sides and angles in a
parallelogram are equal so A8 = CD, AD = BC
and side AC is common to both triangles
Three sides are the same in both triangles so
they are congruent.

3 E.g. All sides and angles in a regular pentagon
are equal. Angle CDE = angle ABC and
CD =DE = BC=AB. Two sides and the angle
between them are the same in both triangles
so they are congruent.

- Answers

4 E.g. Angle BOC = angle DOC = 90° because
the diagonals of a kite cross at right angles.
BC = DC because a kite has two pairs of
equal sides. The triangles share side CO.
Both triangles have a right angle, the same
hypotenuse and another side the same, so they
are congruent.

Page 315 Exercise 3

1 a) No, The angles are not all the same size.
b) Yes. All the sides on one triangle are in the
same ratio as the corresponding sides on

the other triangle.

¢) Yes. Two sides on one triangle are in the
same ratio as the corresponding sides on
the other triangle, and the angle between is
the same on both triangles.

d) No. The side lengths can’t be in the same
ratio as two sides of the first triangle are
equal, but the sides in the second triangle
are all different.

e) Yes. Two sides on one triangle are in the
same ratio as the corresponding sides on
the other triangle, and the angle between is
the same on both triangles.

f) Yes. All the angles on one triangle are the
same as the angles on the other triangle.

Page 315 Exercise 4
1 E.g. Using Pythagoras’ theorem the missing
side of triangle A is 5 cm.
The 10 cm and 24 cm sides of triangle B are in
the same ratio as the 5 cm and 12 cm sides of
triangle A. The angle between these sides is
90° in both triangles. So they are similar.
2 E.g. Angle BEC=angle AED
(vertically opposite angles).
Angle ADE = angle CBE (alternate angles).
Angle DAE = angle BCE (alternate angles).
The 3 angles in BEC are the same as the
3 angles in AED so the triangles are similar.
3 a) E.g. Angle ABC = angle DBE as it is
a common angle to both triangles.
AB = BC as the triangle is isosceles.
DB = BE as DE is parallel to AC.
So AB and BC are in the same ratio as DB
and BE. Therefore triangles ABC and DBE
are similar.
b) AOC and EOD.
Angle AOC = angle EOD
(vertically opposite angles).
Angle ACO =angle EDO (alternate angles).
Angle CAO = angle DEO (alternate angles),
The 3 angles in AOC are the same as the
3 angles in EOD so they are similar.
AC and DE are corresponding sides but
AC # DE so the triangles aren’t congruent,

Page 316 Exercise 5

1 a)2:1 b) 6m

2 a)l:2 b) 6 m c) 6m
3 a) 6cm b) 10 cm €) Scm
4 a) 16.5cm b) 10cm €) Scm
5 a)l5m b) 5.4 m ¢) 3.6m
6 y=55° 7 z=110°

32.2 Areas of Similar Shapes

Page 317 Exercise 1
1 1600 cm? 2 45¢cm?
3 16cem 4 20 cm?
5 Perimeter 36 cm, area 54 cm?
6 18cmx30cm

Page 317 Exercise 2

1 a) 12¢cm b) 144 cm? ¢) 4:9
2 3:5 3 31.25cm?
4 7500 cm? (or 0.75 m?)

Page 318 Exercise 3

1 360 in? 2 3600w mm?
3 15¢cm 4 28w cm?
5 7.5cm 6 2:3:35(=4:6:7)

32.3 Volumes of Similar Shapes

Page 319 Exercise 1

1 8cmx12cmx20cm

2 2250 m? 3 10.5cm’

4 45cm 5 937.5%

6 a) 8:125 b) 1562.5 mm?’

7 64cm 8 James is correct

9 Uranus is approximately 64 times the volume
of the Earth

10 3.6 cm?

324 Congruence and Similarity
Problems

Page 319 Exercise 1

1 a) Congruent, Two sides and the angle
between on one triangle are the same as
two sides and the angle between on the
other triangle.

b) Neither. The two sides with the 40° angie
in between on one triangle are not in the
same ratio as the corresponding sides on
the other triangle.

¢) Similar. All the angles on one triangle are
the same as the angles on the other
triangle, but they are not the same size.

d) Neither. The angles in one triangle are
not all the same as the angles in the other

triangle.
2 a) KN=10cm b) KL =12 cm
3 a) BC=375m b) Angle ACB = 40°
4 y=37°
5 a) 528 cm? b) 960 cm®
6 a)9:25 b) 27:125
7 Diameter = 80 cm, volume = 48 000w cm?
8 1296in’ 9 7290 cm?
10a) 7:9 b) 343:729

11 Yes, The larger ball is 8 times the volume of
the smaller ball, for only twice the price.

123inx5inx4in
13 a) 49.5 cm?
14 10m

15 No. The ratio of their surface areas is 1:9 and
the ratio of their volumes is 1:9.
If they were similar, the ratio of their volumes
would be 1:27.

b) 60.75 cm®



Section 33 —
Collecting Data

33.1 Using Different Types of Data

Page 321

1

2

3

4

5

Exercise 1

a) Data needed — girls’ answers to some
questions about school dinners,
Method of collecting — e,g. Nikita
could ask all the girls in her class to fill in
a questionnaire.

b) Primary data

a) Data needed — colours of cars passing
Dan’s house in the 30-minute interval,
Method of collecting — e.g. Dan could

observe cars passing his house and note the

colour of each car in a tally chart.
b) Primary data

a) Data necded — daily rainfall figures for
London and Manchester last August,
Method of collecting — e.g. Anne could
ook for rainfall figures on the internet.

b) Secondary data

a) Data needed — the distance an identical

ball can be thrown by the boys and girls in

his class.
Method of collecting — ¢,g. Rohan could

ask everyone in the class to throw the same

ball as far as they can. He could measure
the distances and record them in a table,

along with whether each thrower was male

or female.
b) Primary data

a) Data needed — one sct of data consists
of the temperature readings in Jim’s
garden taken at 10 am each day. The
other set consists of the Met Office’s
temperatures recorded for Jim’s area at
the same time.

Method of collecting — e.g. Jim could
collect the data from his garden by
taking readings from a thermometer.

He can get the Met Office temperatures
from their website, He should record
both temperatures for cach day in a table,

b) Data collected in Jim’s garden is
primary data, The Met Office data is
secondary data,

Page 322 Exercise 2

1

=~

a) discrete quantitative

b) continuous quantitative
¢) qualitative

d) qualitative

) discrete quantitative

) continuous quantitative
g) discrete quantitative

h) continuous quantitative
i) continuous quantitative
i) qualitative

a) One set of data consists of the average

number of chocolate bars eaten each week

by each pupil. The other set consists of
the times it takes these pupils to run
100 metres,

b) Gemma could ask each pupil how many
chocolate bars they eat on average each
week. She could time how long it takes

each pupil to run 100 m and record the data

in a table, along with the chocolate bar
data.

¢) The chocolate data is discrete quantitative

data, and the running times data is
continuous quantitative data.

d) Both sets of data are primary data.

3 a) (i) qualitative
(ii) discrete quantitative
b) E.g. Advantages — you can collecta
lot more information / the information
collected is more detailed.
Disadvantages — It takes more timc to
collect / the data is harder to analyse.

33.2 Data-Collection Sheets
and Questionnaires

Page 323 Exercise 1
1 a) BEg

Brothers/Sisters
0
1
2
3
More than 3

Tally |Frequency

b) E.g.| Transport Tally Frequency

Walking

Car

Train

Bus

Bicycle

Other

) E.g | Fruit Tally Frequency

Apple

QOrange

Banana

Peach
Other

d) E.g.| Days Tally Frequency

28

29

30

31

2 )| Nue (years) Freguency

b) The 50-59 age group is the most common.

3 a) E.g. There is no row for someone who
went to the cinema 0 times — the lowest
possible answer is 1, The classes are
overlapping,

No. of trips
0-10

11-20
21-30
31-40

4] or more

Tally Frequency |

b) E.g. There ate gaps between data classes.
The classes do not cover all possible
results.

No. of people Tally Frequency

0-5000

5001 - 10 000

10 001 - 15 000

15 001 - 20 000

20001 - 25 000

(=)

¢) E.g. The classes are overlappi
There are notenouigh classcs.

g

Time (¢ mins) Tally

Frequency |

0<r=1

1<t=2

2<t<3

3<r1<4

4<t

d) E.g. There are gaps between ¢

The classes don’t cover all possible results,

lasses.

Weight (w kg) Tally

Frequency

0<w<3

J<w=<3.5

35<w=<4

4<w

a) E.,g. 0-4, 5-8, 9-12, 13-16,
b) Eg. w< 180, 180 <w=190

17-20

190 <w < 200, 200 <w <210, w>210

¢) E.g. v=<260, 260<v=<270
270 <y < 280, 280 < v < 290,
290 <y < 300

D) [ Mark Tally | Frequency |
2020 [N ] 4
30-39 |HHT (I 9
S
50-59 I | 3 _|
60-69 LT HT | 10
7079 Il 3
80-89 | HHT Il |7
90-100_ [HHT 1T ‘ 9

b) 29

¢) No, because the grouping used means the

table doesn’t show how many

students in

the 50-59 group scored less than 55 (and
so failed), and how many scored 55 or over

(and so passed).
a) E.g.

No. of pairs Tally

Frequency

0-4

5-8

9-12

13-16

17 or more

b) E.g.

Length (s cm) |  Tally

Frequency

0<s=<15

15 <s<20

20<s <25

25 <s <30

30<s

c) Eg.

Distance (d km) Tally

Frequency

0<d=<5

S<d=<10

10<d=<20

20<d =40

40 <d

Answers




Page 324 Exercise 2
1 a) There are not enough hair colour data
classes. The age classes overlap,
The data is for adults and so does not need
a data class for 0-15 years.
b) E.z.

IMair Age in whole years

Colour 18-30 | 31-45 [ 46-60] 61-75 | 76+

Blonde

Light brown
Dark biown

Ginger

Grey
Other

2 a) Eg Age Group

Adult Child

Music

Pop
Classical
Rock

by E.g.
Time spent School Year

(t hours) 71819 10]n
O<t<1
1 <f<2
2<t<3
J<t<4

3 ) Ee[ Casor Male or female
dogs Male Female
Cats

Dogs

b) [ TV time Age Group

(¢ hours) Adult Child
0<t<1
1<t<2
2<(<3
3<t<4
4<1t

c) Eg,

Height No. of fruit portions caten
(frem) 0-2 | 3-4 | 5-6 [ 7-10] 11+
h<120

120 < ) < 140
140 </ < 160
160 </ < 180
180 <&

Page 324 Exercise 3

1 Eg

No, of people Tally Frequency

1

2

3

4

5 or more

2 E-g. [ Hair rating Age Group

Adult Child

(S0 Ny [O%) ) PO

3 E.g.Ppocket Money Tally Frequency

0-£2.00

£2.01 - £4.00
£4.01 - £6.00
£6.01 - £8.00

£8.01 or more

- Answers

4 F.g

TV time Spott time (s hours)

(thours) [0<s<5|S<s<l0flo<s<2d 20<s
0<r<s
5<t=10
10<r=<20
20<¢ ]

Page 325 Exercise 4

1 Jay’s question is better, E.g. two from:
Amber’s question is too vague because people
will have different ideas about how to answer
(e-g- “I hour™, “alot”) / Amber’s question has
no time span / Amber’s dutu could be difficult
to analyse because there are no options to
limit the answers / Jay’s question is clearer
because it has a time span / Jay’s data will be
easier to analyse since there are only 5 options
to choose from.

2 a) The tick boxes should be changed so they
don’t overlap. E.g. How much time do you
spend reading each week on average?

1 hour or less |:|

More than 1 hour,
but no more than 2 hours I:l

More than 2 hours,
but no more than 3 hours I:'

More than 3 hours,
but no more than 4 hours D

4 hours or more D

b) There should be a tick box added for
“other”, and possibly more options e.g.
“Documentary” or “News”.

E.g. What's your favourite type of TV
programme? Tick one box.

Comedy D Soap D
Reality I:] Sport l:‘
Documentary D News I:I
Other D

¢©) A box for “Neither” or “Don’t Care” could
be added. E.g. Which type of film do you
prefer — horror or thriller?
Horror I_—_I Thriller D Neither D

d) Reword the question so it is not a leading
question. E.g. Do you think the gym should
open a squash court or a tennis court?

) This is a sensitive question, change the
question so it has a range of options for you
to tick. E.g. How much credit card debt
do you have?
£0
£0<d < £500
£500 <d < £1000
£1000<d < £3000
£3000 <d

3 a) Provide options for the different modes of
transport, including “other”, and make it
clear that one answer only is to be selected.
E.g. “What is your main means of transport
to school? Please tick one box only.”

You could include boxes such as “Car”,
“Bus”, “Walking”, “Train”, “Bicycle” and
“Other”.

b) Include a time span and tick boxes which
cover all possible answers and do not
overlap,

E.g. “How many times, on average, do you
use the gym each week?”

You could include hoxes such as “I don’t
use the gym™, “Less than once a week”,
“1-2 times”, and “More than 2 times”,

¢) Include a tick box for each day of the week,
and make it clear that more than one can be
selected.

E.g. “On which day(s) of the week do you
usually shop at the supermarket? You may
tick more than one box.”

d) Include tick boxes to cover all possible
opinions. E.g. “What do you think about
the length of the dance class?” You could
include boxes such as “Much too short”,
“A bit too short”, “About right”, “A bit too
long”, and “Much too long”.

33.3 Sampling and Bias

Page 326 Exercise 1

1 E.g. It would take far too long to time all 216
pupils, and a smaller sample would create less
disruption in the school routine.

2 E.g. It would be highly impractical and
time-consuming to interview everyone in the
town,

3 Alfie’s sample was bigger and would be
expected to be more accurate — therefore,
“chocolate” is more likely to be the most
popular flavour.

4 E.g. Nikhil’s idea is best, as only tasting one
cake would not be accurate, and tasting 50 out
of the 200 would take too long and use up a
quarter of their cakes.

5 Both Melissa and Karen have the same
number of coin tosses in their sample (and
use the same coin), so their results are equally
reliable,

Page 327 Exercise 2
1 a) People using the library on a Monday are
unlikely to want it to close on a Monday,
so the sample will be biased away from a
Monday closure.

b) The proportions of men and women in the
sample are different to the proportions
of men and women that work for the
company.

¢) People at work probably won’t be able to
answer the phone in the afternoon, so the
only replies they will get will be from
people who don’t work, home workers,
people with unusual working hours and
people with the day off.

2 E.g. The manager could assign each of the
female members on her database a number,
generate 40 random numbers with a computer
or calculator, and match the numbers to the
members to create the sample,

3 George’s sample will be a much higher
percentage of the total number of pupils, and
Stuart’s sample is not random. For example,
it could be a group of friends who may all
support the same football team.

4 E.g. Seema’s sample, being taken on a
Sunday morning, may include a lower than
usual percentage of churchgoers (if they are
at church at the time) or a higher than usual
percentage (if they are going
to/from church). It would be better to conduct
the survey on a weekday evening when far
fewer people will be at work or at (or going to/
from) a place of worship. Also, people chosen
at random in the street may not even live in
that street. So instead, Seema could pick 20
house numbers {rom her street at random and
knock on the doors, asking one person from
each house.



5 E.g. The management could select 20
employees from each branch by assigning
each employee at the branch a number,
generating 20 random numbers using a
computer or calculator, and matching those
numbers to the numbered employees.

6 E.g If the factory runs for 24 hours a day, test
one freshly made component roughly every
30 minutes (or at 50 random times throughout
the day).

Page 328 Exercise 3

1 14 male, 6 female club members

2 Year 12: 8 boys (rounded from 7.5}, 5 girls
Year 13: 6 boys and 6 girls (rounded from 6.25)

3 Age (@) in years | No. in sample
a<15 2
15<a<25 29
25<a<35 37
35<a<50 23
50+ 9

b) E.g. They could select members by
assigning a set of numbers to the members
in each age group. They could then use
a calculator or a computer to generate
the required number of random numbers
matching the members in each group.

4 a) There are many more students in Year 7
than in Year 8, and a sample containing the
same number of students from each year
would be unrepresentative of the school

population.
b) Year No. of boys | No. of girls
group in sample in sample
Year 7 5(4.76) 5(4.52)
Year 8 4(3.62) 3(3.19)
Year 9 7 (6.86) 6 (6.48)
Year 10 5(4.67) 5(5.14)
|£ar 1 5(5.33) 5(5.43)

Page 329 Exercise 4
1 a) 28th, 48th, 68th, 88th
b) 9th
2 a) E.g. A bus might come every 12 minutes,
so the times you are sampling could all be
just after the bus has picked everyone up,
or just before.

b) E.g. There could be a pattern to the faulty
ball bearings. [fevery 10th ball bearing
the machine produces is faulty, then you’ll
either get a sample containing all faulty
ball bearings or no faulty ball bearings
depending on your starting point.

¢) E.g. The houses could be in rows of 6 so
every 6th house could be on the end of a
row, which could affect energy efficiency.

3 E.g. He could list the politicians in

alphabetical order and number them 1 to 650.

Then he could add every 650 + 50 = 13th name

to the sample starting with a random number

from | to 13.

4 E.g If you use systematic sampling you’ll

be guaranteed to get samples from regular

intervals all the way along the pipe, whereas

if you use random sampling you could get
samples that are all from one part of the pipe.
5 E.g It might be difficult to separate the

residents into groups in order to take a

stratified sample, They could make groups by

age/ethnicity/gender, but they are not
guaranteed to have this information.

A systematic sample could be carried out

quickly and at a low cost, potentially by a

machine.

Section 34 — Averages and
Range

34.1 Averages and Range

Page 330 Exercise 1
1 a) ()6 (ii) 7

¢) (i)8.2 (i) 0.1
a)3 b) 4.5 ¢) 6.93

a) 17 seconds b) 8] seconds

60.2 (to 1 d.p.)

a) 20

b) (i) 13 (i) 18 (iii) 17.5 (to 1 d.p.)

6 a)2and !l b) 10

7 Median (Median = 1.65 m, Mean = 1.596 m)

Page 331 Exercise 2
1 a)4 b) 3 ¢) 31 d4
2 a3 b) 2.7
¢) The mean number of goals scored
this year is higher than last year.
3 a)17.5°C b) 18.1 °C
¢) The student’s garden has a pretty
average temperature.
4 29.89 eggs
5 a) 200 people were surveyed, so the total
frequency = 200. Therefore
77+p+q+11+3=200
p+tq=200-77-11-3

b) ()8 (ii)9

[7 I NS ]

p+q=109
Y2 3g 44415
b) Mean = E’HT%“— ~188
2p+3q+136=376
2 +3q = 240

o) ()87 (i) 22

Page 333 Exercise 3
1 a) There are two fashion seasons. Which

season it is seems to affect the number
of scarves sold (more seem to be sold in
autumn/winter than spring/summer).

b) Year | spring/summer to autumn/winter:
433 scarves
Year | autumn/winter to Year 2 spring/
summer: 442 scarves
Year 2 spring/summer to autumn/winter:
543.5 scarves

34.2 Averages for Grouped Data

Page 333 Exercise 1
1 58¢g
2 a) 10=<t<15
¢) 10.6 hours
3 a) L60m=<h<170m
b) L60m<h<170m
¢) L69m(to2d.p)
4 a) 10 min </<15min
b) 13.4 minutes (to 1 d.p.)
¢) 41% (to the nearest per cent)

34.3 |Interpreting Data Sets

Page 334 Exercise 1
1 a) (i) 14 (i) 13 (iii) 12.5

b) E.g The mode is a data value, but the mean
and the median are not (12.5 and 13 are not
dress sizes).

2 a) ()16 (i) 16,5 (iii) 234 (to L d.p)

b) E.g. No — the majority of people were
under 20. The mean is affected by the five
60-year-olds present. This average doesn’t
fairly represent the data,

3 a) Mode=7
Median =3
Mean =3.85 (to 2d.p))

b) 10 <r<15

b) (i) mode
(ii) E.g. No — the majority of marks given
are between 1 and 4 marks, so this
average doesn’t represent the data well.

Page 335 Exercise 2
1 a)7 b) 0.3 c) 61 d)e6.s
2 3spots
3 a) (i) 884 (ii) 49
b) E.g. The interquartile range — it isn't
affected by the extreme data values and so
reflects the spread of the majority of the
data better than the range.
4 a) 77 b) 8 students
) (i) 49.5
(ii) E.g. Class 3A’s results are much more
spread out than class 3B’s.

Page 336 Exercise 3
1 a)3 b)290 ¢ 46

Page 336 Exercise 4
1 a) ()8 i) 5.5 (iii) 54

b) E.g. The mean — it takes all data points
into account.

¢) E.g. The mean has a very low value, so
using the mean won’t make the product
sound as good. They’re more likely to use
the mode which has a much higher value.

2 For the pantomime horses:

Mean time =29.6 s (to 1 d.p.)

Median time = 26.4 s

IQR=19.855

E.g. The mean time it took a kitten to run

100 m is less than the mean time it took a

pantomime horse to run the course. However

the interquartile range for the pantomime

horses is smaller than that for the kittens.

This means that the horses ran at a more

consistent pace than the kittens. The fastest

kitten ran faster than the fastest horse.

Section 35 —
Displaying Data

35.1 Tables and Charts

Page 337 Exercise 1

1 a)| Red | Black | Blue | White | Tatnl
Cars ¥ 7 | J 3 22
| vans ¥ |2 [ | s |
| Matorbikes | | i 1 2 6
Total 2] 10 [ e 15 | 4
Bl oI5

d) (i) 51.2% (to 1 d.p)) (ii) 34.9% (to 1 d.p.)
(iii) 27.9% (to 1 d.p))

- - . g
Have been | Haven’t been | Total
| ice skating | ice skating
Boys 3 8 10 |
Girls 16 4 20
| Total 18 12 30
e a). n<160 | liﬂlfohll:mlillh DA RTTEY 1'nm_1!
[Women| | 2 I T |
Men 0| | | 126
Total b [w s s |
2 1
b) 13 €) —or—
) ) 22 12

d) More of the men’s heights are in the taller
height intervals, so this suggests that, in
general, the men are taller than the women.

Answers -




Page 338 Exercise 2

1 a) 12
2 10 B Males
§« [ ]Femules
S8
(=}
g
5,
2 i

Blue Brown Green Other

Eye colour
b) 20
] 18 \ .
= B Males
% 16 i]‘ 5 1
2 14 [ ] Females
& 12
5 10
—g 8
g ¢
Zo4
2
0
Blue Brown Green Other
Eye colour
2 a)2 b) 29 0 2 dy3

¢) The scores given by the adults were
generally lower than the scores given by
the children.

3 a)l2 b)39 ¢ 16-25yrs d) 36-45 yrs
Page 339 Exercise 3

1 a
) Destination [ UK| Europe [ USA | Olher | Nowhere
Frequency | 22 3 8 ] 18
Angle 889 124° | 32° | 44° 72°

) Activity [ Squash| Swimming | Gym | Table tennis

Angle 99° 63° 156° 42°

inglish

- Answers

Page 340 Exercise 4
1 a) Pepperoni b)% o 17

2 a) Yes b) Yes

¢) No. The pie charts do not represent times,
just the proportion of homework tasks set
for each subject.

3 a) 120 b) ()24 (i) 12 (i) 24 (iv) 42
1

¢) 3

d) The fraction of people aged 11-16 in
the second survey is twice as big as the
fraction aged 11-16 in the first survey.

) No, they only show that a bigger proportion
of the people in the second survey were
aged 11-16. You don’t know whether there
were more people without knowing how
many people were surveyed.

35.2 Stem and Leaf Diagrams

Page 341 Exercise 1
La 4|1 3

511 4 9
615 5 9
71 4

g§10 6 9

I Key: Al means 41 |

1 2 5 5 7

2| 4 6 7

3 1 6 9
Ao
IE)". |2 means 12 |

931 4

410

5 3 9

6|0

7/ 7

| Key: 3|1 means 31_|

Dl 3 s 7

21

221 1 5
2312 4 6
241 0

l Kuyl‘. 20| 3 means 203

0
1
0
1

Ao - O
N W oo
[S-IEEN BN N =1

1
IK_ey: 0j! means 0.1 cm ‘

3 a) There are 3 modes — 55, 61 and 77.
b)6l ¢ 7 d)6 e 25

4 102
11
12
13
14
15
16
17] 3
[ _Kr.:'y: 10| 1 means 10.1 sﬂds

b) 1395 c) 13.1s
) Q=11.7s Q=139s IQR=22s

W o0 ~3 &

BN = b2 p

Page 342 Exercise 2

1 Eg set2| |sett
9 8 5 3 3[I|2 8
75 3 2 20204 3

2(3]2 3 8
41 8

Key:1]2 for Set 1 means 12
1]2 for Set 2 means 21

2 a) Median for ‘at rest’ data = 72
Median for “after exercise’ data =77

b) IQR for “at rest’ data = 14
IQR for ‘after exercise’ data = 18

¢) The higher median for the ‘after exercise’
data suggests that, on average, people’s
heart rate was faster after they’d exercised.
The greater IQR for the ‘after exercise’
data shows that there was more variety in
the heart rates after exercise, than at rest.

3 a)Eg.
London Dundee
97410[/12334567
865322111259
4112|3

Key:1]2 for London means 21 °C
1|2 for Dundee means 12 °C

b) The median temperature for London was
12.5 °C and the median for Dundee was
5.5 °C. This suggests that the temperatures
in London were generally higher than
the temperatures in Dundee. The range
for London was 20 °C and the range for
Dundee was 22 °C. This shows that the
spread of temperatures was slightly greater
in Dundee.

35.3 Frequency Polygons

Page 343 Exercise 1
1 /\\
LIS I s TR iy S S e s e e s
1 1 12 13 14 (&) In
Floor area in thousands of square fest
2 a)l b) 0-5 minutes
¢) The airline should not have been fined

because only 7 of its flights were delayed
by 20 minutes or more.

3 a)6 b)29 <) 1-2hours d) 6-7 hours

€) The modal classes suggest that there were

generally more daily hours of sunshine
in July than in February. The graphs
show that the range of daily hours of
sunshine was much greater in July than in
February,

Frequency
Eo

o
=

35.4 Histograms

Page 344 Exercise 1

1 a
) Height (A) in cm | Frequency | Frequency Density
0<h<s 4 0.8
5<h<10 6 1.2
10<h=< 15 3 0.6
15 <h <20 2 0.4
b) R i
Height (h) in em | Frequency | Frequency Uenstty
10< /<20 5 0.5
20<h <25 15 3
25 </ <30 12 24
30<h <40 8 0.8




Zme) Volume (+) in ml | Frequency | Frequency Density Page 346 Exercise 3 9 @ Cumulative Frequency
. 1 a) g»ﬂ 10=4 3 :
0<v <500 50 0.1 2 P i i 35
500 < v< 1000 75 0.15 i 11
1000 < v < 1500 70 0.14 %006_
1500 < 1 < 2000 55 ol 5 0.047 o
0.5 — & 0.02 196
z ] | | =0
2 i Ss %g §’c§ 199
q 010 O r‘é’ v SE 199
;é) Distance in metres 200
g 0.05- b) 204 ) 1840 m
o 200
i 2 ) 2207
0 5 L 200
gl :
N 500 1000 1500 2000 ] | ! 200
Volume in ml 5 -
b) £ 0. (if)
Volume (v) in ml | Frequency | Frequency Density % v 6 2 t CI) 1 2{!!!“ Tl
A S
0 < v =300 30 01 = -E:?-LVI-C? ﬁi’“«@ el
300 < v < 600 15 0.05 Weight in kg ! 807
600 < v < 900 24 0.08 b) 140 <w<160kg, 155kg ¢ 175kg L q
900 < v < 1500 42 0.07 Vit i ing
IS0bsveonl 12 L 35.5 Cumulative Frequency . i A i)
z b T Diagrams 150F— T
Page 347 Exercise 1 % | /
1 a) 84 b) 3 ¢) 64 d) 70 g ,
e) Median = £67 (accept £66 — £67) g HTHIT / TR
f) Lower quartile = £52 (accept £51 — £52) % . | S =
upper quartile = £79 (accept £79 — £80) & (ppiMedian Lot | Laliit
IQR = £27 (accept £27 — £29) g [ i fillil il
3 ) Cumulative Frequency o 193 M !
0 ';E
2 LUl
6 il
11 ; |
30 ’ it
63
0 : - — | :
0 10 20 30 40 50 106 O TN
Weight in k 2 1 ! !
R 116 % 8 10 12 14 16 18 20
4 25 119 Number of hours
q@) 4 120 d) Median = 3.7 hours (accept 3.6 — 3.8 hours)
a 3 IQR = 3.2 hours (accept 3.0 — 3.4 hours)
% 2 b) 1204 ST e) E.g, the boys generally watched less
| it 1 TV than the girls as their median is much
E 0 i smaller. Also there is less variation in the
04 8 1l2 16 20 2Id 28 32 i 2 1] number of hours watched by the boys as
Time in seconds L it their IQR is smaller.
HRIE1 | L 4 a
5 a)¢) 16 . P | ] )
2 — | G NN 140
RS - i i
2] ! | % o Modbis Falyli i
el | £
2 104 fietst = 50| ) Hing
= i 5 ! S
g 2 } Oapf Lt HfH Ex
g 6 " I i
o ' | g 60)
45 sl il g
2 E E Lg) Al
0 | -4 H - a
¢ 2345678000 L T T T :n : ]'u CIRTS 1
Time (hours) M e " 0 T30 25 M 3
b [ - ¢) Median = 59 (accept 58 — 60) ) Mass (g)
Time (¢) in hours | Frequency d) upper quartile = 64 (accept 63 — 65) b) (i) Median=28¢g
0=<t<l 12 lower quartile = 50 (accept 27.5g-28.5 g)
— = IQR = 14 (accept 13 - 15) IQR=7g (accept 68— 8 g)
= €) 18 (accept 16 — 20) (ii)  70th percentile =305 g
AES I 6 f) 76 (accept 74 — 78) (accept 30 g — 31 g)
4126 14 3 a) () 104 (i) 50 ¢) 118 (accept 114 —122)
6<r<10 12 b) Median = 8.8 h, lower quartile = 6.5 h d) E.g. Students’ estimates were quite good,

. but tended to be a little high.
Page 346 Exercise 2 upper quartile=11h, IQR =4.5h 8

1 a) The frequencies are: 5,7, 9, 10, 9.
b) The frequencies are: 10, 12, 15, 18, 16,
2 a)3 b) 6 ¢) 16 d)3
3 a) 107 b)45 ¢ 190 d) 149cm(1d.p)
4 a)1l b)y48 ¢ 59 d)s59cm

Answers -



b) E.g. The average rainfall in Glasgow is
higher than the average rainfall in London
for every month of the year. Glasgow’s
average rainfall has a greater range.

¢) London =24 mm, Glasgow = 64 mm

2 a) N
2001 | ‘ ‘

W
.
L/l

Thpac

Page 349 Exercise 2
1 a) (i) Median=48 marks
(ii) Upper quartile = 67 marks
(iif) Lower quartile =26 marks
(iv) IQR =41 marks
(v) Lowest mark = 13
(vi) Highest mark = 83
b) (i) Median= 10 hours
(i) Upper quartile = 18 hours
(iii) Lower quartile = 6 hours
(iv) IQR =12 hours
(v) Lowest value =2 hours
(vi) Higher value = 29 hours
2 Busybodies Chatterboxes
Median =30 Median =20

Upper quartile = 45
Lower quartile = 10

IQR =35
Lowest time = 6
Highest time = 50

Upper quartile =30
Lower quartile = 10
IQR =20

Lowest time = 4
Highest time = 59

E.g. The median and upper quartile times
for the busybodies are greater than those

for the chatterboxes, so a greater number of
busybodies stayed quieter for longer than the
chatterboxes. However the maximum time a
chatterbox was able to stay silent was greater
than the maximum time a busybody managed

to stay silent.

Page 349 Exercise 3
1 a)
Hoursof| < [5000 < #|6000 < 4| 7000 < i
use, i | 5000 | <6000 | <7000 | <8000
Type A | 25 15 23 17
CF 25 40 63 80
Type B 13 13 I8 21
C.F 13 26 44 65
Hours of | 8000 < #|9000 < /{10 000 < 4|11 000 < &
use, k| <9000 [<10000| <11 000 | < 12000
Type A | 50 41 24 5
CF, 130 171 195 200
Type B 36 72 19 8
CE. ol | 7 192 200

=

Cumulative Frequency
=

-

Sales (£)

lonor

501

b) E.g. On Trend had fairly consistent sales
over the 8-weck period. Sales of Impact
started off much lower, but increased
rapidly, overtaking On Trend in the fourth
week and selling almost twice as much by
week 8.

g 8 g 8 S 2 g
=] =3 S B = = = =
w 3 R F & a = a

Battery life (h)

¢) Type A: Median = 8450 h
(accept 8400h — 8500h)

IQR =

3050 h

(accept 2950 h— 3150 I
Type B: Median =8970 h
(accept 8300 h — 8990 h)

IQR =

2350h

(accept 2250 h - 2450 h)

Answers

L I .
D0 LA O T il
| [ il
T ,_ : ;_] 'Iy;:wn
_ ;I——[—J '
il 2000 4000 A0, RODD 1O 0A0. 12 (00
Hours
e) E.g. Type B has a longer life on average
as the median is higher, and has a more
consistent life span (the IQR is smaller).
2 a 100 | 200 | 300 | 400
Sales,
£s000'x<]00 <s<|Ss<|<Ss<|<5<
200 | 300 | 400 | 500
Sean 0 5 29 15 3
C.FE 0 5 34 49 52
Maria| 4 17 21 10 0
C.F. 4 21 42 52 52
U
T
50 -t
!
> 40 =
o
g [l
= Miarna
2 30 ===
=
e
- i
O
10 V
o 100 200 300 400 SU0
Sales in £1000s
b) Sean: Median = £280 000
(accept £275 000 — £285 000)
IQR = £75 000
(accept £65 000 — £85 000)
Maria: Median = £225 000,
(accept £220 000 — £230 000)
IQR = £120 000
(accept £110 000 — £130 000)
O T T T —T—T—
(3] i £k l _jl [Mas, ||
1 I . S | ‘ |
| " 114 ! 4
il | L!~|--rJ il il
0 00 200 30 6o a0

Sales in £1000s

d) E.g. Sean — his median is higher and his

lowest and highest sales figures are both
greater than Maria’s. The interquartile
range for his data is also smaller than for
Maria’s, which shows his sales figures are
more consistent than Maria’s.

35.6 Time Series

Page 350 Exercise 1
1 a)

13 ; ; 5
11
2 0 O A 74P

ol AN | 0

i | .

| o Il Cliim

0| ‘ AL LIt nr T :
(1
Hil th / i
\ |

Tl Sl r |
) hs | i |
g L] g

= 8 1 1
e
E,nu | S | e | | |

[ B | 1 | ! |

i i [

I F M AMII 1 & S 0D N D

-
Monith

3 a) 1ot
L 163 ! ‘ QLIRS | |
E] RILIL = A=l x
3 1.kl | ! / |.
L o i (i e 1
1:50 t I/ / |
| Ay
(S S U |
i 7 i .
T FMAMIJ J ASORNDB
Month
b) $1.61 ¢) $1.66 in November
d) 2009 = $1.56, 2010 = $1.55 e) $80
Page 352 Exercise 2
1 a) (i) There is a slight downward trend in

the sales of umbrellas over the three
years shown on the graph.
(ii) There is a slight upward trend in the
number of sick days taken over the
three years shown on the graph.
The average skirt length has stayed
roughly the same over the three
years shown by the graph.
b) Seasonality — different seasons cause a
repeating pattern in the data.

(ii)

2 a) Moving average |

_ 18000 + 10 000 + 7500 + 10 500

=11500 4
Moving average 2
_ 10000 + 7500 + 10 500 + 18 800

=11700 4




b)

No ol Museum Visitors
=

! :
Year | Year 2 Year 3

¢©) There is a slight downward trend in the
data,
3a@d

Nu of entrants

u| Term Term Term Term Term Term Term Term Term Twrme lemm
] 2 Bl 1 2 3 ] 2 3 ) 2

Year | Year 2 Year 3 Year 4

(ii) The seasonality pattern repeats every
three terms.

b) Use the trend line to estimate the moving
average for Year 4, terms 1, 2 and 3.
Moving average = estimated no. of
students per term in Year 4 = 70.

So the estimated number of students for
Year 4 =70 x 3=210. So yes, the college
should run the course next year.

35.7 Scatter Graphs

Page 353 Exercise 1

1 a) Negative correlation.
b) No correlation.
¢) Positive correlation.

2 a) 3§

Ice creams sold
=25
|
==
==

=

n
=l —

I [ |
V55 22 4 26 28 30

Temperature (°C)
b) Yes — positive correlation.
3 a) ' [
200+ ik
g _.- . 17211
15 B | |
z A0S R 2
0 M |
S 10f- ] l L
[}
S e
5 +
M7 % o
Age (Years)

b) Negative correlation
4 a) Strong negative correlation
b) Moderate positive correlation

a ' Js0. 160 170 180 190 200
Height (cm)

b) The graph shows moderate positive
cortelation (i.e. as height increases so does
shoe size) so there is evidence that they are
correlated.

Page 3556 Exercise 2
1 a) Strong positive correlation
b) E.g. The tree wasn’t measured correctly.
¢) 65cm d) 20 m (accept 20 m —20.3 m)
2 a)b) 7 Dy
3 L 3

e 3=

Cost of car (x£1000)

| Juifinil I
o 5 10 15 20 25 30
Mileage of car (x1000)
¢) About £2300.
(Allow answers in the range £2200-£2400)
39 35 T |

Drinks sold from Machine 1
—_ = NN T
(=3 [ (=3 W :

| |

tn

O 5 10 15 20 25 30 35
Temperature (°C)

e2
e W
= '-r: = h

—
(%3

—_
(=]

Drinks sold from Machi

n

0" 5 10 15 20 25 30 35
Temperature (°C)

b) Machine 1: 20 drinks.
Machine 2: 22 drinks.

¢) 3 °C is well below the temperature range
for this data, so the relationship shown
by this data may not apply at such a low
temperature.

d) E.g. No — just because the two things are
correlated does not mean that one thing
causes the other. They both could be
influenced by a third variable.

4 a),c¢)

Time taken to run 100 m_

70 W90
leg Lot (Cin)
b) Strong negative correlation
d) 13.9 s (accept 13.6 s — 14.2 5)
e) (i) 12.5s (accept 12.25-12.8 5)
(i) E.g. 100 cm is outside the range of the
data so you need to extrapolate.
This can lead to unreliable estimates.

35.8 Displaying Data Problems

Page 356 Exercise 1
1 a) 30 b) 20 ¢ 3
d) Vanilla, Mint choc chip, Other
e) Strawberry f) Vanilla g) 12°

h)

i) There are fewer boys than girls, so the
angle that represents one boy is larger than
the angle that represents one girl.

2 a)

10 am 3 pm
11 5 8
9 7 12| 23317
5 3 1 2 5
8 | 4
9 8411 |5
50 6

Key: 1|2 for 10 am means 21
1|2 for 3 pm means 12

b) Modal age at 10 am = 51
Modal age at 3 pm =23
¢) At 10 am: Median age =51
Mean age = 49 (to 2 s.f))
Lower quartile = 35
Upper quartile = 59
IQR=24
At3 pm: Median age =23
Mean age = 25 (to 2 s.f))
Lower quartile = 20
Upper quartile = 31.5
IQR=11.5
E.g. The average age of the people in the
queue at 3 pm was much younger than at
10 am. There was a greater spread of ages
at 10 am than at 3 pm — the interquartile
range is larger. The maximum age of a
person in the queue was greater at 10 am
than 3 pm. The minimum age was smaller
at 3 pm than 10 am.

Answers -



3 CRCRN S ST (PSS e
phukuie | pinditts | pofinte | pobnbs | polnta

Rud | i ] 2 | a4 3 10

Hut2 ! 2 4 2 | 10

Tutal i 3 6 6 i 4 20

b) 70% c) 4

d) E.g. The data suggests that round 1 was
casier — 70% of people got a score of 12 or
more, compared to only 50% in round 2.

€ A
) L2 I i |
1 | 1] ! Ef
(1 B | 14
HH
L = 3 =11
= 3= il,|
o B | Ll
Eu i Fgd
Ry i 4
£ i AR
) |
4l E 55
N [l
I | i Lt =y Yo
024 BO10 12 TN Aot

Score in round |

f

-

There is a strong positive correlation
between the scores in round 1 and round 2.

4 a), b) Lant

Numiber of componenis

Time (hours)

¢) E.g.1agree — the number of components
produced has dropped significantly from
the target amount over the last 4 hours
shown by the data.

5 ) Helght (41 i citl Frequehidy
155 < 2 160 I
160 < 772165 2
165 < /i = 170 4
170 < k175 10
175 < h 180 12
180 < ;e 185 3

b) 21 players

¢) 160cm- 165 cm
d) 28
e |2

Frequency
(=)

4--—H

eight in cm

f) E.g. The ranges of the heights of the
netball players and gymnasts are roughly
the same. The modal height of the netball
players is larger than the modal height of
the gymnasts.

- Answers

6 a) 7.2km
b) Lower quartile = 4,6 km
Upper quartile = 9.6 km
IQR=9.6-4.6=5km
c) 79 d) 50
o) |

P
|

1

: | ISc!aluull!

|

| | it |
RS 9000 s 6
Distance in km

f) E.g. The maximum distance a child
travels is greater for students at school |
than school 2. The interquartile range is
larger for school 1 than school 2, so there
is a greater spread of distances travelled
by children attending school | than school
2. The median distance travelled to school
1 is also greater than the median distance
travelled to school 2, so on average
children travel further to get to school 1
than to school 2. The shortest distance
travelled by a child to school is shorter for
school 2 than school 1.

35.9 Misrepresentation of Data

Page 358 Exercise 1
1 a) E.g. The range is quite large compared to
the interquartile range, This is evidence
that there could be an outlier in the data —
perhaps the fridge door was left open fora
while and the temperature rose.

b) E.g, If there really is an outlier in the
data, then the mean value would be more
affected than the median value. So the
mean may be a worse estimate of the
average.

2 a)Eg

. Frequency is plotted instead of
frequency density.

. The frequency for the 0 <s < 20 group
is plotted as 12.5 instead of 13.

N

N

3. The scale is inconsistent on the x-axis.
4. The scale starts at 5 on the y-axis so the
frequency for 40 <s < 50 is too low to
be plotted.
T =
[
2
g
o4
3
g 3
g
2
=)
I
T 200 3 au a0 6b

Score

b) E.g. A pie chart would not be a good way
to represent this data. It would not be as
easy to interpret as a histogram, Some of
the scctors would stand for different sized
intervals and it wouldn’t be immediately
obvious what the chart was showing.

3 a) E.g, There is no scale on the y-axis so you
can’t tell how many people are in each
company. You therefore can’t tell whetlier
Petra’s statement is correct or not.

b) E.g. Gary is unlikely to be correct. You
can only estimate the range is 10 kg more
for company B — you cannot say for
certain.

¢) E.g. You cannot tell. Tn company A the
median would appear in the 60-80 kg
group and in company B the median
would appear in the 70-80 kg group.
As you have no information about how
people are distributed within each group
you cannot tell which group has the
greater median.

4 a) E.g. The first graph shows moderate
positive correlation and the second
graph shows weak positive correlation,

b) E.g. The scatter graphs are misleading
due to the scales on the y-axis, The
y-axis scale on the first graph only
shows marks between 50 and 60 which
could be skewing the data into looking
more positively correlated than it
actually is. The second graph shows
a bigger range of maths test marks
and therefore the correlation shown is
much more reliable. You’d need to see
a zoomed-out version of the first scatter
graph to be able to fully assess her
claim

Section 36 — Probability

36.1 Calculating Probabilitie

Page 359 Exercise 1

la)% b)é 90

0i-f il i3
3wy BE 9 9E-g
083 0k-] i wo

4 a) Any spinner with exactly 3 sections
labelled with <2°.
b) Any spinner with exactly 4 sections
labelled with *3°.
€) Any spinner with exactly 2 sections
labelled with “5* and exactly 2 sections
labelled with ‘6”,

1
539
21 7
6$aE-5 by
4_ 7 10 1
TR P33

Page 360 Exercise 2

1 % 2 75%
3 0.26 4 %
5 2)03 b)09 6 045
7 40 8 0.6

36.2 Listing Outcomes

Page 361 Exercise 1

1 5
la)9 b)—9

L 4
2a)9 b)9

1 1 3
3a)8 b)8 c)8



Page 362 Exercise 2
1 a)

2134 ]|S]6

1
2
3
4

5
f
i

7

ol=|[wlio v

=-|u-la \-|~ -
o0 = || B W
AV=Tl - ] o W | e

b) (i)3—56 (ii)% (i) 0 Gv) %:%
10_5 o 18 _1

™ 3%-13 W32
2 a) Eg

MO L @ E-g GG
2 .
4

mil . 18l
3a 5 Mo 9377%
6 <
4a)—2§ b)25

Page 363 Exercise 3
1 a) 96 b) 56

243

2 a) 16807 b) 243 ) 16807

3 Sheis not correct, E.g. 6 x6x6x6=1296,
but if the different flavours of fruit juice are
A, B, C, D, E, F then the combination
A, A, A, Bis the same as the combination
A, A, B, A. So there will be far fewer than
1296 different combinations.

36.3 Probability from Experiments

Page 363 Exercise 1
1 a) P(Red)=0.49, P(Green) = 0.34,
P(Yellow) =0.08, P(Blue)=0.09
b) The estimates should be more accurate if
the spinner is spun a greater number of

times.
2 a) ;—g =026 b) 11080 = ;io =0.18

¢) Jason’s estimate should be more accurate

as he repeated the experiment more times.

3 a) 0452 b) 0.237 ¢) 0.089

8 7
5 E.g. Lilia could examine the records of her
team’s recent matches against a similar level
of opposition, count the number of wins and

divide it by the total number of matches in
those records.

Page 364 Exercise 2

1a)l5 b45s o7 d)750
2 a)20 b) 100 c¢) 160

3 420 b)20 ¢ 60 d)100

Page 365 Exercise 3
1 Eg.

Said their vision

was fine?

Passed test?

2 a)Eg Brown eyes?

Brown hair?  yes

b) ‘11—-(1) =0.275 ¢ 350

Page 365 Exercise 4
1 a) P(Blue) = 0.22, P(Green) = 0.21,
P(White) = 0.18, P(Pink) = 0.39
b) If the spinner was fair, you would expect
the relative frequencies of all the colours
to be about the same (roughly 0.25). The
relative frequency of pink is around twice
the size of the others. This suggests that
the spinner is biased.
2 a) 20
b) 4 came up a lot more times than you would
expect on a fair dice, which suggests the
dice may be biased.

33 Amy | Steve | lMal
No. of tosses 20 60 100
No. of heads 12 33 49
Relative frequency | 0.6 0.55 | 0.49

b) Hal’s results are the most reliable as he
repeated the experiment the most times.

¢) The results suggest the coin is fair, as the
relative frequency from Hal’s results was
very close to 0.5, the result you would
expect from a fair coin.

36.4 The AND Rule for
Independent Events

Page 366 Exercise 1
1 a) Independent
b) Not independent
¢) Tndependent

e 1 1
a3 b 3 95
] 1 i

g 9% ni

3 a) 90%or 0.9
¢) 1.5% or0.015

b) 85% or 0.85
d) 76.5% or 0.765

4 a) %=0.25 b) %=0.25 ) —2%:0.15

5 a) 0.48

6 Len is wrong.
When one ace has been removed, there are
3 aces remaining out of 51 cards, so the

bekilitpts L et L
probability s 55 31 700

36.5 The OR Rule

Page 367 Exercise 1

1 a) Mutually exclusive
b) Not mutually exclusive
¢) Mutually exclusive

2 a) 0.6 B 09 ¢ 05
3 )05 b)04 06

i 2 2
4 a) 3 b) 3 ) 3
5 No, having glasses and having blonde hair are
not mutually exclusive (some people could
have both) so you can’t add the probabilities
unless you know that none of the pupils both
wear glasses and have blonde hair.

b) 0.24 c) 0.48

d) 0.66

6 a) 0.5

b) The probabilities add up to more than 1
because some people chose more than one
sandwich filling.

Page 368 Exercise 2

13 9
1813 b) 5%
28_ 7 22 _ 11
20513 b) 53~ 2
955 _ 191 1190 _ 119
39 7F0 30 D500 15
.
212 .53 238 _ 119 Iy
5 356~ 75 bS50 150 92
6 PAUBUC)
=P(A) + P(B) — P(A N B) + P(C)
36.6 Using the AND / OR Rules
Page 369 Exercise 1
1 a)025 b)025 05
2 2044 b)OIL ¢ 009 d)0.53
3 @) 025 b) 00225 ¢ 09025
d)0.0475 ¢ 0.0475  £) 0.095
14 2 67 7L
43 D 955 D

36.7 Tree Diagrams

Page 370 Exercise 1
1 a) Ist
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Index

A

acceleration
differentiation 181-182
distance-time graphs 231-232
velocity-time graphs 233-235
algebraic fractions 59-63
allied angles 205
alternate angles 204
alternate segment theorem 221
AND rule 366, 369
angle bisectors 243
angles
allied 205
alternate 204
around a point 203
construction 245-246
corresponding 205-206
in polygons 210-213
in quadrilaterals 208-210
in triangles 206-207
on a straight line 203
polygons 210-213
vertically opposite 204
approximations 12-16
arcs 216, 281-282
area 276-283
circles 280-281
quadrilaterals 276-279
sectors 281-282
similar shapes 317-318
triangles 260, 276
asymptotes 144-148
averages 330-336
grouped data 333-334

B

bar charts 338

bearings 239-241

bias 326-328, 365

BODMAS 2

bounds 14-16
intervals 16

box plots 349-350

C

chords 216-217, 221-222
circles 216-223

alternate segment theorem 221

arcs 216, 281-282

- Index

area 280-281

chords 216-217, 221-222

circumference 279-280

cyclic quadrilaterals 219-220

diameters 216-217, 279-280

graphs 148-149

sectors 281-282

segments 216, 221

tangents 216, 220-221

theorems 216-223
circumference 279-280
collecting data 321-329
column vectors 268-272
common denominators 19-22
common factors 6-7, 9-11, 29
common multiples 5-6, 9-11
complement of a set 197-199
completing the square 100-102
composite bar charts 338
composite functions 171-172
compound

decay 47-48

growth 46-47

interest 46

measures 228-236
conditional probabilities 372-374

using Venn diagrams 374
cones 291-292
congruent triangles 313-314
constructions 241-248

angle bisectors 243

angles 245-246

loci 247-248

parallel lines 246

perpendicular bisectors 242-243

perpendicular from a point to a line

244

triangles 241-242
continuous data 321-322
conversion factors 224-226
converting 224-227

areas 225

metric to imperial units 226

metric units 224

volumes 225
correlation 353-354
corresponding angles 205-206
cosine graphs 149-151
cosine rule 258-259
cubic graphs 142-144
cubic sequences 126

cumulative frequency diagrams
347-350
cyclic quadrilaterals 219-220

D

data
collection methods 321-326
continuous 321-322
discrete 321-322
primary 321-322
qualitative 321-322
quantitative 321-322
secondary 321-322
data-collection sheets 322-324
data-handling cycle 321
decimal places 12
decimals
calculations with 3-5
converting to fractions 26-27
equivalent percentages and fractions
42-44
denominators 17-26
density 229-230
dependent events 372-374
determinants 187-188
diameters 217, 279
difference of two squares 58-59
differentiation 175-182
derivatives 175-176
rates of change 180-182
direct proportion 35-37, 92-94
discrete data 321-322
displacement 181-182
distance-time graphs 231-233
domain 169-171
dual bar charts 338

E

clements of a set 190-191

elevations 284-286

enlargements 304-307

equations
of straight lines 131-133
quadratic 98-105, 163-166
simultaneous 106-109, 161-162
solving 83-84
writing 85-86

equivalent fractions 17-18



estimating 13-14
in real life 227
events 359
expanding brackets 52-55
expected frequency 364-365
experimental probability 363-365
exponential graphs 147-148
expressions 51-64
factorising 56-57
simplifying 51-52
exterior angles 211-213

F

factorising
expressions 56-57
quadratics 57-59, 98-99

factors 6-11

fairness 365

formulas 77-82
rearranging 80-82
substituting into 78-79
writing 77

fractions 17-28
calculations with 21-24
converting to decimals 24-26
equivalent 17

equivalent decimals and percentages

42-44
improper 18-19
ordering 19-20
simplifying 17-18
frequency density 344-346
frequency polygons 343
frequency trees 364-365
functions 168-174
circle 148-149
composite 171-172
cubic 142-144
exponential 147-148
inverse 172-173
quadratic 168-172
reciprocal 144-147
trigonometric 149-153

G

geometric sequences 125
gradients

differentiation 176-180

of curves 166

of straight lines 129-135
graphing inequalities 113-117

graphs
circle 148-149, 167
cubic 142-144
distance-time 231-233
exponential 147-148
gradients 129-130
gradients of curves 166
horizontal lines 127
maximum and minimum points

178-180

quadratic 140-142, 163-166
real-life graphs 157-160
reciprocal 144-147
reflections 153-154
simultaneous equations 161-162
straight-line 127-139
transformations 151-154
translations 151-152
trigonometric 149-153
turning points 178-180
velocity-time 235-236
vertical lines 127
x-intercepts 163-165
y-intercept 131-133

grouped data 333-334

H

highest common factors 9-11
histograms 344-346
hypotenuse 249

|

identities 91
identity matrices 183
imperial units 226-227
improper fractions 18-19
independent events 366
indices 66-70
fractional 70
laws of 67-68
negative 68-69
inequalities 110-117
graphing 113-117
quadratic 111-112
interior angles 210-211

interquartile range 335-336, 347-350

intersections of sets 195-197
nverse
functions 172-173
matrices 188-189
proportion 37-38, 94-96
isometric drawings 285-286
iterative methods 87-89

K
kites 209-210

L

least common multiples 9-11
line segments 135-138
length 136-138
midpoint 135-136, 138
using ratios 137-138
linear programming 115-117
linear sequences 123-125
lines of best fit 354-355
lines of symmetry 213-214
loci 247-248
lower bounds 14-16
lower quartiles 335-336, 347-350

M

magnitude of vectors 271-272
matrices 183-189
addition and subtraction 183-184
determinants 187-188
identity 183
inverse 188-189
multiplication 184-187
singular 188
transformations 310-312
zero 183
maximum points 178-180
mean 330-336
grouped data 333-334
median 330-336, 346-350
grouped data 333-334
metric units 224-225
imperial conversions 226-227
midpoint of a line segment 135-136
minimum points 178-180
misrepresenting data 358
mixed numbers 18-19, 22
mode 330-336
modal group 333-334
moving averages 332-333, 351-352
multiples 5-6
mutually exclusive events 360, 367

N

negative numbers 2-3

nets 288-290

nth term of a sequence 121-126
numerators 17

Index -



0]

ordering fractions 19-20
OR rule 367-369
outcomes 359-363

P

parabolas 140
parallel lines 133-134
construction 246
parallelograms 208-209
area and perimeter 278-279
percentages 40-50
equivalent fractions and decimals
42-44
increase and decrease 44-46
percentiles 336
perimeter 276-283
perpendicular bisectors 242-243
perpendicular lines 134-135
pie charts 339-340
planes of symmetry 294-295
plans 284-286
polygons 210-213
exterior angles 211-213
interior angles 210-211
populations 326-329
possibility diagrams 361-362
powers 65-70
pressure 230
primary data 321-322
prime factors 8-9, 11
prime numbers 7-9
prisms
surface area 289-290
volume 287-288
probability 359-376
calculating 359-361
conditional 372-374
experimental 363-364
product rule 363
proper subsets 199-200
proportion 35-39, 92-97
direct 92-94
inverse 94-96
pyramids 292-293
Pythagoras’ theorem 249-252
in 3D 251-252

- Index

Q

quadratic

equations 98-105, 163-166

factorisation 98-99

formula 102-103

graphs 140-142, 163-166

inequalities 111-112

sequences 126
quadrilaterals 208-210

area and perimeter 276-279
qualitative data 321-322
quantitative data 321-322
quartiles 335-336, 347-350
questionnaires 325-326

R

random sampling 327
range 169-171, 330-332

of a function 169-171
rates of change 180-182
rates of flow 293-294
rationalising the denominator 76
ratios 29-35, 38-39

and fractions 31-32

of line segments 137-138

simplifying 29-30
real-life graphs 157-160
rearranging formulas 80-81
reciprocal graphs 144-147
rectangles 208-209

area and perimeter 276-277
recurring decimals 24-27
recursive iteration 88-89
reflections 297-299

of graphs 153-154
relative frequency 363-364
resultant vectors 269-271
rhombuses 208-209
rotational symmetry 213-214
rotations 299-301
rounding 12-13

S

sample space diagrams 361-362
sampling 326-329
random 327
stratified 328
systematic 329
scalars 269
scale drawings 237-238

scale factors 304-309
scatter graphs 353-355
secondary data 321-322
sectors 281-282
segments 216, 221
semicircles 216
sequences 118-126
arithmetic 118
cubic 126
geometric 118, 125
linear 123-125
nth term 121-126
pattern 120
quadratic 126
term to term 118
sets 190-202
complement 197-199
elements 190-191
intersections 195-197
notation 190
subsets 199-200
unions 195-197
universal 190-191
Venn diagrams 191-202
significant figures 12-13
similar shapes 313-320
areas 317-318
triangles 314-316
volumes 318-319
simultaneous equations 106-109
graphical solutions 161-162
sine graphs 149-151, 153
sine rule 257-258
sketching quadratic graphs 165-166
solving equations 83-91
speed formula 228-229
spheres 291
spread 335-336
squares 208
arca and perimeter 276-277
standard index form 71-73
stem and leaf diagrams 341-342
back-to-back 342
straight-line graphs 127-139
equations 131-133
gradients 129-135, 138-139
line segments 135-137
parallel lines 133-134
perpendicular lines 134-135
y-intercept 131-133
stratified sampling 328
subsets 199-200



surds 73-76
surface area
cones 291-292
prisms 289-290
pyramids 292-293
spheres 291
symmetry 213-214
of 3D shapes 294-295
planes of 294-295
systematic sampling 329

T

tally charts 322-324
tangent function graphs 150
tangents 166-167

to a circle 167,216, 220-221
terminating decimals 24-27
time series 350-352
transformations 297-312

enlargements 304-307

matrix 310-312

of graphs 151-156

reflections 297-299

rotations 299-301

translations 302-303
translating graphs 151-152
trapeziums 209-210

area and perimeter 278-279
tree diagrams 370-373
trend lines 351-352
triangles 206-207

area 260, 276

congruent 313-314

construction 241-242

perimeter 276

similar 314-316

trigonometry 253-267
trigonometric graphs 149-151
trigonometry 253-267

common values 255-256

cosine rule 258-259

in 3D 264-265

larger angles 261-263

sine rule 257-258
truncating numbers 16

turning points 165-166, 178-180

two-way tables 324, 337

U

unions of sets 195-197
universal sets 190-191
upper bounds 14-16

upper quartiles 335-336, 347-350

A\

vectors 268-275

magnitude 271-272

resultant vectors 269-271

translations 302-303

vector geometry 274-275
velocity

differentiation 181-182
velocity-time graphs 233-235
Venn diagrams 191-202, 374
vertically opposite angles 204
volume

cones 291-292

cuboids 286

prisms 287-288

pyramids 292-293

similar shapes 318-319

spheres 291

X
x-intercepts 163-165

Y
y-intercepts 131-133

Z

zero matrices 183
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